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Heat transfer characteristics of two-phase flow in particle-sintered porous media are experimentally investigated in

order to clarify the key issues to enable extremely high heat flux removal exceeding 10 MW/m2. The porous media

experimented on are stainless steel particle–sintered and bronze particle–sintered compacts. The experiments under

some heat flux inputs clarify that the effects of porous structure such as pore size and porosity on the heat transfer

characteristics highly depend on the level of the heat flux input. The results suggest that liquid-vapor exchange due

to capillary and pumping effects works effectively under several MW/m2 in this cooling system. However, under

conditions exceeding the heat flux level, permeability for vapor discharge outside the porous medium becomes the most

important factor in enabling the heat flux removal of over 10 MW/m2. Furthermore, in order to evaluate what kind

of porous material is appropriate for higher heat removal, the two-phase flow characteristics in the porous media are

simulated by the two-phase mixture model. The results show that utilizing a higher thermal-conductivity matrix

facilitates a delay in the onset of the phase change near the heating wall and leads to much higher heat flux removal,

even at the same liquid saturation, compared with the case utilizing a lower thermal-conductivity matrix.

KEY WORDS: metal porous media, high heat flux removal, two-phase flow, two-phase mixture model

1. INTRODUCTION

In the development of a nuclear fusion reactor, it is crit-
ically important not only to prove its engineering feasi-
bility by operating an international thermonuclear experi-
mental reactor (ITER) that will be constructed in France,
but to also work toward promoting new technology for
the development of a commercial reactor. In particular,
extremely high heat flux of∼10–20 MW/m2, which is
approximately 20% of the energy of a fusion reaction,
steadily flows into a divertor that is one of the plasma fac-
ing components. Therefore, the development of a heat
transfer promoter with high thermal efficiency as well as

high cooling performance must be an important R&D is-
sue in order to achieve the low cost of electricity (COE)
required by a commercial reactor.

As the conventional cooling techniques for the diver-
tor, (Japan Atomic Energy Research Institute (JAERI)
[presently Japan Atomic Energy Agency (JAEA)] has
developed special heat transfer promoters that are swirl
tubes and screw tubes, and succeeded in the heat removal
of over 50 MW/m2 (Araki et al., 1996; Ezato et al., 2006).
On the other hand, since these cooling techniques are put
together in high-pressure, high-velocity, high-subcooled
conditions, there are still some economical issues that
need to be settled in the development of a commercial

1091-028X/10/$35.00 Copyrightc© 2010 Begell House, Inc. 1



2 Yuki, Hashizume, & Toda

NOMENCLATURE

c specific heat [J/kg K] γh advection correction coefficient
dp particle diameter [m] Γh effective diffusion coefficient [m2/s]
D(s) diffusion coefficient by capillarity [m2/s] ε porosity
f(s) hindrance function λ relative mobility
g gravity [m/s2] µ viscosity [Pa s]
h enthalpy [J/kg] ν kinematic viscosity [m2/s]
have average heat transfer coefficient [W/m2K] ρ density [kg/m3]
hL local heat transfer coefficient [W/m2K] Ω effective heat capacitance ratio
hfg latent heat of vaporization [J/kg]
H volumetric enthalpy [J/m3] Subscripts
k thermal conductivity [W/m K]
kr relative permeability c capillary
K absolute permeability [m2] eff effective
L nozzle-target distance [m] f fluid phase
lZ length of porous medium [m] gap gap
p pressure [Pa] l liquid phase
qin heat flux input [W/m2] R R direction
Re Reynolds number s solid phase
s liquid saturation sat saturated state
T temperature [K] st static state
uin inlet velocity [m/s] v vapor phase
u mixture velocity vector [m/s] w wall
Greek Symbols Z Z direction
β coefficient of cubical expansion κ kinetic

reactor, such as an increase in thermal efficiency, an de-
crease in flow velocity that eases maintenance activity of
piping system and contributes to lower pumping power,
and compactification.

To cope with these difficulties, authors have devel-
oped a heat removal device, the evaporated fluid porous
thermodevice (EVAPORON) (Toda and Yuki, 2000; Yuki
et al., 2005; Togashi et al., 2005), which utilizes metal
porous media and enables the multiplied effects of in-
creased heat transfer surface (fin effect) and latent heat
transport (heat pipe effect). Figure 1 shows the concept of
EVAPORON, where a metal porous medium is attached
onto the back side of a high heat–loading surface, remov-
ing the heat by vaporizing the coolant that flows into the
porous medium counter to the heat flow. In that sense,
this device has the following features and advantages.

1. High heat removal performance under low pumping
power leads to excellent COE.

2. Active vaporization in the porous medium enables

high thermal efficiency due to the direct acquisition
of high-temperature steam

3. Flow-accelerated corrosion (FAC) and flow-induced
vibration (FIV) in piping systems, which have be-
come a problem recently in nuclear power plants,
can be dramatically reduced by low flow velocity op-
eration.

Outflow 
(Vapor) 

 

Porous 
Material 

High heat flux from plasma 

Inflow (Liquid) 

Divertor 
Plate 

FIG. 1: Heat removal system by EVAPORON
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Use of Metal Porous Media as Latent-Heat Transfer Device 3

Until now, heat transfer performance for sintered com-
pacts made by bronze particle, stainless steel particle, and
copper fiber has been evaluated using a plasma arc jet as
a high heat–flux source. The following facts have been
clarified (Yuki et al., 2005):

(1) Heat removal performance exceeding the local heat
input of 50 MW/m2 under low flow rate conditions.
(Caution: the removal heat flux is not 50 MW/m2,
lower than 10 MW/m2.)

(2) Stable heat removal, even under a wall temperature
of over 300◦C.

(3) Achievement of an evaporation rate of approxi-
mately 10%

These findings prove that there is a viable case for
mounting EVAPORON on the divertor at the current
stage. However, it is necessary to evaluate the effect of
porous structures such as pore size, porosity, and some
other cooling parameters on the boiling heat transfer char-
acteristics and to figure out the formation of the two-phase
region in the porous media in order to optimize the cool-
ing conditions beyond 10 MW/m2.

In this study, bronze particle–sintered compacts and
stainless steel particle–sintered compacts are chosen from
various metal porous media and focused on again to eval-
uate the detailed heat transfer characteristics, especially
the effects of flow velocity, heat flux input, thermal con-
ductivity, and porous structures on the heat transfer co-
efficient and wall temperature characteristics. These sys-
tematic experiments could clarify the key issues to en-
able high heat flux removal exceeding 10 MW/m2. In
addition, the two-phase flow characteristics in the porous
media are evaluated by numerical simulation using the
two-phase mixture model (Wang, 1997; Wang and Beck-
erman, 1993, 1994) in order to numerically visualize the
formation of the two-phase region and meet the guidelines
for the optimization of the cooling system.

2. EXPERIMENTAL INVESTIGATIONS ON
HEAT REMOVAL CHARACTERISTICS OF
PARTICLE-SINTERED POROUS MEDIA

2.1 Experimental Apparatus and Test Section

The experimental apparatus, which is shown in Fig. 2,
is composed of a test section having a tested EVAP-
ORON fabricated from a metal porous medium, a coolant-
supplying section with a circulating pump and a storage
tank, and a heating source unit using a plasma arc jet to

Cu block 

Water 

Vapor 

FIG. 2: Experimental apparatus

provide high heat–flux input onto the heat transfer block
of the test section. The plasma nozzle shoots out a high-
temperature nontransfer type plasma arc jet of an ionized
hydrogen-nitrogen-argon mixture gas. In the present ex-
periment, a discharged electric current is fixed at 300 A
and the voltage is almost 150 V.

Figure 3 shows a schematic view of the test section.
The test section is composed of an irradiated target and

Coolant

Vapor 

T.C.s 

Plasma
Arcjet 

Copper 
Brock

Plasma 
Nozzle 

L

Porous 
Medium 

Gap 

FIG. 3: Schematic view of the test section
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4 Yuki, Hashizume, & Toda

a stainless steel flow channel in which a porous medium
is inserted. The irradiated target is a copper block with a
diameter of 120 mm and a thickness of 12.5 mm, whose
side is insulated by a thick layer of heat-proof cement.
The flow channel is a stainless circular pipe of 90 mm in
length and 50 mm in inner diameter, and its top is welded
to a flange that is fixed tightly onto the back side of the
copper block. The flange has six pipes of 8 mm in inner
diameter, which are exits to guide the two-phase evapo-
rated fluid from the porous medium through the gap that
is a narrow space between the flange and the copper block.
The gap width is set to be 4 mm. The flow channel also
has a branch tube for measuring the inlet pressure of the
fluid with a pressure gauge.

Temperatures in the copper block are measured with
four sheathed K-thermocouples of 1.0 mm in diameter
with the error of±0.75%, which are inserted on the cen-
tral axis of the block at intervals of 2.5 mm. Temperatures
of the inlet and outlet fluids are measured with thermo-
couples of 0.5 mm in diameter at 20 mm upstream from
the porous medium and in the middle of the gap.

2.2 Experimented Elements of the Porous Media

The porous media introduced in this experiment are a sin-
tered compact composed of microsized metal particles.
The shape of the porous media is cylindrical with a diam-
eter of 50 mm and a height of 20 mm. Two kinds of metal
particles are selected; one is stainless steel (SUS316L),
with a corrosion resistance to high-temperature steam,
and another is bronze (Cu90-Sn10), with a high thermal
conductivity. Five kinds of porous elements with different
pore sizes and porosities are tested, as shown in Table 1.
The parameters characterizing the particle-based porous
media are pore size and porosity. The pore sizes are 20,
60, and 100µm for the bronze particle–sintered porous
media and 15 and 25µm for the stainless particle–sintered
porous media. The porosity does not vary as much as the
pore size; around 0.37 and around 0.45 for the bronze and
stainless porous media, respectively. The structure is al-
most homogeneous and similar to closest packing.

2.3 Experimental Procedures

First, the coolant water flows into the bottom of the
porous medium at a constant inlet pressure from the stor-
age tank kept at a temperature of around 12◦C. Then, the
plasma arc jet is irradiated onto the copper block. The dis-
tanceL between the plasma nozzle and the copper block
is varied at 12, 8.0, and 5.0 cm, according to an intended

heat flux input by referring to the data obtained in the pre-
liminary experiment (Yuki et al., 2005). The inlet veloc-
ity of water uin flowing into the porous medium is var-
ied by regulating the inlet pressure with the flow control
and bypass valves and measured with a turbine flowme-
ter. The coolant heated in the porous medium flows out
through the gap at the upper side of the porous medium.
After a steady state is attained, the temperature data in
the copper block and the inlet and outlet temperatures of
the coolant are measured for 30 s. The incident heat flux
from the plasma and the removal heat flux are estimated
from the temperature profile on the central axis of the cop-
per block. The profile is determined by the method of
least squares, assuming an exponential form as the func-
tion. The bottom wall temperature of the copper blockTw

is also extrapolated by the predicted temperature profile.
The removal heat fluxqrmv is estimated using Fourier’s
law, and the heat transfer coefficient is defined ashL =
qrmv/(Tw − Tin). Here,Tin is the inlet temperature of the
water.

3. EXPERIMENTAL RESULTS AND DISCUSSION

Figure 4 shows the heat transfer coefficients and the wall
temperatures at the nozzle-target distance of 12, 8.0, and
5.0 cm. Although the heat transfer coefficient is locally
estimated at a stagnation point, it reflects the heat transfer
characteristics by the convective and boiling heat trans-
fers in the porous medium. Here, the characteristics of
the removal heat flux itself are not discussed, since the
heat input from the plasma fluctuates slightly during ex-
periments.

To begin with, the heat transfer characteristics of
EVAPORON at the nozzle-target distance of 12 cm are
discussed. In this case, the heat flux input from the
plasma is 4.5–5.0 MW/m2, and the removal heat flux is
∼1.5–1.7 MW/m2. Under the equal flow velocity condi-
tions, the tendency that the heat transfer coefficient in-
creases with the decrease in the pore size can be con-
firmed for all the porous media. As a primary cause, it
is mentioned that the liquid is more easily supplied to
the two-phase region by the capillary effect in the finer
porous media. Also, as the second cause, the finer porous
medium not only has a wider heat transfer surface, but
also a higher local flow velocity due to its lower poros-
ity, so that it seems to promote convective heat trans-
fer in the porous medium. Especially for all the bronze
porous media, the heat transfer coefficient is almost pro-
portional to the flow velocity under higher flow velocity
conditions. In addition, since the lowest wall tempera-

Special Topics & Reviews in Porous Media — An International Journal



Use of Metal Porous Media as Latent-Heat Transfer Device 5

TABLE: 1 Porous characteristics and structures

Characteristics SUS316 Bronze
Porosity [vol. %] 44 47 35 37 38
Average pore diameter [m] 15 25 20 60 100
Average particle diameter [m] 160 500 100 300 500
Thermal Conductivity (base) [W/mK] 21 53

Porous structure
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FIG. 4: Characteristics of heat transfer coefficient and wall temperature (nozzle-target distancea) L = 12 cm;b) L =
8 cm;c) L = 5 cm)
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ture is around 100◦C except for the case ofdp = 20µm,
the convective heat transfer is still more dominant than
the heat transport by the phase change. In the mean-
time, it can also be confirmed that there is a region where
the heat transfer coefficient is not dependent on the flow
velocity under lower velocity conditions. In this region,
since the wall temperature is sufficiently higher than the
saturation temperature of water, the phase change inside
the porous medium becomes more active. On the other
hand, the heat transfer coefficients of the stainless steel
porous media are lower than those of the bronze porous
media. The effective thermal conductivity of the stain-
less steel porous media is much lower than that of the
bronze porous media because the stainless steel porous
media have higher porosity, lower thermal conductivity as
the base and material. Since the wall temperature rapidly
rises as the flow velocity decreases, there is a possibil-
ity that the vapor phase formed in the stagnation area
excessively develops and works as a thermal resistance
layer.

Next, the heat transfer characteristics at the nozzle-
target distance of 8.0 cm are discussed. In this case,
the incident heat flux is∼8.9–11.0 MW/m2, and the re-
moval heat flux is∼2.4–2.7 MW/m2. As for the bronze
porous media, there exists a stable cooling state where
the heat transfer coefficients do not change in the wide
flow velocity range, which corresponds to the fully devel-
oped nucleate boiling regime of the boiling curve. This
means that the latent heat transport accompanying the
phase change becomes more active in this heat flux level
because the heat transfer coefficient itself is higher than
that in theL = 12 cm case. However, the heat transfer
coefficients show almost equivalent values regardless of
the pore sizes. From the wall temperature characteris-
tics, when the wall temperature exceeds about 150◦C, the
wall temperature rapidly rises and then the heat transfer
performance is degraded with the lowering of the flow
velocity, which suggests that the wetting limit tempera-
ture determined by combination of the bronze and wa-
ter in this cooling system could be around 150◦C and
that the minimum liquid saturation in the two-phase re-
gion reach zero under temperatures higher than this lim-
iting temperature. As for the stainless steel porous me-
dia, the heat transfer coefficients are much lower than
those of the bronze media as well as the case ofL =
12 cm. That is, it is considered that the vapor phase ex-
cessively develops and inhibits the liquid-vapor exchange
near the heating surface because the wall temperature,
which is over 180◦C, is much higher than the wetting
limit temperature. This results in the sharp drop of the

heat transfer coefficient with the decrease in the flow
velocity.

Finally, the case of the nozzle-target distance of 5 cm
is discussed. At this distance, the incident heat flux is
∼18.4–23.6 MW/m2, and the removal heat flux is∼4.1–
4.6 MW/m2. Since the heat removal was impossible for
the stainless steel porous medium of 15µm pore size, it is
not reported. Also for the stainless steel porous medium
of 25µm pore size, the wall temperature exceeds 300◦C,
which indicates excessive development of the vapor phase
in which the completely dry area expands with decreas-
ing the flow velocity. However, it can be said that one of
the important advantages of using porous media for the
heat removal is that it does not reach the heat removal
limit, even under such high wall temperature conditions,
which proves that EVAPORON cooling easily enables a
stable cooling even in the film boiling–like regime. In that
sense, the heat removal limit is determined by the allow-
able temperature of the heat sink material used. On the
other hand, in this heat flux level, the wall-temperature on
using the bronze porous media sharply rises from around
170◦C, which could be over the wetting limit tempera-
ture. This value is a little higher than that in theL =
12 cm case due to a thermal resistance between the porous
medium and the copper block. Under the wide flow ve-
locity conditions, the heat transfer coefficients lower with
the decrease of the flow velocity, but the region where the
flow velocity does not affect the heat transfer coefficient
seems to appear under higher flow velocity conditions, es-
pecially for the porous media with pore sizes of 60µm
and 100µm. Taking into account this prediction, the heat
transfer coefficient seems to become higher in the larger-
pore case. This is a fact worthy of mention in that the
dependency of the heat transfer performance on the pore
size reverses as the heat flux increases before achieving
a heat removal rate of 10 MW/m2. As the vapor phase
becomes easier to develop under higher heat flux, it can
be assumed that the discharge performance of the vapor,
that is to say, permeability, is more of a factor than the
heat transport by the capillarity and the fin effect because
the discharge performance of the vapor is contradictory to
the capillarity effect in connection with the pore size. It
is therefore considered that the heat transfer performance
of the porous material with the larger pore size tends to
become higher under much higher heat flux conditions.

Figure 5 shows the heat transfer characteristics of the
bronze porous medium of 100µm in pore size at each
heat flux input. From this figure, it is obvious that the sta-
bilized cooling state appears under higher velocity con-
ditions with the increase of heat flux input. Summariz-

Special Topics & Reviews in Porous Media — An International Journal



Use of Metal Porous Media as Latent-Heat Transfer Device 7

0 0.05 0.1 0.15 0.2
0

0.01

0.02

0.03

0.04

 L=5cm
 L=8cm
 L=12cm

H
e
a
t 

tr
a
n

sf
e
r 

c
o

e
ff

ic
ie

n
t 

[M
W

/m
 K

  
2   
  
 ]

uin[m/s]

: Stable state 
~4.3MW/m

2

~2.5MW/m
2

~1.6MW/m
2

FIG. 5: Effect of heat flux level on heat transfer

ing the findings from the experiments, the utilization of
higher permeability and higher effective thermal conduc-
tivity porous media is needed under much higher-velocity
conditions in order to enable a heat flux removal rate ex-
ceeding 10.0 MW/m2. In particular, spherical particle–
based porous media such as the bronze porous media used
generally have higher permeability than those of the other
porous media, even with the same scale structure in spite
of its low porosity structure [see Fig. 6, which includes
the permeabilities of fiber-sintered porous media (Yuki et
al., 2005)], which leads to high discharge performance
of the vapor without losing the capillary effect as well
as with keeping high effective thermal conductivity (i.e.,
lower porosity leads to higher thermal conductivity). In
the following numerical calculation, the two-phase flow
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FIG. 6: Permeability for various porous media charac-
teristics (bronze : pore size 100µm)

characteristics in the porous media are discussed to clar-
ify the detailed effect of the thermal conductivity.

4. NUMERICAL SIMULATION OF
PHASE-CHANGE CHARACTERISTICS
IN POROUS MEDIA

4.1 Calculation System

The present simulation focuses on what kind of porous
material is more suitable for removing heat flux exceed-
ing 10 MW/m2. The computational domain and the coor-
dinate system (R, Z) shown in Fig. 7 are almost the same
as the present experiment. It is assumed that the porous
medium is homogeneous and isotropic, so that the anal-
ysis is two-dimensionally performed under axially sym-
metrical and steady conditions. The height of the channel
is lZ , the radius islR, and gap width of the outlet islg.
In this calculation, the porosity and the particle diameter
are fixed at 0.44 and 160µm, respectively. Three kinds of
porous material are introduced, which are stainless steel,
iron, and copper porous media whose thermal conductiv-
ities are 20.15, 72.00, and 395.0, respectively.

4.2 Governing Equations and Constitutive
Equations

The present simulation focuses on porous media com-
posed of microsized metal particles. Since the flow ve-
locity in the porous medium is not fast (laminar regime),
Darcy’s law can be applied to the liquid and vapor phases.
In that sense, the two-phase mixture model developed by
Wang (1997) and Wang and Beckerman (1993, 1994) is
introduced to simulate the two-phase flow characteristics.
In their model, since heat transfer between the fluid phase

FIG. 7: Computational domain
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and the solid phase is based on local thermal equilib-
rium, both temperatures in the two-phase region are at
the saturated temperatureTsat. All the governing equa-
tions and the mixture variables are completely the same
as their formulation. In general, the influence of the ther-
mal nonequilibrium between the solid phase and the fluid
phase is not negligible, especially in the two-phase region
(Yuki et al., 2008). However, it is reasonable to apply the
local equilibrium model in order to qualitatively evaluate
the influence of the thermal conductivity of the porous
medium.

The governing equations using the two-phase mixture
model can be written as follows.
Continuity

ε
∂ρ

∂t
+ ∇ · (ρ u) = 0 (1)

Momentum equation

u = −
K

µ(s)
[∇p − ρκ(s) u] (2)

Energy Conservation

Ω
∂H

∂t
+ ∇ · (γh uH) = ∇ · (Γh∇H)

+ ∇ ·

[

f(s)
K∆ρhfg

νv

g

]

(3)

where the mixture variables and some major coefficients
are defined below.
Density and velocity

ρ = ρls + ρv(1 − s) (4)

ρ u = ρl ul + ρv uv (5)

Enthalpy

H =ρ(h−2hvsat) with ρh=ρlshl+ρv(1−s)hv (6)

Kinetic Density

ρκ = ρl [1 − βl(T − Tsat)] λl(s)

+ ρv [1 − βv(T − Tsat)] λv(s) (7)

Viscosity

µ =
ρls + ρv(1 − s)

(krl/νl) + (krv/νv)
(8)

Advection Correction Coefficient

γh =
[(ρv/ρl)(1−s)+ s][hvsat(1+λl)− hlsatλl]

(2hvsat−hlsat)s + (ρvhvsat/ρl)(1 − s)
(9)

Effective Heat Capacitance Ratio

Ω = ε + ρscs(1 − ε)
dT

dH
(10)

Effective Diffusion Coefficient

Γh =
1

1+(1−ρv/ρl)hvsat/hfg

D(s)+keff

dT

dH
(11)

Relative Mobility

λl(s) =
krl/νl

(krl/νl) + (krv/νv)

λv(s) =
krv/νv

(krl/νl) + (krv/νv)
(12)

Capillary diffusion coefficient

D(s) =
K

µl

krlkrv

(νv/νl)krl + krv

[

−
∂ pc(s)

∂s

]

(13)

Hindrance Function

f(s) =
krlkrv/νl

(krl/νl) + (krv/νv)
(14)

The temperature of the fluid phase and the liquid sat-
uration are estimated by the volumetric enthalpyH in
Eq. (3).

To complete the above-mentioned governing equa-
tions, the constitutive equations need to be decided. It
is difficult, however, to generalize them because vari-
ous correlations have been proposed according to the
porous structure and the cooling system. The selection
in this study should be based on the fact that the spher-
ical particle–sintered porous media are also going to be
evaluated in the future.

PermeabilityK can be estimated as a function of
porosityε, and particle diameterdp by the Carman and
Kozney correlation (Nield and Bejan, 1992) as

K =
ε3d2

p

180(1 − ε)2
(15)

Relative permeability for each phasekr is simply given as
a linear function of the liquid saturations (Udell, 1985)
as

krl = s, krv = (1 − s) (16)

Capillary pressurepc(s) is represented by Udell (1985) as

pc(s) =

√

ε

K
σ
[

1.417(1− s) − 2.120(1− s)2

+ 1.263(1 − s)3
]

(17)
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Effective thermal conductivitykeff is estimated by using
the correlation by Yagi and Kunii (1957, 1960),

keff

kf

=
kst

kf

+ 0.4

(

dp|u|

ν

) (

cpfµ

kf

)

(18)

wherekst is the thermal conductivity in case that a porous
medium is in a static state, andkf is that of working fluid,

kst = ks(1 − ε) + klεs + kvε(1 − s) (19)

kf = kls + kv(1 − s) (20)

4.3 Numerical Conditions and Procedures

Although the present study aims to evaluate the influence
of the thermal conductivity of porous material, the in-
let velocity uin and heat flux inputqin are also chosen
as significant parameters in order to figure out general
two-phase flow characteristics in the porous media. The
boundary conditions of this calculation are listed as fol-
lows.
At inlet (Z = 0)

u = uin

v = 0

Hin = ρl(hin − 2hvsat) (21)

At heating surface (Z = lZ )

−Γh

∂H

∂Z
= qin (22)

At center axis (R = 0)

∂u

∂R
= v =

∂p

∂R
=

∂H

∂R
= 0 (23)

At sidewall (R = lR)

∂H

∂R
= 0(0 < Z < lZ − lg)

p = 1 atm(lZ − lg < Z < lZ) (24)

The governing equations are discretized by the finite
volume method and solved by the SIMPLE algorithm
(Patankar, 1980). The computational domain is divided
into equal grid spacing in theR direction and inhomoge-
neous grid spacing in theZ direction, where finer mesh is
used near the heating wall.

4.4 Numerical Results and Discussion

General phase-change characteristics:Figures 8a–8c
show the effects of the inlet velocity on the tempera-
ture, liquid saturation, and pressure distributions in the
stainless steel porous medium. The heat flux inputqin is
0.28 MW/m2 and the inlet velocities are 2.5× 10−3, 3.0
× 10−3, and 3.5× 10−3 m/s, respectively. These figures
suggest general features in this cooling system. The ve-
locity vectors for the liquid and the vapor are also drawn
in Figs. 8a and 8b. Acceleration of the liquid velocity near
the outlet, as shown in Fig. 8a, enhances the heat trans-
fer and lowers the temperature rise of the heating wall
near the outlet. Since vapor occurring near the stagna-
tion region is diffused by the capillarity, the vectors of
vapor velocity shown in Fig. 8b point from the heating
wall toward the liquid phase, which can transport the la-
tent heat of evaporation to the liquid. For this reason, the
heat transport by latent heat as well as by sensible heat
plays an important roll in this system. The penetration
depth of the heat transport toward the entrance becomes
shallower as the inlet velocity increases. In addition, the
two-phase region becomes narrower, and the minimum
value of liquid saturation becomes higher. One reason
for this is that the increase in inlet velocity, i.e., the in-
crease in inlet pressure, inhibits the growth of the two-
phase region. Needless to say, heat transfer enhancement
through an increase in the inlet flow velocity strongly af-
fects the temperature and liquid saturation distributions.
Figures 9a and 9b show the temperature and liquid satu-
ration distributions for the stainless steel porous medium
at the inlet heat fluxes of 0.26, 0.28, and 0.30 MW/m2.
The inlet velocity is fixed atuin = 3.0× 10−3m/s. The
depth of the heat penetration becomes deeper and the two-
phase region expands as the heat flux increases in order to
remove higher heat flux input. Furthermore, each spac-
ing between the 330 K and 360 K contour lines shown in
Fig. 9a do not change excessively, regardless of the heat
flux input. This results from active phase-change heat
transfer, which leads to the stable heat transfer perfor-
mance mentioned in the last section. It is obvious that the
minimum liquid saturation decreases with an increase in
the heat flux input. The thermal insulation effect brought
on by the two-phase region mentioned before seems to ap-
pear when the dry area (zero liquid saturation) is formed
in the two-phase region.

Effect of thermal conductivity:Figure 10 shows the
temperature distributions in the stainless steel, iron, and
copper porous media under the same conditions atuin

= 3.0 × 10−3 m/s andqin = 0.28 MW/m2. The phase
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(c)

(b)

(a)

FIG. 8: Effect of inlet velocity on two-phase flow characteristics for stainless steel porous medium:a) temperature
distribution;b) liquid saturation distribution;c) pressure distribution

change occurs only in the case of the stainless steel porous
medium. As for the iron and copper media, higher ther-
mal conductivity in comparison with the stainless steel
makes it possible to transport the input heat further in-
side of the porous medium, where most heat exchange
is conducted by sensible heat transport. On the other
hand, the temperature gradient near the heating wall on
using the stainless porous medium is extremely steep
due to its low thermal conductivity, making it easier to
reach saturation temperature. Figure 11 shows the av-

erage heat transfer coefficienthave, which is calculated
by averaging the local heat transfer coefficienthL =
qin/(T (lZ, R)–Tin), versus the particle Reynolds num-
ber Rep = dP uin/ν at qin = 0.28 MW/m2. Enhance-
ment of the heat transfer due to an increase in the flow
velocity is confirmed for all the porous media, especially
for the higher–thermal conductivity material. Enhance-
ment by vaporization only plays a major role in the case
of the stainless steel porous medium, so that the enhance-
ment by an increase of Rep is minute. Figure 12 shows

Special Topics & Reviews in Porous Media — An International Journal
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(a)

(b)

FIG. 9: Effect of heat flux input on two-phase flow characteristics for stainless steel porous medium:a) temperature
distributions;b) liquid saturation distribution

FIG. 10: Temperature distributions for stainless steel, iron, and copper porous media under the same conditions

the removal heat flux versus the thermal conductivity at
the same liquid saturation values ofs = 0.99, 0.85, and
0.66, which represents the minimum in the two-phase re-
gion. In this cooling system, the critical-like heat flux
could occur when the liquid saturation reaches zero and,
then, the dry area withs = 0 expands to a certain de-
gree with the increase of heat flux input or the decrease
of flow velocity, which contributes to the rapid rise of
the wall temperature due to the decrease in effective ther-

mal conductivity in the dry area. Needless to say, this
cooling limit is highly affected by the wetting limit tem-
perature too. However, this figure indicates the signifi-
cant fact that the CHF is expected to improve more when
using higher–thermal conductivity material because the
copper porous medium can delay the onset of the phase
change on the higher heat flux side and enables much
higher heat flux removal even at the same liquid satura-
tion.
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5. CONCLUSION

In this study, the detailed heat transfer characteristics in
the stainless steel and bronze porous media, which are
both particle-sintered compacts, were evaluated first, and
then the two-phase flow characteristics in the porous me-
dia were simulated by the two-phase mixture model in or-
der to clarify key issues for achieving a heat flux removal
exceeding 10 MW/m2. Our findings are summarized as
follows:

1. Experiments under some heat flux inputs clarified
that the heat transfer characteristics strongly de-
pended on the level of the heat flux input.

2. The dependency of the heat transfer performance on
the pore scale reverses as the heat flux increases be-
fore achieving the heat removal of 10 MW/m2 be-
cause the discharge performance of the vapor is more
of a factor than the heat transport by the capillarity.

3. Spherical particle–sintered porous media could be
more suitable than the other porous media for heat
removal exceeding 10 MW/m2 because the spherical
particle–based porous medium has high permeability
in spite of its low-porosity structure.

4. Numerical results clarified the general two-phase
flow features and showed that utilizing a higher
thermal-conductivity matrix delay the onset of the
phase change on the higher heat flux side and en-
abled much higher heat flux removal, even at the
same liquid saturation.
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The effects of uniform rotation and porous medium on the onset of convective instability in a dielectric fluid confined

between two horizontal planes under the simultaneous action of a vertical ac electric field and a vertical temperature

gradient is considered. Applying linear perturbation theory and approximations analogous to the usual Boussinesq

approximations, an equation of tenth order is derived. Under appropriate boundary conditions, this equation is solved

exactly and the eigenvalue equations for the critical electrical Rayleigh number are obtained for both the cases of exchange

of stabilities and overstability, respectiively. The corresponding critical wave numbers are also obtained for both cases. It

is shown that the medium permeability and Rayleigh number have destabilizing effects on the considered system, where

as the porosity of porous medium, Taylor number, and Prandtl number have stabilizing effects. It is found also that, at

high values of Taylor number or at any value of Prandtl number, the critical electrical Rayleigh number is independent

of the Rayleigh number.

KEY WORDS: hydrodynamic stability, brinkman model, convection in porous media, electrohydrodynam-
ics

1. INTRODUCTION

A temperature gradient applied to a dielectric fluid pro-
duces a gradient in the dielectric constant and electrical
conductivity. The application of a dc electric field then re-
sults in the accumulation of free charge in the fluid. The
free charge buildup occurs exponentially in time with a
time constantε/σ, whereε is the dielectric constant and
σ is the electrical conductivity. This constant is known
as the electrical relaxation time (Melcher, 1981). If an ac
electric field is applied at a frequency much higher than
the reciprocal of the electrical relaxation time, the free
charge does not have time to accumulate. The electri-
cal relaxation times of most dielectric fluids appear to be
sufficiently long to make free charge effects negligible at
standard power line frequencies. At the same time, di-
electric loss at these frequencies is so low that it makes

no significant contribution to the temperature field. Fur-
thermore, variations in the body force are so rapid that
its mean value can be assumed as the effective value in
determining fluid motions, except in the case of fluids of
extremely low viscosity. Thus, the case of an ac electric
field is more tractable than that of a dc electric field. The
ac electric field case has been examined by Turnbull and
Melcher (1969) and Turnbull (1968a,b; 1970).

The classical problem of thermal convection in a fluid
layer heated from below and rotating about a vertical axis
with prescribed temperatures at the boundaries has been
the subject of investigation by many authors because of
its unusual dynamical properties (Cebeci and Bradshow,
1984; Nepomnyashchy et al., 2006). Among studies
made in this domain, one can mention works presented in
pure fluid by Chandrasekhar (1981) for the linear stability
study, and by Malkus and Veronis (1958) and Kelly and
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Pal (1978) for the finite amplitude. The coriolis effect on
gravity-driven convection was investigated by Busse and
Heikes (1980) for experimental studies, Cross and Kim
(1988) for numberical simulations, and Vadasz (1998) for
asymptotic studies. Among the applications in engineer-
ing disciplines, one can find the food-process industry,
centrifugal casting of metals and rotating machinery.

Convective flows in porous media have been exten-
sively studied during the last several decades and that
have included several different physical effects (Weber,
1974; Nield, 1991, 1994, 1998). This interest is due to
the many practical applications which can be modeled or
approximated as transport phenomena in porous media
(Lapwood, 1948; Hennenberg et al., 1997). These flows
appear in a wide variety of industrial applications, as well
as in many natural circumstances, such as geothermal ex-
traction, storage of nuclear waste material, ground water
flows, industrial and agricultural water distribution, oilre-
covery processes, thermal insulation engineering, pollu-
tant dispersion in aquifers, cooling of electronic compo-
nents, packed-bed reactors, food processing, casting and
welding of amnufacturing processes, the dispersion of
chemical contaminants in various processes in the chemi-
cal industry and in the environment, soil pollution, fibrous
insulation, and even for obtaining approximate solutions
for flow through turbomachinery (Payne and Straughan,
1998; Clever and Busse, 2000; Siddheshwar and Srikr-
ishna, 2001; Malashetty and Gaikwad, 2003; Tan and Ma-
suoka, 2007). This topic is of vital importance in all these
applications, thereby generating the need for a full un-
derstanding of transport processes through porous media.
Theories and experiments of thermal convection in porous
media and the state-of-the-art reviews, with special em-
phasis on pratical applications, have been presented in
the recent monographs of Ingham and Pop (1998), Nield
and Bejan (1999), Vafai (2000), and Pop and Ingham
(2001).

The aim of the present study is to theoretically exam-
ine the combined effects of rotation and a porous medium
on the onset of convective instability in a viscous dielec-
tric fluid confined between two horizontal planes under
the simultaneous action of a vertical ac electric field and a
vertical temperature gradient. This problem, to the best of
my knowledge, has not been investigated yet. We studied
here the linear stability, when both the principles of ex-
change of stabilities and overstability occur, for the criti-
cal electrical Rayleigh number and the corresponding crit-
ical wavenumber values, and the effects of various physi-
cal parameters on the stability analysis of the considered
system.

2. FORMULATION OF THE PROBLEM

We consider an infinite horizontal layer of dielectric fluid
of thicknessd, which is kept rotating about the verticalz-
axis with a constant angular velocityΩ through a porous
medium. The lower surface atz = 0 and the upper sur-
face atz = d are maintained at constant temperaturesθ0

andθ1, respectively. In addition to a temperature gradi-
ent, a vertical ac electric field is also imposed across the
layer; the lower surface is grounded, and the upper surface
is kept at an alternating potential, where the root-mean-
square value isφ1. One can assume the gravity buoy-
ancy to be dominant and neglect the centrifugal buoy-
ancy, hence, limiting the effect of rotation to the Corio-
lis acceleration and assuming the centrifugal acceleration
to be constant and absorbed in the reduced pressure term
(Khiri, 2004). This assumption is usually correct when
the boundary conditions of the layer are homogeneous in
the horizontal dimensions. We have the Boussinesq ap-
proximation of the basic Navier-Stokes equations of mo-
tion; because all the material properties are assumed to
be constant except for the density, the temperature de-
pendence is taken into account only in the gravity term
and we anticipate that there can be instability only when
θ0 > θ1.

If we observe the fluid from a frame of reference that is
rotating about thez-axis with the same anguar velocity as
the fluid, and if we neglect the centrifugal force, then the
equations of motion and continuity are (Hsu and Cheng,
1985; Nazzar et al., 2003)

ρ

m

[

∂v

∂t
+

1

m
(v·∇)v

]

=−∇P +ρg+
2ρ

m
(v × Ω)

+
µ

m
∇2v −

µ

k1

v + fe (1)

∇ · v = 0 (2)

whereρ is the mass density,µ is the coefficient of viscos-
ity, m is the porosity of porous medium,k1 is the medium
permeability,P is the pressure,v is the velocity of the
liquid, g = (0, 0,−g) is the gravitational acceleration,
Ω = (0, 0, Ω) is the angular velocity of the rotating fluid
layer, andfe is the force of electrical origin, which may
be expressed as (Landau and Lifshitz, 1960)

fe = −
1

2
(E·E)∇ε +

1

2
∇

[

ρ
∂ε

∂ρ
(E·E)

]

(3)

whereε is the dielectric constant andE is the root-mean-
square value of the electric field, In Eq. (3), the Coulomb

Special Topics & Reviews in Porous Media — An International Journal



Thermohydrodynamic Instability of Viscous Rotating Dielectric Fluid Layer 17

force term has been neglected, because as was previously
stated the free charge density can be assumed to be zero.
If the pressure is replaced by (El-Sayed, 2008)

Π = P −
1

2
ρ

∂ε

∂ρ
E2 (4)

the electrostriction term disappears from the equation.
The equation of energy, neglecting the dissipation

terms, is (Rudraiah and Kaloni, 2003; Rudraiah et al.,
2007)

ρc

[

∂θ

∂t
+

1

m
(v · ∇)θ

]

= k∇2θ (5)

whereθ is the temperature,c is the specific heat, andk is
the thermal conductivity. Because there is no free charge,
the electrical equations are (El-Sayed, 1999)

∇ · (εE) = 0 (6)

∇× E = 0, or E = −∇φ (7)

whereφ is the root-mean-square value of the electric po-
tential. Finally, the mass densityρ and the dielectric con-
stantε are assumed to be functions of temperatire as fol-
lows (Takashima, 1976)

ρ = ρ0 [1 − α(θ − θ0)] (8)

ε = ε0 [1 − e(θ − θ0)] (9)

whereα ande are usually positive. It is clear that there
exists the following steady solutions:

v = 0 (10)

θ = θ0 − βz (11)

ρ = ρ0(1 + αβz) (12)

ε = ε0(1 + eβz) (13)

Ex = Ey = 0, Ez =
E0

(1 + eβz)
(14)

φ = −
E0

eβ
ln(1 + eβz) (15)

where

β =
θ0 − θ1

d
(16)

is the adverse temperature gradient and

E0 = −
eβφ1

ln(1 + eβd)
(17)

is the root-mean-square value of the electric field atz =
d. If necessary, the modified pressureΠ can be deter-
mined from

∇Π = ρg −
1

2
E

2

∇ε (18)

Note that Eq. (14) satisfies the condition that there exists
a vertical electric field (i.e.,Ex = Ey = 0), while Ez is
derived from Eq. (6) because∇·(ε E) = ∂(εEz)/∂z = 0
[i.e., ε(∂Ez/∂z) + (∂ε/∂z)Ez = 0], which on using
Eq. (13) reduces to(1 + eβz)(∂Ez/∂z) + eβEz = 0,
and this equation is automatically satisfied by the solution
Ez = E0/(1 + eβz) given by Eq. (14). Also, Eq. (15)
results from equation (7), sinceE = −∇φ (i.e., Ez =
−∂φ/∂z), and hence,φ = −

∫

Ezdz. Finally, Eq. (17)
can be obtained directly from Eq. (15) using the condition
thatφ = φ1 at z = d.

From physical considerations, a basic restriction is im-
posed on the analysis by neglecting the effect of centrifu-
gal force. If we keep the centrifugal force term in the
equation of motion, then Eq. (18) must be modified as
(Takashima, 1976)

∇Π = ρg −
1

2
E

2

∇ε +
1

2
ρΩ2∇(x2 + y2) (19)

However,Π cannot be determined from Eq. (19) owing
to thex andy dependence of the last term of Eq. (19).
This means that the solutions given by Eqs. (10)–(17)
cannot exist. In other words, the fluid cannot be quiescent
when it is observed from the rotating frame of reference.
This fact will make the problem exceedingly complicated
(for more details, see the arguments given by Namikawa
et al., 1970; Chakraborty, 1982; and later by El-Sayed,
2000; Douiebe et al., 2001, for different problems of inter-
est). However, if we restrict our attention to the case when
the ratio of the centrifugal force term to the gravitational
force term (which is characterized byΩ2r2/gd, r being
the horizontal extent of the fluid layer) is small enough,
then Eq. (19) may be reduced to Eq. (18), approximately,
and the above-mentioned difficulty is avoided. This is
the reason why we have neglected the centrifugal force.
It should be noted that the same approzimation has been
made by many authors in the analyses on the stability of a
rotating fluid layer heated from below, and its validity has
been experimentally confirmed (see, for example, Chan-
drasekhar, 1981). It should also be noted that, even if
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Ω2r2/gd is small, the Taylor numberT = (2Ωd2/ν)2

(the square of the ratio of the Coriolis force term to the
viscous term) can become large to a certain extent. This
means that the effect of the Coriolis force is much larger
than that of the centrifugal force. Thus, our analysis is
valid only whenΩ2r2/gd is small.

3. LINEARIZATION AND BOUNDARY
CONDITIONS

Let the initial steady state described by Eqs. (10)–(18) be
slightly perturbed. Following the classical lines of linear
stability theory as presented by Chandrasekhar (1981) and
applying approximations analogous to the usual Boussi-
nesq approximations, the equations governing small per-
turbations may be written as (Takashima, 1976; El-Sayed,
2008)

1

m

[

∂

∂t
−ν∇2+

mν

k1

]

∇2w′=

(

αg+
ε0E

2
0e2β

ρ0

)

∇2

Hθ′

+
ε0E0eβ

ρ0

∇2

H

(

∂φ′

∂z

)

−
2Ω

m

∂ζ′

∂z
(20)

∂θ′

∂t
− K∇2θ′ =

β

m
w′ (21)

∇2φ′ + E0e
∂θ′

∂z
= 0 (22)

and
[

∂

∂t
− ν∇2 +

mν

k1

]

ζ′ = 2Ω
∂w′

∂z
(23)

wherew′ is the z component of the velocity,θ′ is the
perturbation of the temperature,φ′ is the perturbation
of the potential,ζ′ is the z component of the vorticity,
ν = µ/ρ0 is the kinematic viscosity,K = k/(cρ0) is
the thermometric conductivity,∇2

H
= ∇2 − ∂2/∂z2 =

∂2/∂x2 + ∂2/∂y2 is the horizontal Laplacian, and the
prime refers to perturbation quantities. Here, small terms
have been neglected using the fact that|αβz| � 1 and
|eβz| � 1.

Equations (20)–(23) are first rendered dimensionless
by choosingd, d2/K, K/d, K/d2, βd, d2, andE0d as
the units of length, time, velocity, vorticity, temperature,
medium permeability, and electric potential, respectively.
They are then simplified in the usual manner by decom-
posing the solution in terms of normal modes, so that

[w′, θ′, φ′, ζ′] = [W (z), Θ(z), Φ(z), Z(z)]

× exp [i(axx + ayy) + ωt] (24)

whereω is the growth rate, which is complex, in gen-
eral, andax anday are the wavenumbers. Thus, with all
variables now made dimensionless, we arrive at

1

m
(D2 − a2)

[

P−1ω − (D2 − a2) +
m

k1

]

W

= −(R + L)a2Θ − L1a
2DΦ −

T 1/2

m
DZ (25)

[

ω − (D2 − a2)
]

Θ =
1

m
W (26)

(D2 − a2)Φ + L2DΘ = 0 (27)
[

P−1ω − (D2 − a2) +
m

k1

]

Z = T 1/2DW (28)

where P = ν/K is the Prandtl number,R =
αβgd4/(νK) is the Rayleigh number,L = L1L2 =
ε0(eβE0d

2)2/(ρ0νK) is the electrical Rayleigh num-
ber, T = (2Ωd2/ν)2 is the Taylor number,L1 =
ε0eβE2

0
d3/(ρ0νK), L2 = eβd, D = d/dz, anda2 =

a2
x + a2

y.

In seeking solutions of these equations, we must im-
pose certain boundary conditions at the lower and upper
surfaces, i.e.,z = 0 andz = 1, respectively. The most
realistic boundary conditions may be written as

W = DW = Θ = Φ = Z = 0 at z = 0, 1 (29)

In this paper, however, we shall use somewhat different
boundary conditions given by

W = D2W = Θ = DΦ = DZ = 0 at z = 0, 1 (30)

This case, although admittedly an artificial one to con-
sider, is of importance because its exact solution is readily
obtained. Furthermore, from past experience with prob-
lems of this kind (see, for example, Turnbull and Melcher,
1969), one may feel fairly confident that the general fea-
tures of the physical situation will be disclosed by a dis-
cussion of this case equally as well as by a discussion
of solutions satisfying less artificial boundary conditions.
Consequently, the essential feature of the problem will be
unaffected by taking these boundary conditions (30), with
the only possible change being expected in numerical val-
ues of the parameters.

Equations (25)–(28) and the boundary conditions (30)
constitute an eigenvalue system for the present problem.
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These equations can be readily combined to yield
{

(D2−a2)2
[

(D2−a2)−
ω

P
−

m

k1

]2
[

(D2−a2)−ω
]

+ a2
[

R(D2−a2)−La2
]

[

(D2−a2)−
ω

P
−

m

k1

]

+ TD2(D2 − a2)
[

(D2 − a2) − ω
]

}

Θ = 0 (31)

together with

Θ = D2Θ = 0 at z = 0, 1 (32)

Examination of Eqs. (31) and (32) indicates that the
relevant solution forΘ is given by

Θ =

∞
∑

n=1

An sin nπz (33)

substitution of this solution in Eq. (31) leads to the re-
quired eigenvalue relationship of the form

L =
(n2π2 + a2)

a4

{

(n2π2 + a2)
[

n2π2 + a2 + ω
]

×

[

n2π2+a2+
ω

P
+

m

k1

]

+Tn2π2
[

n2π2+ a2 + ω
]

×

[

n2π2 + a2 +
ω

P
+

m

k1

]

−1

− Ra2

}

(34)

4. EXCHANGE OF STABILITIES

If the temporal growth rateω, given in Eq. (34), vanishes,
then the principle of exchange of stabilities occurs. In this
case, when we putω = 0 in Eq. (34), we obtain

L =
(n2π2+a2)

a4

{

(n2π2+a2)2
[

n2π2+a2+
m

k1

]

+
Tn2π2(n2π2 + a2)

[n2π2 + a2 + (m/k1)]
− Ra2

}

(35)

which shows that the exchange of stabilities case does not
depend on the Prandtl number.

For givenR, a, T , m, andk1, the lowest value ofL
occurs whenn = 1; then,

L =
(π2 + a2)

a4

{

(π2 + a2)2
[

π2 + a2 +
m

k1

]

+
Tπ2(π2 + a2)

[π2 + a2 + (m/k1)]
− Ra2

}

(36)

In the limiting case of purely fluids (nonporous medium),
i.e. whenk1 → ∞, Eq. (36) reduces to the same equation
obtained earlier by Takashima (1976), and his results are
therefore recovered.

For a fixed value ofR, the lowest point ofL defined
by Eq. (36) as a function ofa, T , m, andk1, gives the
critical electrical Rayleigh numberLc as

Lc =
(π2 + a2)

a4

{

(π2 + a2)2
[

π2 + a2 +
m

k1

]

+
Tπ2(π2 + a2)

[π2 + a2 + (m/k1)]
− Ra2

}

(37)

and the corresponding critical wavenumberac for the case
of exchange of stabilities.

Minimizing Eq. (37) with respect toa2, yields the
sixth-order equation ina2 as

2k3

1
(a2)6 + k2

1
[4m + 8k1π

2 − k1R](a2)5

+ 2k1[m
2 + 6k1mπ2 + 5k2

1
π4 − k1mR

− k2

1
π2R](a2)4+k1[−2k1mπ2+4m2π2+8k1mπ4

− m2R − 2k1mπ2R − k2

1π
4R + k1mπ2T ](a2)3

− 2π2[2k1m
2+3k2

1mπ2+4k2

1mπ4+5k3

1π
6](a2)2

− 2π2[m3 + 4k1m
2π2 + 3k2

1mπ4 + 2k1m
2π4

+ 6k2

1
mπ6 + 4k3

1
π8](a2) − 2π4[m3 + 2k1m

2π2

+ k2

1
mπ4 + k1m

2π4 + 2k2

1
mπ6 + k3

1
π8] = 0 (38)

Solving the Eq. (38) fora2 gives the critical wavenum-
bera2

c
. Furthermore, substituting this critical wavenum-

bera2
c into Eq. (37) yields the critical electrical Rayleigh

numberLc for exchange of stability. In order to plot the
neutral stability curves in the (R, Lc) plane, a numeri-
cal srearch was conducted to seek the lowest point ofLc

as a function ofac for various assigned values ofR, m,
k1, andT . This lowest point gives the critical electrical
Rayleigh numberLc = Lc(R, m, k1, T ) and the corre-
sponding critical wavenumberac = ac(R, m, k1, T ). The
required neutral stability curves are given by plottingLc

againstR for various assigned values ofm, k1, andT . It
should be noted here that when the fluid layer is heated
from below,R is positive, whereas when the fluid layer is
heated from above,R is negative.

The region of exchange of stabilities for different val-
ues of the porosity of porous mediumm is shown in
Fig. 1. We observe from Fig. 1 that an increase in the
value of porosity of porous medium increases the critical
electrical Rayleigh number of the stationary mode. Fig-
ure 2 illustrates the variation of critical electrical Rayleigh
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20 El-Sayed

FIG. 1: Variation of critical electrical Rayleigh numberLc, given by Eq. (37), as a function ofR for various values
of m (= 0.00001, 1, 5) whenk1 = 0.1 andT = 1000

FIG. 2: Variation of critical electrical Rayleigh numberLc, given by Eq. (37), as a function ofR for various values
of k1 (= 0, 001, 0.05, 3) whenm = 0.3 andT = 1000

numberLc with the Rayleigh numberR for different val-
ues medium permeabilityk1 for stationary case. We find
from Fig. 2 that an increase in the value of medium per-
meability decreases the critical electrical Rayleigh num-
ber and hence increases the region of marginal stability.
We see from Figs. 3 and 4 that the Coriolis force has an
inhibiting effect on the onset of instability even if both
the electrical effect and the presence of porous media are
taken into account. Moreover, we see from Figs. 3 and
4 that asT becomes large, the neutral stability curve be-
comes closely linear withR, and the value ofac becomes
independent ofR. This means that as the speed of rotation

increases, the coupling between the two agencies caus-
ing instability (electrical force and buoyancy) becomes
tighter. This fact is in marked contrast with the case
of convective instability induced by surface tension and
buoyancy (Namikawa et al., 1970)

Let LL andaL denote, respectively, the values ofLc

andac whenR = 0; and letRR andaR denote, respec-
tively, the values ofR andac that cause the value ofLc to
be zero. ThenLL andaL represent, respectively, the criti-
cal electrical Rayleigh number and the critical wavenum-
ber for the case when electrical force is the sole agency
causing instability. On the other hand,RR andaR rep-

Special Topics & Reviews in Porous Media — An International Journal



Thermohydrodynamic Instability of Viscous Rotating Dielectric Fluid Layer 21

FIG. 3: Variation of critical electrical Rayleigh numberLc, given by Eq. (37), as a function ofR for various values
of T (= 0, 1000, 2000, 4000) whenm = 0.3 andk1 = 1

FIG. 4: Variation of critical wavenumberac, obtained from the solution of Eq. (38), as a function ofR for various
values ofT (= 0, 104, 105) whenm = 0.3 andk1 = 1

resent, respectively, the critical Rayleigh number and the
critical wavenumber for the case when buoyancy is the
sole agency causing instability. Then, we have

LL =
(π2 + a2)

a4

{

(π2 + a2)2
[

(π2 + a2) +
m

k1

]

+
Tπ2(π2 + a2)

[(π2 + a2) + (m/k1)]

}

(39)

where the critical wavenumberaL can be obtained from
the solution of the following equation:

2k3

1
(a2)6 + [5k2

1
m + 8k3

1
π2](a2)5 + 2[2k1m

2

+ 7k2

1mπ2 + 5k3

1π
4](a2)4 + [m3 + 6k1m

2π2

+ 6k2

1mπ4+k3

1π
2T ](a2)3−2[3k1m

2π4+8k2

1mπ6

+ 5k3

1π
8 + 2k3

1π
4T ](a2)2 − [3m3π4 + 14k1m

2π6

+ 19k2

1
mπ8+ 8k3

1
π10+2k2

1
mπ4T +5k3

1
π6T ](a2)

− 2[m3π6 + 3k1m
2π8 + 3k2

1
mπ10 + k3

1
π12

+ k2

1
mπ6T + k3

1
π8T ] = 0 (40)

The values of critical electrical Rayleigh numberLL

and the corresponding critical wavenumberaL as func-
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tions of the Taylor numberT when R = 0, given by
Eq. (39) and the solution of Eq. (40) for various values of
the porosity of porous medium are shown in Figs. 5a and
5b, respectively, for the case of exchange of stabilities. It
is clear from Fig. 5a that whenR = 0, the critical elec-
trical Rayleigh numberLL is always positive, and it in-
creases by increasing both the porosity of porous medium
m and the Taylor numberT . Therefore their effects are
stabilizing. It is obvious from Fig. 5b that whenR = 0,
the critical wavenumberaL is always positive, and it in-
creases by increasingm for small values ofT , while it
decreases by increasingm for high values ofT . On the
other hand, the values of critical Rayleigh numberRR and
the corresponding critical wavenumberaR with the Tay-
lor numberT whenLc = 0, obtained from Eq. (37) and

the solution of Eq. (38) for various values of the porosity
of porous mediumm can also be investigated (figures are
not given here to save space). It is found thatm has the
same effects onRR andaR as onLL andaL, respectively.

The effects of the medium permeabilityk1 on LL and
aL are shown in Figs. 6a and 6b, respectively. It is clear
from Fig. 6a that the critical electrical Rayleigh number
LL decreases by increasingk1 for any value of the Taylor
numberT , i.e., the medium permeabilityk1 has a destabi-
lizing effect on the considered system, while for any value
of k1, we find thatLL increases by increasing the Taylor
numberT . Figure 6b shows that the critical wavenum-
beraL decreases by increasingk1 for small values ofT ,
while it increases by increasingk1 for high values ofT .
Also, the effects ofk1 on bothRR andaR, respectively,

FIG. 5: Variation of (a) critical electrical Rayleigh numberLL, given by Eq. (39), and (b) critical wavenumberaL

obtained from the solution of Eq. (40), as function ofT for various values ofm (= 0.00001, 1, 5) whenk1 = 0.1
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FIG. 6: Variation of (a) critical electrical Rayleigh numberLL, given by Eq. (39), and (b) critical wavenumberaL

obtained from the solution of Eq. (40), as function ofT for various values ofk1 (= 0, 01, 0.05, 3) whenm = 0.3

given by Figs. 7a, 7b, 8a, and 8b are found to be simi-
lar to its effects onLL andaL given by Figs. 6a and 6b,
respectively.

Figures 5a and 6a show also that both the porosity of
the porous mediumm and the medium permeabilityk1

have no effects on the stability of the considered system
for highly Taylor numberT values, because the obtained
curves are coincide in this case. Moreover, Figs. 6a and
6b at whichR = 0 in comparison to Figs. 1 and 2 at
which R 6= 0 indicate that the Rayleigh numberR has a
destabilizing effect on the considered system.

Now, if we define the porous medium parameterκ as
κ = m/k1 (which represents the ratio of the porosity
of the porous medium to the medium permeability), then
Eqs. (39) and (40) can be rewritten in the form

Lc =
(π2 + a2)

a4

{

(π2 + a2)2
[

π2 + a2 + κ
]

+
Tπ2(π2 + a2)

[π2 + a2 + κ]
− Ra2

}

and

2(a2)6 + [4κ + 8π2 − R](a2)5+2[κ2+6κπ2+5π4

− κR − π2R](a2)4 + [−2κπ2 + 4κ2π2 + 8κπ4

− κ2R − 2κπ2R − π4R + κπ2T ](a2)3 − 2π2[2κ2

+ 3κπ2 + 4κπ4 + 5π6](a2)2 − 2π2[κ3 + 4κ2π2

+ 3κπ4 + 2κ2π4 + 6κπ6 + 4π8](a2) − 2π4[κ3

+ 2κ2π2 + κπ4 + κ2π4 + 2κπ6 + π8] = 0
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FIG. 7: Variation of critical electrical Rayleigh numberLc, given by Eq. (46), as a function ofR for various values
of m (= 0.00001, 0.04, 0.1) whenk1 = 1, P = 50, andT = 1000

FIG. 8: Variation of critical electrical Rayleigh numberLc, given by Eq. (46), as a function ofR for various values
of k1 (= 0, 06, 0.07, 0.1) whenm = 0.3, P = 50, andT = 1000

In this case, we found that the effect of the porous medium
parameterκ on the stability of the considered system is
exaxtly similar to the effect of porosity of the porous
mediumm (at any constant value of medium permeabil-
ity) on the system shown in Fig. 1, but the corresponding
figure is not given here to avoid repetition.

5. PRINCIPLE OF OVERSTABILITY

Because the temporal growth rateω, given in Eq. (24)
can be rewritten asω = ωr + iωi, then forωr < 0, the
system is always stable. On the other hand, forωr > 0,
the system becomes unstable. Whenω = 0, the sys-

tem is marginally stable under the principle of exchange
of stabilities as shown in the previous section. In par-
ticular, whenωr = 0 andωi 6= 0, the overstability of
periodic motion is possible and oscillatory motion occurs
(Hennenberg et al., 1997). The minimum value of the
electrical Rayleigh number at the marginal condition of
ωi 6= 0 is regarded as the critical value to make the on-
set of convection. However, in addition to the exchange
of stabilities, it is of most interese here to investigate
overstability [i.e., the condition for a stable state to tran-
sit into an unstable state (or vice versa)] is notω = 0,
but ω = iωi with ωi is a real number (Payne and
Straughan, 1998). In this case, substitutingω = iωi and
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n = 1 into Eq. (34) and imposing the conditionω2

i > 0,
which is nessecary to get oscillatory instability, we ob-
tain two algebraic equations by equating both the real and
imaginary parts on both sides of Eq. (34), separately.
This gives the electrical Rayleigh numberL, and the fre-
quencyωi of the oscillations at marginal stability of the
form

L

[

π2 + a2 +
m

k1

]

=
(π2 + a2)

a4

{

(π2 + a2)2 (41)

×

[

(

π2+a2+
m

k1

)2

−
ω2

i

P 2

]

−
2ω2

i

P
(π2+a2)

×

[

π2+a2+
m

k1

]

+Tπ2(π2+a2)−Ra2

[

π2+a2+
m

k1

]

}

and

ω2

i =
P

(π2 + a2)

{

−
La4

(π2 + a2)
+ 2(π2 + a2)2

×

[

π2+a2+
m

k1

]

+P (π2 + a2)

[

π2+a2+
m

k1

]2

+ TPπ2 − Ra2

}

(42)

where the physical meaning ofL requires it to be real.
The conditionω2

i > 0 implies that

[

La4

(π2 + a2)
+ Ra2

]

< (π2 + a2)

{

2(π2 + a2)

×

[

π2 + a2 +
m

k1

]

+ P

[

π2 + a2 +
m

k1

]2

+
TPπ2

(π2 + a2)

}

(43)

It is evisent that oscillatory instability cannot be estab-
lished if the condition (43) is not satisfied, because this
implies ω2

i < 0. Note also that the condition (43) can
be satisfied for small values of the Rayleigh numberR
and electrical Rayleigh numberL, or for large values
of the Prandtl numberP and Taylor numberT , respec-
tively.

Eliminatingωi betweem Eqs. (41) and (42), then the
electrical Rayleigh number can be expressed in the form

L =
(π2 + a2)

a4

[

(π2 + a2)(1 + P )

P
+

m

k1

]−1

×

{

−(π2 + a2)2
[

π2 + a2 +
m

k1

]2

+

[

(π2+a2)(1+2P )

P
+

2m

k1

][

2(π2+a2)

(

π2+a2+
m

k1

)

+P (π2 + a2)

(

π2 + a2 +
m

k1

)2

+ TPπ2 − Ra2

]

− Tπ2(π2 + a2) + Ra2

[

π2 + a2 +
m

k1

]

}

(44)

The critical electrical Rayleigh numberLc for the
overstability is obtained by minimizing Eq. (44) with re-
spect toa. Although the minimization can be done by
letting ∂L/∂a = 0 for nonzero porous term (m/k1), it
is not analytically tractable. From Eq. (44), we can find
that unlike the exchange of stabilities, the overstabilityis
dependent on the Prandtl number. In this case, the critical
wavenumberac can be obtained from the solution of the
following equation

− 4k4

1P
2(1 + P )(a2)6 − 2k3

1 [3mP 2(1 + 2P )

+ k1(1 + P )(1 + 2P + 8P 2π2](a2)5 − 4k2

1
[mP

+k1π
2(1+P )]{3mP 2+k1[1+P (2+5Pπ2)]}(a2)4

+ k1(2m3P 2(1−2P )+2k1m
2P [1−2P−6Pπ2

× (P − 1)]+4k2

1mπ2{1+P [3+Pπ2(3 − 2P )]}

+ k3

1π
2(1+P )[π2(4+8P )−R(1+P )+2P 2T ])

× (a2)3 + 2k1π
2(1 + P ){4m3P 2 + 2k1m

2P

× (4 + 9Pπ2) + k3

1
π2[8π2(1 + 2P ) + 10P 2π4

−R(1+P )+4P 2T ]+k2

1
m[6π2(1+4P )+24P 2π4

+ P (2PT − R)]}(a2)2 + π2(4m4P 3 + 2k1m
3P 2

× [4 + π2(5 + 14P )]+k4

1π
4(1+P )[14π2(1+2P )

+ 16P 2π4 − R(1 + P ) + 10P 2T ] + k2

1m
2P

×[π2(26+44P )+12Pπ4(3+5P )+P (2PT−R)]

+2k3

1
mπ2{π2(6+34P+32P 2)+P 2π4(21+26P )

+ P [−R(1 + P ) + 2PT (2 + 3P )]})(a2) + 4π4

× (m+k1π
2)[mP +k1π

2(1+P )][m2P 2+2k1mP

×(1+Pπ2)+k2

1(π
2+2Pπ2+P 2π4+P 2T )]=0 (45)

We solve Eq. (45) fora2, which gives the critical
wavenumbera2

c
, and substituting this critical wavenum-

ber into Eq. (44) yields the critical electrical Rayleigh
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numberLc for the oscillatory instability. Substituting the
critical wavenumber and critical electrical Rayleigh num-
ber of oscillatory instability into the Eq. (42) gives the
critical frequency of oscillatory case.

The region of overstability for different values of the
porosity of a porous mediumm is shown in Fig. 7. We
observe from this figure that an increase in the value of
porosity of porous mediumm increases the critical elec-
trical Rayleigh number of the overstability mode. Fig-
ure 8 illustrates the variation of critical electrical Rayleigh
numberLc with the Rayleigh numberR for different val-
ues medium permeabilityk1 for overstability case. We

note from Fig. 8 that an increase in the value of medium
permeabilityk1 decreases the critical electrical Rayleigh
number and hence decreases the region of marginal stabil-
ity. Figures 7 and 8 show also that the above-mentioned
effects ofm andk1 occur if the liquid layer is heated from
below or above (i.e., whenR ≷ 0), respectively, and that
for any value ofm or k1, the critical electrical Rayleigh
numbersLc decreases linearly with the Rayleigh number
R.

Figures 9 and 10 show the variations of critical electri-
cal Rayleigh numberLc with the Rayleigh numberR for
various values of the Taylor numberT and the Prandtl

FIG. 9: Variation of critical electrical Rayleigh numberLc, given by Eq. (46), as a function ofR for various values
of T (= 0, 100, 300) whenm = 0.3, k1 = 1, P = 50, andT = 1000

FIG. 10: Variation of critical electrical Rayleigh numberLc, given by Eq. (46), as a function ofR for various values
of P (= 30, 50, 100) whenm = 0.3, k1 = 1, andT = 1000
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numberP , respectively. It can be seen from Figs. 9
and 10 that an increase in the values ofT or P increases
the critical electrical Rayleigh numberLc of the oversta-
bility state irrespective of the the Rayleigh numberR is
positive or negative. Figures 9 and 10 indicate also that
for any value of the Taylor numberT , the critical elec-
trical Rayleigh numberLc slightly decreases linearly by
increasing the Rayleigh numberR, while for any value
of the Prandtl numberP , the critical electrical Rayleigh
numberLc does not depend on the Rayleigh numberR
values. Note that the effect of porous medium parameter
κ = m/k1 on the stability of the considered system, in
this case of overstability convection, has been found also
similar to the effect of porosity of porous medium dis-
cussed in Fig. 7 as shown in the exchange of stabilities
case.

6. CONCLUSIONS

In the present study, we have employed a linear theory
analysis for the problem of the onset of electrohydrody-
namic instability in a horizontal layer of viscous rotating
dielectric fluid through a Brinkman porous medium under
the simultaneous action of a vertical ac electric field and a
vertical temperature gradient. Our analysis is performed
by neglecting the centrifugal force because the effect of
the Coriolis force is found to be much larger than that of
the centrifugal force. Analytical expressions have found
for the onset of exchange of stability (in the presence or
absence of Rayleigh number and/or electrical Rayleigh
number), overstability and oscillatory frequency, which
depend on the porosity of porous medium, the medium
permeability, the Taylor number, the Prandtl number, as
well as the Rayleigh number. The critical wavenumbers
corresponding to these cases are also found to depend on
these quantities.

Case I: In the exchange of stability case, we found the
following:

1. The porosity of porous medium and the Coriolis
force have stabilizing effects.

2. The medium permeability and the Rayleigh number
values have destabilizing effects.

3. The effects of porosity of porous medium, Taylor
number, and medium permeability on the stability
of the considered system occur for any positive or
negative value of the Rayleigh number.

4. For high Taylor number values, the citical electri-
cal Rayleigh number and the corresponding critical

wavenumbers are independent of the Rayleigh num-
ber.

5. In absence of Rayleigh number, the Taylor number
has a stabilizing effect (for fixed values of porosity
of porous medium and medium permeability), while
porosity of porous medium and medium permeabil-
ity have stabilizing and destabilizing effects, respec-
tively (for fixed value of Taylor number), but they
have no effect on the stability of the considered sys-
tem (for high Taylor number values).

6. The critical wavenumber decreases or increases by
increasing the porosity of porous medium or medium
permeability, respectively (for small Taylor number
values), while it increases or decreases by increasing
the porosity of porous medium or medium perme-
ability, respectively (for high Taylor number values).

Case II: In the overstability case (in which the fre-
quency of the oscillations at marginal stabilityω2

i is pos-
itive), we found the following:

1. The porosity of porous medium and Taylor number
have stabilizing effects, while the medium perme-
ability and Rayleigh number have destabilizing ef-
fects and the critical electrical Rayleigh number de-
creases linearly with the Rayleigh number.

2. The Prandtl number has a stabilizing effect, while for
any value of Prandtl number, the critical electrical
Rayleigh number does not depend on the Rayleigh
number.

3. The previous results in this case occur if the liquid
layer is heated from below or above.

Finally, it should be noted that the stability or instabil-
ity effects of various physical parameters included in the
analysis occur faster in the case of exchange of stability
than their effects in the case of overstability, because the
corresponding values of critical electrical Rayleigh num-
bers in the exchange of stability case are smaller than their
values in the overstability case. Note also that the effect
of a porous medium parameter on the instability of the
considered system is found to be similar to the effect of a
porous medium in both the cases of stationary and oscil-
latory convections, respectively.
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The present study is aimed at longitudinal gas permeability measurement of juvenile wood and mature wood of the

two most important poplar clones in Iran. Longitudinal gas permeability for juvenile wood of P.deltoides was 1.50 ×

10−13, and for its mature wood was 28.18×10−13(m3 m−1). As for P.euroamericana, values were 0.16 ×10−13 and

13.74 ×10−13(m3 m−1) for juvenile and mature woods, respectively. The higher extractive content in juvenile wood

in comparison with mature wood varies significantly among different clones; the maximum extractive content was

measured to be 3.4% in juvenile wood of P.euroamericana, while the minimum (0.3%) was observed in mature wood of

P.deltoides. A negative relationship is obvious between gas permeability values and extractive content. Vessel diameter

in juvenile woods of both species tends to be lower than mature woods; maximum and minimum vessel diameters

were observed in mature wood (67.3 µm) and juvenile wood (54.5 µm) of P.deltoides. Although vessel diameter has

a great impact in gas permeability, in the present study no clear relationship was found between them. Therefore, the

low permeability in the mature wood of P.euroamericana may be rooted in the intense settlement of extractives in the

heartwood

KEY WORDS: extractive content, juvenile wood, longitudinal gas permeability, mature wood, poplar,
porous materials, vessel diameter

1. INTRODUCTION

Poplar belongs to the Salicaceae family. Apart from nat-
ural species we can take benefit of special capabilities of
poplar hybrids and clones. In the meantime, the world of
wood industries faced a new problem having used fast-
growing trees because in their first years of growth, the
trees produce juvenile wood, a zone of wood extending
outward from the pith. During this early growth period,
the characteristics of the wood produced from year to year
in each successive growth ring change markedly. During
a “transition” period from 5 to 20 years of age, character-

istics of the wood produced gradually improve until they
become relatively constant. This material is known as
mature wood. All trees have juvenile wood, but it had
little significance when the timber supply was primarily
old-growth trees grown in natural forest conditions. In
these trees, the juvenile wood core was small because
early growth was suppressed by competition from sur-
rounding trees. Additionally, the percentage of juvenile
wood in the total volume was small because larger trees
were harvested. Now, improved trees grown on inten-
sively managed plantations reach saw-timber size and are
harvested at a younger age (Dickmann, 2006). Because

1091-028X/10/$35.00 Copyrightc© 2010 Begell House, Inc. 31
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diameter growth is generally greatest during the years ju-
venile wood is produced, the juvenile wood core may be
a very significant part of the harvest.

As to the fact that many characteristics of juvenile
wood differ from mature wood (Anon., 1998), the ques-
tion may arise as to what extent they may differ. If the dif-
ference is statistically nonsignificant and can only be con-
sidered as a trend, that would cause no problem. But in
most cases, there is a significant difference between spe-
cific characteristics in juvenile and mature woods. Since
permeability is one of the most important characteristics
of wood, having great impact on its utilization in different
industries (such as wood preservation, wood drying, pulp,
and paper), the present study is aimed at the permeability
measurement of juvenile wood and mature wood of two of
the most important poplar clones in Iran that have shown
great compatibility with climate variability and are culti-
vated vastly all over Iran. It is to be noted that these two
clones show suitable growth rates and have the capability
to be used in different industries (Anon., 2008).

Heartwood has less extractive content, and extractive
content increases with tree height (Woo et al., 2005). Per-
meability is different in sapwood and heartwood, as well
as in different tree heights, and shows significant corre-
lation with extractive content. Decrease in permeability
toward the crown is probably due to an increase in extrac-
tive content. Koch (1996), Flynn (1995), and Rice and
D’Onofrio (1996) also reported that a decrease in per-
meability is generally due to a more extractive content
as well as blockage of vessel perforations (vessel open-
ings) and pits. It has been proved that extractive con-
tent and pitch deposits block the way through which fluid
passes along wood. Furthermore, concentration of extrac-
tive content and pitch deposits is not the same in differ-
ent parts of trees. Ward (1986) reported 230× 10−13

for mature wood and 1.9× 10−13 (m3 m−1) for juve-
nile wood of poplar. Perng et al. (1985) reported 3.9×

10−13 for mature wood and 0.28× 10−13 (m3m−1) for
juvenile wood of poplar. Avramidis and Mansfield (2005)
also reported an average permeability of 22,940× 10−13

for mature wood and 1,950× 10−13 (m3 m−1) for juve-
nile wood of six poplar clones.

2. MATERIALS AND METHODS

2.1 Specimen Procurement

Disks at breast height from five trees ofPopulus del-
toides(69/55) and five trees ofPopulus× euroamericana
(cv. I-214) were harvested from the research site belong-

ing to the Forestry and Watershed Organization of Gilan
province. It is to be noted that these clones have shown
great compatibility with climate variability and are culti-
vated vastly in Iran. All trees were 22 years old. Geo-
graphical specifications of the region are as follows: the
altitude is 10 meters below see level and 15 meters above
Caspian sea level; and 49◦ and 57’ eastern longitude and
37◦ 19’ northern latitude. The soil was comprised of al-
luvial settlements and silty loam having a neutral pH to
somewhat alkaline. The average annual precipitation is
1.186 mm, and the average annual temperature is 17.5
◦C; averages for maximum and minimum temperatures
are 26.6 and 8.6◦C, respectively. The distinction of juve-
nile wood from mature wood was based on fiber length
fluctuations from pith to bark. Transition from juvenile to
mature wood took place at the age of 10–12 years (Taghi-
yari et al., 2008).

2.2 Gas Permeability Specimen

The longitudinal gas permeability measurement was done
by an apparatus designed and built by the authors based
on the microstructure porosity of wood. All gas perme-
ability specimens were cylindrical, 18 mm in diameter
and 50 mm in length. They were free from any knots,
checks, and splits. The specimens were kept in a condi-
tioning chamber to reach an MC level of 12%. Both ends
of each specimen were trimmed using sharp cutter blades.
Furthermore, all around each specimen was covered by
silicon adhesive to prevent airflow through the radial and
tangential directions. Ten specimens were cut randomly
at scattered locations (five from juvenile and five from
mature wood, Fig. 1). Measurements were made using
the falling water displacement volume method per the in-
structions of Siau (1995). The connection between the
specimen and holder of the apparatus was made fully air-
tight.

Three measurements were taken for each specimen.
A superficial permeability coefficient was then calculated
using Siau’s equations (Siau, 1995) [Eqs. (1) and (2)].
The superficial permeability coefficients were then multi-
plied by the viscosity of air (µ = 1.81× 10−5 Pa s) for
the calculation of their specific permeability (K = kgµ).

Kg =
VdCL(Patm−0.074Z)

tA(0.074Z)(Patm−0.037Z)
×

0.760 mHg

1.013×106 Pa
(1)

C = 1 +
Vr(0.074∆Z)

Vd(Patm − 0.074Z)
(2)
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The circle that 
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transition zone 
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mature wood. 
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FIG. 1: Position of juvenile wood and mature wood in the disk and location of sampling

where:

kg = longitudinal specific permeability, m3/m

Vd = πr2∆z[r = radius of measuring tube (m)],

m3

C = correction factor for gas expansion as a result

of change in static head and viscosity of water

L = length of wood specimen, m

Patm = atmospheric pressure, m Hg

z̄ = average height of water over surface of

reservoir during period of measurement, m

t = time, s

A = cross-sectional area of wood specimen, m2

∆z = change in height of water during time t, m

Vr = total volume of apparatus above point 1

(including volume of hoses), m3

2.3 Extractive Content

The extractive content was determined according to the
standard T 280 pm-99 (TAPPI, 1999). First, juvenile
wood and mature wood of each disk were separated and
then ground in a Palmann mill to pass through screens of
40 mesh and 60 mesh. The ground wood was then Soxh-
let extracted with acetone for 8 h. The total weight of
extractable components was determined gravimetrically
and expressed as a percentage of the original weight of
the wood specimen.

2.4 Vessel Diameter

For the vessel diameter, five blocks of 2× 2× 2 cm from
juvenile wood and five from mature wood of each tree
were taken and kept in distilled water for 48 h. Trans-
verse sections of 20–25µm in thickness were cut by a
Jung Heidelberg slicing microtome. The sections were
stained with safranin and then dehydrated in a graded se-
ries of ethanol (50%, 75%, and 96%), and then in xylol
to make them ready to be mounted on microscopic slides.
The measuring procedure covered all vessels from spring
wood to summer wood. Each vessel was measured in the
radial as well as tangential directions (Fig. 2).

2.5 Statistical Analysis

A statistical analysis was conducted using SAS software
program, version 9.1. A two-way analysis of variance
(ANOVA) was performed to conclude the significant dif-
ference at a 99% confidence level.

3. RESULTS

3.1 Longitudinal Gas Permeability

The average longitudinal specific gas permeability of
Populus deltoids(69-55) is 1.50× 10−13 (m3 m−1) for
juvenile wood and 28.18× 10−13 (m3 m−1) for mature
wood; whereas the averages forPopulus× euroameri-
cana(cv. I-214) show 0.17× 10−13 (m3 m−1) for juve-
nile wood and 13.75× 10−13 (m3 m−1) for mature wood.
The statistical analysis shows a significant difference be-
tween the permeability of juvenile and mature wood of
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Vessels were 
measured in 
radial as well as 
tangential 
direction and the 
average value 
was considered 
for each vessel. 

FIG. 2: Value for each vessel was obtained through tangential and radial measurements of the vessel

these two clones, as well as these two clones with each
other. Figure 3 shows the permeability amount in juve-
nile and mature wood of the two clones measured in the
present study.

3.2 Extractive Content

The results of the extractive analysis are shown in Fig. 4.
The statistical analysis show a significant difference at an
α level of 1% between juvenile wood and mature wood of
these two clones. Furthermore, there is also a significant

difference at anα level of 1% between juvenile wood of
P. deltoidesandP. × euroamericana, as well as between
mature wood ofP. deltoidesandP.× euroamericana.The
extractive content of the juvenile wood inP.× euroameri-
canawas the greatest (3.4%), whereas in the mature wood
of P.deltoideswas the lowest (0.3%) (Table 1).

3.3 Vessel Diameter

The results of vessel diameter are shown in Fig. 5. Statis-
tical analysis shows a significant difference between juve-
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TABLE 1: Comparison between different variables measured in the present study: permeability (×10−13 m3 m−1),
extractive content (%), vessel diameter (µm)

Kind of wood Permeability (× 10−13 m3 m−1) Extractive content (%) Vessel diameter∗∗∗

(µm)
P ∗. deltoidesmature∗∗ 28.18 0.3 67.3
P.×euroamericanamature 13.75 0.35 61.6
P. deltoidesjuvenile 1.5 0.75 54.5
P.×euroamericanajuvenile 0.17 3.4 57.4

∗Populus
∗∗Wood
∗∗∗Diameter
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FIG. 4: Extractive content (%) of juvenile wood and mature wood forP. deltoides(69/55) andPopulus× euroamer-
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nile wood and mature wood in both clones; but no signifi-
cant difference was observed betweenP. deltoides(69/55)
andP. × euroamericana(cv. I-214). Vessel diameter in
mature wood ofP.deltoideswas the highest (67.3µm) and
in juvenile wood ofP.deltoideswas the lowest (54.5µm)
(Table 1). No significant difference was seen between the
two clones.

A summary of the three variables measured in the
present study is shown in Table 1.

4. DISCUSSION

In all cases, the permeability of juvenile wood is far be-
low that of mature wood; causes can be rooted in more
extractive content, tyloses, and pitch deposits that may
block the pits and vessel perforations (Woo et al., 2005;
Koch, 1996; Flynn, 1995; Rice and D’Onofrio, 1996;
Ward, 1986). Extractives have a significant impact on
the permeability of wood, although they make up only
a small percentage of the total chemical composition of
it. Ward (1986) indicated that the blockage of pits and
openings is due to extractives and tyloses on the way of
fluid transfer. Vologdin et al. (1979) also noticed that
permeability increased progressively with the removal of
extractives (phenolics). Furthermore, Perre and Karimi
(2002) reported that permeability increases significantly
as the length of specimens is shortened. Error bars in
Fig. 3 imply that the concentration of extractives varies in
different parts of a tree and therefore permeability values
would also vary significantly. Putting permeability val-
ues and extractive contents of juvenile wood and mature

wood of these two clones in one single figure can show us
the reverse relationship between them (Fig. 6).

Comparison between the extractive content of the
present study for 22-year-old trees with those of previ-
ous studies at the age of 18 that were cut and cultivated
from the same site but four years earlier (Mahdavi Feiz-
abadi, 2003) shows that inP.deltoides, not much differ-
ence in extractive content was made during the four last
years of growth. But inP.×euroamericana, a comparison
with previous studies that was done on 18-year-old trees
of the same inhabitant (Rasooli Garmaroudi, 2002) shows
a great difference. This difference is most probably made
by the process of changing sapwood to heartwood. There-
fore, if the end utilization needs to have high permeabil-
ity or low extractive content, trees ofP. × euroamericana
should be cut before the age of about 18 years.

Statistical analysis showed a significant difference be-
tween the vessel diameter of juvenile wood and mature
wood in both clones. However, no significant difference
was found between vessel diameters of juvenile woods or
mature woods of the two clones. Poiseuille’s law of vis-
cous flow, which applies to gases through hardwood ves-
sels, proves there is a positive relationship between the
permeability value and the fourth exponent of the radius
of capillary (radius of vessels) [Eq. (3)] (Siau, 1971).

kL =
nπR4

8η
× 1.013 × 106 (3)

where

0

5

10

15

20

25

30

Euro Juv. Delto Juv. Euro Mat. Delto Mat.

Extractives

Permeability

FIG. 6: Reverse relationship between longitudinal gas permeability (× 10−13m3 m−1) and extractive content (%)

Special Topics & Reviews in Porous Media — An International Journal



Longitudinal Gas Permeability in Poplar 37

kL = longitudinal permeability, cm3 (fluid) cm−1

atm−1 s−1

1 atm= 1.013× 106 dyne cm−2

R = radius of vessels, cm

n = N/A = number of vessels per cm2 of cross

section

η = viscosity of fluid, (dyne sec) cm−2

The fourth exponent of the radius implies that a slight
increase or decrease in the value of the vessel radius may
have a high impact on the value of permeability, although
statistical methods do not show a significant difference.
Putting all this information together, we may conclude
that theoretically the juvenile wood of both clones should
have nearly the same permeability values based on an in-
significant difference between their vessel diameter; but
practical measurement showed a great difference. There-
fore, we can come to the conclusion that the extractive
content between these two plays a more important role in
the value of longitudinal gas permeability. Figure 7 shows
all three factors of longitudinal gas permeability, extrac-
tive content, and vessel diameter together.

5. CONCLUSION AND FUTURE WORK

The permeability of juvenile wood is always less than that
of mature wood in sound wood. The reasons for this may
be rooted in several factors such as blockage of vessels

by more extractive content, tyloses, and pitch deposits in
juvenile wood, as well as less vessel diameter in juve-
nile wood. Regarding the insignificant difference between
vessel diameter in the juvenile wood ofP.deltoidesandP.
× euroamericana, the high difference between the per-
meabilities of these two may be traced to their difference
in extractive content.

Juvenile wood ofP. × euroamericana, especially in
its older ages, tends to have an extra amount of extrac-
tives and therefore is prone to have very low permeability.
Consequently, it is not recommended for industries where
permeability is important.

Due to the smallness of the specimens, it was not pos-
sible to measure the extractive content in each single one.
Still, the corresponding author is working on the extrac-
tive measurement in every single specimen to find out the
regression equation between gas permeability and extrac-
tive content.
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The drainage of oil under gravity forces is an efficient method because it can farther reduce the remaining oil saturation

to below that obtained after water flooding. This paper describes a series of visual experiments under forced gas inva-

sion with special attention to the effects of wettability. From oil production history and image analysis, we examine a

threshold criterion for displacement stability that is consistent with the results of gradient percolation theory. The effect

of the destabilized front velocity on oil recovery and residual saturation is investigated for both wettability conditions.

Different recovery rates occur with different fluid morphologies, which depend on the matrix wettability and the balance

between gravity and viscous and capillary forces. The dimensionless capillary and gravity numbers are used in ana-

lyzing the results. It has been shown that oil production decreases with displacement instability; however, this behavior

would extremely depend on the wetting state. In addition, results indicated that the oil recovery depends linearly on the

ratio of the gravity to viscous forces; however, the slope of this relationship in oil-wet porous media is more than twice

of the water-wet system.

KEY WORDS: wettability, gravity forces, capillary forces, viscous forces, dimensionless numbers, dis-
placement stability

1. INTRODUCTION

Immiscible displacement of fluids in porous media occurs
in a wide range of flow regimes that reflect the interac-
tions between capillary, gravity, and viscous forces. Ex-
periments performed on artificial porous media (Fourar
et al., 1993; Persoff and Pruess, 1995) as well as pore
network simulations (Hughes and Blunt, 2000; Singh
and Mohanty, 2003; Tsakiroglou et al., 2005; Theodor-
opoulou et al., 2008) have revealed that the transient and
steady-state two-phase flow patterns depend not only on

the specific characteristics of the pore space morphology,
but also on a variety of dimensionless parameters such
as the capillary number, viscosity ratio, and wettability
state. In this study, we have focused on the relationship
between wettability and displacement instability (in terms
of capillary number) during the gas gravity–assisted flow
in porous media.

Several studies have focused on the effects of wetta-
bility in gravity drainage (Oren and Pineczewski, 1994;
Vizika and Lombard, 1996; Grattoni et al., 2001; Pedr-
era et al., 2002; Shahidzadeh et al., 2004). Some stud-
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ies demonstrate that in drainage experiments, saturation
of the retained liquid decreases with increasing the con-
tact angle (Kewen and Firoozabadi, 2000; Morrow and
MacCaffery, 1978), whereas other researchers show the
importance of a hydraulic continuity for achievement of
maximum recovery (Oren and Pineczewski, 1994; Blunt
et al., 1995; Vizika and Lombard, 1996; Zhou and Blunt
1998). Surprising data are also reported by Pedrera et al.
(2002) and Caubit et al. (2004). They claimed that resid-
ual oil saturation decreases when the cores become more
oil wet. In contrast, other authors (e.g., Vizika and Lom-
bard, 1996) showed that for positive spreading, residual
oil increases when the wettability index decreases. While
the majority of the researches have been focused on the
wetting behavior under stabilized gravity drainage (in the
absence of viscous instability), the relationship of wet-
tability and macroscale hydrodynamics has not been re-
viewed.

For gas-oil gravity drainage with high viscosity con-
trast, where the interplay between capillary, gravity, and
viscous forces controls the invasion front movement,
identification of the relationship between fluid-solid in-
teractions (wettability) and prevailing forces is neces-
sary. Investigations based on gradient percolation theory
(Wilkinson, 1986; Xu et al., 1998; Meheust et al., 2002;
Lovoll et al., 2005) suggest the importance of the invasion
front instability during the fluid flowing in porous media.
They showed that when the viscosity of the injected fluid
is less than that of the displaced phase, viscous fingering
dominates and the oil trapping and bypassing will be oc-
curred.

In addition, a number of investigations have been car-
ried out to correlate dynamic transport functions and fluid
distribution with flow regime conditions. Skauge et al.
(1997) conducted a series of centrifuge and gas flood ex-
periments and found a more dispersed gas front and lower
recovery efficiency at higher gas flow rates. Edwards et al.
(1998) showed differences between oil recovery by pro-
cesses where gravity controls the flood front and by those
where the gravitational forces play a less significant role
in the ultimate fluid distribution.

In this paper, experimental results are obtained in ver-
tical long core and synthetic porous media under different
wettability states. In each media, transitions from stabi-
lized and destabilized flow configurations were studied.
In order to check under which circumstance the stabiliza-
tion occurs, the evolution of the front instability is inves-
tigated and compared to the gravity invasion percolation
theory. Then, the influence of the displacement instability
on oil recovery is compared for different wettability con-

ditions. In addition, the impacts of capillary and gravity
numbers on oil production history have been reviewed.

2. EXPERIMENTAL DESCRIPTIONS

2.1 Porous media and Fluids

Forced gravity drainage experiments have been per-
formed in synthetic porous media (glass beads with av-
erage grain size of 150µm). The average porosity was
around 37% and the absolute permeability ranged be-
tween 7 and 10 Darcy. These unconsolidated packs pro-
vide a simplistic representation of the main flow charac-
teristics of reservoir rock, and have the additional merit of
being transparent, so that the movement of the fluid can
be detected. Moreover, experiments were preformed un-
der a reasonable ranges of dimensionless numbers; thus,
the conclusions could be independent of high values of
porosity and permeability.

The glass beads are initially water wet, but the wetta-
bility is changed to oil wet by treating them with three
methylchloro-silane. The wettability changes when a thin
film of this water-repellent solution coats the glass beads
surface. The effects of silanization on glass beads and
wettability alteration have been observed by several in-
vestigators (Vizika and Lombard, 1996; Grattoni et al.,
2001; Shahidzadeh et al., 2004). The porous media char-
acteristics for each experiment are given in Table 1.

Fluids properties were measured using standard tech-
niques and are given in Table 2. The gas phase was pure
nitrogen. The aqueous phase, always referred as the water
phase, was distilled water, and the oil phase was normal
decane. A small amount of hydrocarbon-soluble dye was
added to the oil phase in order to distinguish the wetting
phase and nonwetting phase during the experiments.

2.2 Experimental Apparatus and Procedure

A schematic drawing of the equipments used in the lab-
oratory is shown in Fig. 1. The complete experimental
setup includes the long cylindrical visual model, the fluid
injection system, a differential gauge pressure, the efflu-
ent collection system, a gas cylinder, a digital camera, and
the data acquisition system.

A cylindrical plate made up of Plexiglas was used in
this study. The Plexiglas physical model was easy to de-
sign and it is a relatively more transparent material for
visual observations. The differential gauge pressure was
fitted to the inlet port. High-precision pumps were used to
inject liquids. A mass flow controller (MFC) was used to
inject gas at the specific flow rates. A two-phase separator
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TABLE: 1 Summary of experiments properties

Wettability state Water wet Oil wet
Experiment number 1 2 3 1 2 3
Length (cm) 60 60 60 60 60 60
Cross-sectional area (cm2) 7.07 7.07 7.07 7.07 7.07 7.07
Porosity (fraction) 0.382 0.39 0.395 0.377 0.357 0.39
Absolute permeability (Darcy) 9.3 9. 8 9.2 8.5 7.95 7.75
Oil in place (cm3) 140 144 145 150 138 155
Irreducible (Irred) water saturation (%PV) 0.137 0.128 0.134 0.07 0.092 0.06
Oil permeability at Irreducible water satura-
tion (Swi) (Darcy)

4.6 5.5 4.8 4.1 3 3.3

Injection rate (cm3/min) 1.85 3.4 5.8 2.3 3.3 6.25

TABLE: 2 Properties of fluids used (at 25◦C)

Fluid system Mass density (Kg/m3) Viscosity (cP)
Nitrogen 1 0.02
Normal decane 740 0.85
Distilled water 1000 1

FIG. 1: Schematic drawing of the laboratory experimental setup
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was located at the production end. An incremental weight
measurement method using a digital computer–controlled
balance was used to measure the effluent production data.
Displacement structures were recorded at regular inter-
vals during the experiments using a digital camera. These
raw pictures were filtered in order to clearly separate the
wetting phase from the nonwetting phase. Successive
steps of the filtering process are shown in Fig. 2.

The experiments were conducted under ambient lab-
oratory pressure and temperature. For each experiment,
the model was placed in a vertical gravity stable position
and a leak test was performed. Then, the sintered packed
column was first evacuated and then fully saturated with
water. Thereafter, the porosity and absolute permeabil-
ity were measured. The porous media was then flooded
with oil to irreducible water saturation and the effective
permeability was measured. Thereafter, gas was injected
into the model from the top and oil was produced from
the bottom.

3. RESULTS AND DISCUSSION

Two groups of displacement experiments with different
wettability characteristic were performed at the ambient
conditions. Injection rates were varied in each group.
The major parameters and results from the experiments
are summarized in Table 3.

3.1 Invasion under Gravity Forces

In order to check under which circumstances stabilization
occurs, the evolution of the displacement front in the flow
direction is investigated. In the gas gravity drainage ex-
periments, when gravity forces dominate viscous forces,
the invasion of a nonwetting phase into a wetting liquid

is stable. This could be understood by using a combina-
tion of Darcy’s law and a mapping to percolation theory
(Lovoll et al., 2005).

For top-down drainage with high viscosity contrast be-
tween gas and oil, a number of investigations carried out
in laboratories (e.g., Hagoort, 1980) suggest the follow-
ing criterion for the displacement under a stabilized con-
dition:

vc > v (1)

wherevc is the critical gravity drainage velocity defined
by Blackwell and Terry (1959) and Dumore (1964),

vc =
k∆ρg

∆µ
(2)

where∆ρ and∆µ are the density and viscosity differ-
ences between two fluids, respectively, andk is the effec-
tive permeability.

This criterion represents the situation in which the neg-
ative effects of viscous forces are overcome by gravity
forces. This definition is also in line with the theoretical
argument based on percolation theory (Wilkinson, 1984;
Staufer and Aharony, 1991) in a stabilizing gradient. This
theory predicts the following scaling law for the displace-
ment under gravity (Xu et al., 1998; Meheust et al., 2002):

w ≈ (NB − Nc)
−(α/1+α) (3)

wherew is the invasion front width andα is the corre-
lation length exponent in percolation theory. Meheust et
al. (2002) and Lovoll et al. (2005) described the gener-
alized Bond number,N∗

B
= NB − Nc, and showed that

whenN∗

B
→ 0, the front widthw in Eq. (3) diverges.

Hence, the following criterion was proposed for interface
stabilization:

NB − Nc = N∗

B > 0 (4)

FIG. 2: Image filtering process:a) the raw image;b) black-and-white image;c) image in reverse color
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TABLE: 3 Summary of key results from displacement experiments

Wettability state Water wet Oil wet
Experiment number 1 2 3 1 2 3
Capillary number (10−6) 1.68 3.1 5.3 2.3 3 5.7
Gravity number (10−6) 0.9 0.55 0.3 0.55 0.33 0.19
Breakthrough time (min) 33.5 12.5 8 29 12.5 6.5
Oil recovery at breakthrough time (%OIP) 48.5 41.2 33.5 47.8 30.5 23.8
Oil recovery at two pore volume injection (%OIP) 68.2 62.5 57.2 68.5 55.0 52.2
Oil recovery at four pore volume injection (%OIP)74.1 69.3 63.8 72.3 62.2 58.6
Final oil recovery (%OIP) 85.6 84.2 81.8 84.5 81.2 76.5

After substitutions and rearrangements, the classical cri-
terion was achieved as

∆ρgk/µo > v (5)

This relation is the same as Eq. (1). The validity of the
above criterion [Eq. (1) or (5)] can be confirmed using the
visual observations of gas invasion shown in Fig. 3. In
this figure,a andb correspond to displacement velocities
that are approximately 1.1 and 3.3 times higher than the
critical velocity. According to Fig. 3, when the above cri-
terion is reached, the displacement front has a more stable
form. In contrast, when the displacing velocity exceeds
the critical velocity, the displacement front diverges.

3.2 Displacement Instability

Different displacement velocities significantly control the
fluid flow morphologies for the three-phase system, de-
pending on the fluid-solid interaction (wettability) and
viscosity ratio. In this section, the results from stabi-
lized and destabilized displacement experiments are in-
vestigated for both wettability conditions.

FIG. 3: Front stability analysis from displacement struc-
tures for configuration ofa) slow displacement andb) vis-
cous fingering under gravity

Figure 4 shows the results from displacement experi-
ments for wettability conditions at different steps of pro-
duction life. The plots correspond to the quantity of
drained oil as a function of injected pore volume. Re-
sults indicate that the dependency of the oil recovery on
displacement velocity decreases by increasing the produc-
tion life. A sharp reduction is related to the oil recov-
ery at breakthrough time due to the high front movement,
discontinuity in the oil phase, and viscous fingering. Ob-
viously, both water-wet (Fig. 4a) and oil-wet (Fig. 4b)
systems exhibited a similar response to increasing gas in-
jection velocity, i.e., early gas breakthrough time and a
considerable tail production of oil, but lower total oil re-
covery. Figure 4 also indicates that the oil recovery from
an oil-wet system is much more sensitive to increasing of
the injection rate.

It is found that under forced gas invasion, the veloc-
ity and shape of the gas front are controlled by gravity,
capillary, and viscous forces. During the first stage of oil
production, corresponding to a bulk flow, gas invades the
larger pores, resulting in a small capillary force; hence,
the oil production is mostly controlled by the balance be-
tween gravity and viscous forces. This period is short and
most of the oil in place could be produced if the flow is
gravity dominated. At the second stage, corresponding to
a film flow, the capillary pressure dominates the process at
very low wetting phase saturation. This stage has a very
long tail that lasts several hours or days, with very low
oil production rate. For both wettability conditions, as
the injection rate increases, the amount of additional oil
recovery after breakthrough time becomes an important
fraction of the total oil recovery.

In water-wet porous media, the continuity of oil is
maintained along the porous media because it is spread-
ing. Water is not mobilized but wets the pore walls and it
is also continues. In an oil-wet porous media, water is the
nonwetting phase and occupies the center of pores in the
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FIG. 4: Dependency of the displaced oil recovery on the injection flow rate fora) water wet andb) oil wet

form of discontinuous droplets, while oil is the wetting
phase and occupies the corners of the media. During the
flowing in oil-wet media, oil flows through wetting films,
gas flows principally as continuous nonwetting filaments,
and water flows in the form of isolated ganglia.

3.3 Dimensional Analysis

Scaling of miscible and immiscible displacement in
porous media using dimensionless groups not only re-
duces the number of parameters to be studied, but also
facilitates in effectively capturing the multiphase mech-
anisms and fluid dynamics operative in these processes
(Shook et al., 1992). In forced gravity drainage flow,
the type of displacement not only depends on the rela-
tive magnitude of viscous and gravity forces, but also on
their relative magnitude with respect to the heterogeneous
capillary forces. In the following, dimensionless capillary
and gravity numbers are proposed to quantify the relative
magnitudes of the prevailing forces.

Capillary number: In fluid dynamics, the capillary
number represents the relative effect of viscous forces
versus surface tension acting across an interface between
two immiscible fluids. It is defined as

Nc =
µwv

σ
(6)

whereµw is the wetting phase viscosity,v is a character-
istic velocity, andσ is the surface or interfacial tension
between the two fluid phases. For low capillary numbers
(a rule of thumb says less than 10−5), flow in porous me-
dia is dominated by capillary forces.

In any gas injection process, the mobility ratio is typ-
ically unfavorable and the development of unstable fin-
gers during gas displacement is imperative. High rate gas
injection may result in unstable front movement and oil
bypassing.

Figure 5 shows the relationship between capillary
number and oil recovery for different wettabilities after
two pore volumes of gas injection. Increasing in capil-
lary number has a negative effect on the remaining oil
saturation, which results in poor sweep efficiency. This
behavior is mostly pronounced at early times (e.g. break-
through time) because the hydraulic connectivity in the
oil phase is lost and oil bypassing and trapping events oc-
cur quickly in high rapid flow experiments. In later times,
part of the bypassed oil could be recovered by injecting a

FIG. 5: Oil recoveries at two pore volumes of injection
against capillary number at various wettability states

Special Topics & Reviews in Porous Media — An International Journal



Wettability Effects in Gas Gravity—Assisted Flow 45

high amount of gas; however, it may not be economically
feasible to recover that oil.

Figure 6 shows the distribution of the gas and oil
recorded at regular intervals during the experiments at two
different gas injection rates in water-wet porous media.
At the lower injection rate (Fig 6a) the flood front is quite
stable, while at the higher rate (Fig. 6b) considerable by-
passed oil is left behind the gas front. This observation is
consistent with threshold criterion for displacement sta-
bility. In the following, analyses of the experimental re-
sults are continued in terms of gravity number.

Gravity number: The gravity number represents the
balance between viscous and gravity forces. This group
accounts for the ratio of the critical gravity drainage ve-
locity to the gas displacement velocity,

Ng =
vc

vinj

=
ko∆ρogg

vµo

(7)

whereµo is the oil phase viscosity,v is a displacement
velocity,∆ρog is the density differences between the two
fluid phases, andko is the effective permeability to oil.

Figure 7 shows the relationship between gravity num-
ber and oil recovery for different wettabilities. Results in
Fig. 7a indicate that the oil recovery at breakthrough time
is higher for an oil-wet system when the gravity number
is large (higher displacement efficiency and lower injec-
tion rate). This confirms that the existence of a strong
conductive film of oil through the pore walls in oil-wet
porous media. However, as the time passes and recov-
ery increases, differences in oil production are reduced
between various porous media. This shows that the oil
production in an oil-wet system is reduced when the film
flow is dominant (Fig. 7b). At a later time, the capil-
lary force dominates other forces, and the film flow con-
trols the success of the process. In a completely water-wet
pore, water as the wetting phase occupies the corners; gas
as the most nonwetting phase occupies the center; oil as
the intermediate wetting phase stays between the gas and
water as a conductive film; and the high oil recovery could
be achieved from this film. For an oil-wet pore, oil is
the wetting phase and occupies the corners. Oil recovery
from the corners of pores is certainly lower than the oil

FIG. 6: Displacement structure of the invading wetting fluid observed in our experiments for configurations ofa)
slow displacementvc/v = 0.9 andb) viscous fingering under gravityvc/v = 0.3
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FIG. 7: Oil recoveries versus ratio of gravity to viscous forces (gravity number)a) at breakthrough time andb) at
four pore volumes of injection

film flow occurring in a water-wet system due to higher
capillary retention. This results in very low oil produc-
tion in oil-wet pores at the later time. When the gravity
number decreases, the plot of oil recovery against grav-
ity number in an oil-wet system falls below the water-wet
media. This sharp reduction in oil production indicates
that the oil-wet porous media is much more sensitive to
change in the ratio of gravity to viscous forces.

In addition, oil recovery has a linear trend with the ra-
tio of gravity to viscous forces. In oil-wet systems, the
slope of this linear trend is more than two times larger
than the one obtained for the water-wet cases. This can
be justified due to the blocking effect of irreducible water
located at the center of the pores.

4. CONCLUSIONS

Forced gravity drainage experiments during immiscible
displacement of a wetting phase (synthetic oil) by a non-
wetting phase (nitrogen) were performed on a synthetic
porous media (bead pack), under a constant viscosity ratio
and varying values of displacement rate. Structural anal-
ysis of the fluid distribution in porous media enabled the
analysis of the invasion front stability by gradient percola-
tion theory. The experimental results were also analyzed
using dimensionless numbers. According to the experi-
mental studies and the theoretical analysis presented in
this paper, the following conclusions can be drawn.

• Critical gravity drainage rate for front instability
shows a good agreement with investigations based

on percolation theory. The experimental results are
consistent with stabilization criterion [Eq. (1)].

• Observed fluid displacement structures also con-
firmed that under stabilized gravity drainage crite-
rion, slow front displacement would lead to the high-
est oil recovery.

• In stabilized gravity drainage experiments, the oil re-
covery at breakthrough time was higher for oil-wet
systems. However, as the experiments continued,
the oil production histories were consistent among
different wettability states.

• As the viscous forces become more dominant (the
capillary number increases), the recovery from oil-
wet porous media decreases more compared to a
water-wet system.

• Oil recovery has a linear relationship with the ratio
of gravity to viscous forces. Results indicate that in
an oil-wet system, the slope of oil production against
gravity number is more than two times larger than
the one obtained for the water-wet case.
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This paper considers the theory, method, and application of a numerical simulation of an oil-gas basin. From geo-

logical science, geochemistry, permeation fluid mechanics, and computer technology, it puts forward the mechanical

model, mathematical model, careful parallel upwind fractional steps implicit iterative finite difference scheme, parallel

arithmetic program, parallel arithmetic information, and alternating direction mesh subdivision. Our work has real-

ized a highly accurate numerical simulation in hundreds of meters with millions of nodes and during an extra long

period of time. It has produced a first-at-home-and-abroad software system of resources evaluation and multilayer oil

resources migration and accumulation. This system has successfully been applied in oil-gas resources evaluation in

Jiyang Dongying Hollow, Huimin Hollow, Tanhai Region, and Yangxin Hollow, and has gotten good practical results.

Thus, an important problem on oil resources is solved.

KEY WORDS: three-dimensional oil-gas basin, resources evaluation, migration-accumulation of perme-
ation fluid mechanics, model and numerical simulation, actual application and analysis

1. INTRODUCTION

The three-dimensional numerical simulation is intended
to reproduce, with the application of geological science,
geochemistry, permeation fluid mechanics, and computer
technology, the dynamics of stratigraphic paleotempera-
ture and pressure in a space-time concept, to further study
oil-gas production, migration and accumulation, and dis-
tribution laws and ranges, and then to predict a basin, its
deposit quantity, and location. All this is of great im-
portance in both theory and practice for oil-gas resources
evaluation, and for oil field exploration and development.

The simulation software of basin resources consists
of five modules, namely, (i) a geochromic module, (ii) a
heatchromic module, (iii) a module of hydrocarbons for-
mation history, (iv) a module of hydrocarbons discharge
history, and (v) a module of migration and accumulation
history. The function of the first module is to rebuild the

history of basin sedimentation and structure. The function
of the second module is to rebuild the history of paleoheat
flow and paleotemperature. The third module rebuilds the
history of hydrocarbons maturation and their growth in
quantity. The fourth module rebuilds hydrocarbons dis-
charge in an oil-gas basin, which is also called the history
of first oil-gas migration (see Fig. 1). It prepares con-
ditions for the last module. The fifth module rebuilds the
migration and accumulation history of an oil-gas basin, or
the secondary migration of oil and gas. It is the most chal-
lenging part in basin simulation, and it provides valuable
information for the evaluation and location of a deposit.

Numerical simulation of the evolutionary history of a
three-dimensional oil and gas bearing basin is to use mod-
ern computers and calculating techniques to repeat the
process of a basin, which is an important basis for evalu-
ating the quantity of oil and gas generation; moreover, re-
searching the distribution and law of petroleum accumu-
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FIG. 1: Sketch map of first and secondary oil-gas migra-
tion

lation and migration (Li, 1989; Welte and Yukler, 1981;
Yukler et al., 1978; Han et al., 1988).

Oil-gas migration is a process when an oil-gas mixture
migrates from an oil-producing layer of a low number of
holes and low permeability to the carrying layer of a high
number of holes and high permeability. Finally, the oil-
gas mixture collects in the accumulation layer. The first
migration refers to the migration from the oil-producing
layer to the layer of high holes and high permeability. Its
greatest distance might be several kilometers. The sec-
ondary migration represents the migration from the carry-
ing layer and along faults, cracks, passageways, and un-
conformity faces. When the structure is suitable, an oil-
gas deposit is formed, and its greatest migration distance
might be as great as tens of kilometers (Ewing, 1983; Un-
gerer et al., 1987; Ungerer, 1990; Walte, 1987; Allen et
al., 1995; Wang and Guan, 1999).

The function of our numerical simulation is to rebuild
the migration-accumulation history of oil-gas basins. It
is the most difficult part in basin simulation and plays a
very valuable role in locating oil deposits and finding new
oil fields. Therefore, it is a very challenging problem in
petroleum geology, even for the major industrial countries
in the world.

From 1989 to 1997, the Institute of Mathemat-
ics of Shandong University and the Physical Explo-
ration Institute of Shengli Petroleum Administration
jointly undertook the key research projects: “Study on
three-dimensional basin simulation system” and “Study
on the second quantitative simulation for migation-
accumulation” (Inst. Math, Shandong Univ., 1993, 1997).

From 1998 to 2004, the Institute of Mathematics of
Shandong University and the Physical Exploration In-
stitute of Shengli Petroleum Administration jointly un-
dertook the key research projects: “Quantitative numer-
ical simulation of multi-layer oil resources migration-
accumulation” and “Careful parallel regional numerical
simulation of secondary oil migration-accumulation.” We
studied the quantitative numerical simulation techniques
of multilayer (with faults and passageways) oil-gas mi-
gration and accumulation. As a result, we proposed a new
numerical model. This model creatively built a new care-
ful parallel operator splitting up implicit iterative scheme,
parallel computation process, information transmission
of parallel computation, and alternating-direction one-
dimensional strip decomposition computation, thus suc-
cessfully realizing the highly accurate numerical simula-
tion in hundreds of meters with millions of nodes and dur-
ing as long as 3.0× 107 years. Our theoretical analysis
has solved a difficult problem in petroleum geology, per-
meability dynamics, and computation technology (Allen
et al., 1995; Wang and Guan, 1999; Zhang, 1995; Cha,
1997; Zeng and Jin, 2000; Shi, 1994). Thus, we are
the first in China to have developed a software system of
multilayer oil migration and accumulation. This system
has been used in the oil-gas evaluation in Huimin Hol-
low, Dongying Hollow, and the Tanhai Region of Shengli
Oilfield, and has gotten desirable simulation results (Inst.
Math, Shandong Univ., 2001, 2004).

From 2004 to 2005, the Institute of Mathematics of
Shandong University and Exploration Institute of Shenghi
Petroleum Administration jointly undertook the key re-
search project: “Namerical simulation of oil migration-
accumulation passageway” (Inst Math., Shandong Univ.,
2005). This system has been used in the oil resources
evaluation in Yangxin Hollow.

Ungerer et al. (1987) and Ungerer (1990) developed
a two-dimensional model. BMWS system of Beijing Ex-
ploration Research Institute studied one-dimensional hy-
drocarbons formation and two-dimensional migration Shi
(1994) .The Research Center of Marine Petroleum Com-
pany has introduced a specialist system into basin simula-
tion and trap evaluation. In references available, we have
not found reports on the numerical simulation of multi-
layer oil migration and accumulation (Ewing, 2000).

2. NUMERICAL SIMULATION AND ANALYSIS OF
RESOURCES EVALUATION

With the development and application of the geological
science, geochemistry, computer, and calculating tech-
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nique, methods of resources evaluation have been advanc-
ing from qualitative analysis to quantification. Numer-
ical simulation for the evolutionary history of a three-
dimensional oil and gas bearing basin is to use modern
computers and calculating techniques to repeat the pro-
cess of basin evolution, especially for dynamic processes
of paleotemperature and abnormal pressure of sedimen-
tary basin, which is an important basis for evaluating
the quantity of oil and gas generation, and moreover, re-
searching the distribution and law of petroleum accumu-
lation and migration. The mathematical model of basin
simulation is an initial boundary value problem of a sys-
tem of coupled nonlinear partial differential equations.
Usually, a basin has an evolutionary history of several
millions, even hundreds of millions, of years and a very
large area and thickness. Furthermore, its boundary has
varied with the sedimentary process. This has resulted
in difficulties for numerical simulation. The model re-
peats the geological evolution of the basin, densification
of sediments, the geosphere temperature, and the history
of geosphere pressure changes. It computes the quantity
of hydrocarbons of kerogen heat decomposition. Thus, it
can give a quite scientific evaluation of the oil resources
potential of the basin.

The mathematical model of the basin evolution is an
initial boundary value problem of a system of parabolic
partial differential equations, in which the first one on ab-
normal pressurep and the second one on paleotempera-
tureT are parabolic, and the third one on porosityφ is a
first-order ordinary differential equation (Welte and Yuk-
ler, 1981; Yukler et al., 1978; Han et al., 1988; Ewing,
1983).

∇ ·

(

K

µ
∇p

)

= ϕ
∂p

∂t
− f

∂S

∂t
+ϕ

∂Pn

∂t

X = (x, y, z)T ∈ Ω1, t ∈ J = (0, T̄ ] (1a)

p ≡ 0, X ∈ Ω2

t ∈ J (abnaormal pressure equation) (1b)

∇ · (Ks∇T ) − cwρw∇ · (V T ) + Q = csρs
∂T

∂t
X ∈ Ω, t ∈ J (heat flow equation) (2)

∂φ

∂t
= −f

(

∂S

∂t
−

∂p

∂t
−

∂Pn

∂t

)

, X ∈ Ω

t ∈ J (porosity equation) (3)

Figure 2a illustrates the definite domainΩ, Ω = Ω1 ∪Ω2,
whereΩ1 is an abnormal pressure region andΩ2 is a nor-
mal pressure region.̄T is the total simulation time. Equa-
tion (1a) holds inΩ1 andp ≡ 0 in Ω2. The paleotempera-
tureT is defined inΩ, where∇ = (∂/∂x, ∂/∂y, ∂/∂z)T ,
andφ = φ(X, t) is the porosity. S denotes the over-
burden on the rock load.Pn denotes the rest water
depth pressure, wherePn = ρwgD, andD is the wa-
ter depth. ϕ = α(1 − φ) + βφ, f = α(1 − φ),
andα andβ are the compressibility of rock and flow in
porous media;µ is the fluid viscosity,K is permeability,
V = −K/µ∇(p− ρwgD) is the Darcy velocity, andKs,
ρs, andcs are the thermal conductivity, density, and spe-
cific heat of the sediment, respectively.cw andρw are the
specific heat and density of flow, andQ is the thermal sink
or source term; it is a known function.

The boundary conditions are

p=0, (X, t)∈S1×J,∇p·
⇀

γ=0, (X, t)∈(∂Ω1\S1)×J

T =T0, (X, t)∈S2×J,∇T ·
⇀

γ=0, (X, t)∈(∂Ω\S2)×J

� � �

� � �

FIG. 2: a) Sketch map of definite domain;b) A sketch
of the simulating basin
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where
⇀

γ is the outer normal to∂Ω1 and∂Ω,∇p·
⇀

γ denotes
an impermeable boundary condition, and∇T ·

⇀

γ denotes
an adiabatic boundary condition.

The initial conditions are

p(X, 0) = p0(X), T (X, 0) = T 0(X), X ∈ Ω

We used a mesh regionΩh to replaceΩ, and letXijk =
(xi, yj , zk)T = (ihx, jhy, khz)

T , Xijk ∈ Ωh, tn =
n∆t, andWn

ijk = W (Xijk, tn). Replacing∂p/∂t with
(pn+1 − pn)/∆t in Eq. (1a), we obtain

∇ · (Kµ∇pn+1) = ϕ
pn+1 − pn

∆t
− f

∂S

∂t
+ϕ

∂Pn

∂t
(4)

We rewrite Eq. (4) in a splitting form as follows:
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)][
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(

Kµ

∂

∂x

)]

×

[

1 − ∆tϕ−1 ∂

∂y

(

Kµ

∂

∂y

)]

pn+1 = pn

+ ∆tϕ−1f
∂S

∂t
− ∆t

∂Pn

∂t
(5)

where
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µ

)

ijk

Let Kµ ,i +1/2 ,jk = 2 Kµ, i +1, jk Kµ, ijk hy hz∆t/
[(Kµ,i+1,jk + Kµ,ijk)hx], Eijk = ϕijkhxhyhz, and
Fijk = fijkhxhyhz. Let Pk and Tk be the difference
solutions,δx(Kµδx̄Pn

h )ijk = Kµ,i+1/2,jk(Pn
h,i+1,jk −

Pn
h,ijk) − Kµ,i−1/2,jk(Pn

h,ijk − Pn
h,i−1,jk), and
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h )ijk, δz(Kµδz̄P
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h )ijk be similar. From

the known Pn
h we can obtain the solutionPn+1

h as
follows:
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= Eijk
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(

KµδȳP
n+1
h
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ijk
= Eijk

(

Pn+1
h,ijk − P

n+2/3
h,ijk

)

(6c)

Letδx(VxT n
h )ijk = Vx,i+1/2,jk[(T n

h,i+1,jk +T n
h,ijk)/2]−

Vx,i−1/2,jk[(T n
h,i−1,jk + T n

h,ijk)/2], (Rxy)ijk =
(cwρw)ijkhxhy, (Rs)ijk = (csρs)ijkhxhyhz,
δy(VyT n

h )ijk , δz(VzT
n
h )ijk, (Rxz)ijk, (Ryz)ijk be

similar.

Similarly to the discretizing process of the abnormal
pressure equation, we can define the finite difference
scheme of heat flow equation by

δz(Ksδz̄T
n+1/3
h )ijk − (Rxy)ijkδz(VzT

n+1/3
h )ijk

+ Qhxhy∆t = (Rs)ijk(T
n+1/3
h,ijk − T n

h,ijk) (7a)

δx(Ksδx̄T
n+2/3
h )ijk − (Ryz)ijkδx(VxT

n+2/3
h )ijk

= (Rs)ijk(T
n+2/3
h,ijk − T

n+1/3
h,ijk ), (7b)

δy(KsδȳT
n+1
h )ijk − (Rxz)ijkδy(VyT n+1

h )ijk

= (Rs)ijk(T n+1
h,ijk − T

n+2/3
h,ijk ) (7c)

whereV = (Vx, Vy, Vz) is Darcy’s velocity.
For Eq. (7a), we must add the heat sink or source terms

Qhxhy∆t to the right sides of equations defined at nodes
lying on the bottom of the basin. According to Arrhenius
Law (Welte and Yukler, 1981; Yukler et al., 1978; Han
et al., 1988), temperature and time are the main factors
of the heat decomposition of kerogen into oil, in linear
relation with time and in index number relation with tem-
perature. The quantity of the produced hydrocarbons by
kerogen heat decomposition can be computed, and a sci-
entific evaluation of the basin oil resources potential can
be made.

For the porosity Eq. (3), the governing equation of
rock mechanics, we can directly find out the approximate
solution by use of direct integration after the abnormal
pressurePn+1 at tn+1 has been obtained.

2.1 Numerical Actual Example

By using the numerical method described, we calculate
a practical problem provided by Shengli Petroleum Ad-
ministration (Table 1). Figure 2b illustrates the basin sim-
ulated. There are 15× 6 nodes on the plane. Fifteen
stratums, different from each other, are numbered from
bottom to top of the basin. We take a very large time
step size of 5 million years to calculate. The space step
sizes along thex andy directions and along thez direc-
tion are 1.5 km and 20 m, respectively. The numerical
result shows that the approximate abnormal pressure and
paleotemperature display physical characteristics quitein
accordance with the practical problem, and the thickness
of the stratum obtained by simulation fits with the practi-
cal geological data as well.

Take geological time at which the basin begins to
deposit as zero time. Figures 3a and 3c illustrate the
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TABLE 1: Geological parameter table

Name and signs Numerical value and formula
Viscosityµ (5.3 + 3.8AT − 0.26AT 3)−t, AT = (T − 150)/100
Density (flow)ρw ρw0 [1 + βT (T − T0)] , βT = −0.5 × e−3

Density (sediment)ρS φρw + (1 − φ)ρS

Time step∆t 50× 104years
Step (x, y directions)hx,hy 1.5 × 103 cm
Step (z direction)hz 2.0 × 103 cm

� � � 	 
 � 	 � �

FIG. 3: a) Distribution of temperature on layers from 1 to 4 after basin deposited for 40 million years;b) distribution
of temperature on layers from 1 to 4 after basin deposited for110 million years;c) Distribution of temperature on
layers from 1 to 4 after basin deposited for 410 million years

distribution of paleotemperature on the section plane
j = 2 of layers from 1 to 4 at different geological
times, which agree with the physical characteristics of
practical problems very well. We obtain a numeri-
cal variable process of many important geological pa-
rameters such as porosityφ, permeabilityκ, and fluid
viscosityµ.

2.2 Actual Application

Applying this kind of numerical method, we have
developed the software “simulation system of three-
dimensional oil resources basin.” It has been used suc-
cessfully in many numerical simulation projects of the
depressions and peripheral locality in Jiyang Depression,
Shengli Oilfield, which offers a basis for exploration pol-
icy and brings many actual advantages. As more geolog-
ical reserves can be founded, the success rate of explo-
ration is increased and as few exploratory wells as possi-
ble are used.

Figures 4a and 4b illustrate the Jiyang Depression
Sand Third Lower source intensity isogram figure and
Sand Third Lower gas intensity isogram figure.

3. THE THREE-DIMENSIONAL NUMERICAL
SIMULATION OF SINGLE-LAYER MIGRATION
ACCUMULATION

The numerical simulation of the evolutionary history
of the basin is conducted according to the mechanism
of petroleum geology and mechanics of the fluid in
porous media to simulate the process of basin evo-
lution, hydrocarbon generation, migration, and accu-
mulation of oil by using modern computers. This
thesis discusses the numerical simulation of the sec-
ondary migration and accumulation, the most diffi-
cult part in basin simulation and important in rational
evaluation of oil resources exploration and oil deposit
location.
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(a)

(b)

FIG. 4: a) Jiyang Depression Sand Third Lower source
intensity isogram; b) Jiyang Depression Sand Third
Lower gas intensity isogram

The fluid dynamics model of secondary migration
and accumulation has strong hyperbolic characteristics.
Therefore, the numerical method is very difficult in math-
ematics and mechanics (Ungerer et al., 1987; Ungerer,
1990; Walte, 1987; Allen et al., 1995; Wang and Guan,
1999; Zhang, 1995; Cha, 1997; Zeng and Jin, 2000; Shi,
1994).

Up to the present, there have been only a few prelim-
inary numerical results for the two-dimensional cut plan
problems, but the three-dimensional problems have not
been touched yet (Ungerer, 1990; Walte, 1987; Allen et
al., 1995; Shi, 1994). This thesis, from the actual con-
ditions and the consideration of the above characteristics,
puts forward a kind of modified method of second-order
splitting-up implicit iterative scheme. For the famous
hydraulic experiment (Hubbert, 1953; Dembicki, 1989;
Catalan, 1992) with the secondary migration and accu-
mulation conducted by Hubbert, Dembicki, and Calalan,
we have done the numerical simulation test and gotten
the identical computational and experimental results. For

the actual problem of Dongying Hollow (single layer)
and Huimin Hollow (multilayer) in Shengli Petroleum
Oil Field, our numerical simulation test is basically co-
incident with the actual conditions. Thus the well-known
problem has been thoroughly solved.

The migration of oil and water in the stratum is mainly
a process of immiscible flow. Oil and water potential con-
trols the direction of the immiscible flow and magnitude
of the flow force.

The mechanics model of the problem is the follow-
ing nonlinear partial differential equations with the initial-
boundary problem:

∇ ·

(

K
kro

µo
∇ψo

)

+ Boq = −Φs′
(

∂ψo

∂t
−

∂ψw

∂t

)

X = (x, y, z)T ∈ Ω, t ∈ J = (0, T ] (8)

∇ ·

(

K
krw

µw
∇ψw

)

+ Bwq = Φs′
(

∂ψo

∂t
−

∂ψw

∂t

)

X ∈ Ω, t ∈ J (9)

whereψo andψw are the potential functions,kro and
krw are the relative permeabilities for the oil and water
phases, respectively.K is the absolute permeability,Φ
is the porosity, ands′ = ds/dpc, wheres is the con-
centrations for the water phase.pc(s) is the capillary
pressure function,Bo = (kro/µo)(kro/µo + krw/µw)−1,
Bw = (krw/µw)(kro/µo + krw/µw)−1 are flow coeffi-
cients, andq is the source (sink) function.

Let ∆x, ∆y, ∆z, and∆t be steps of thex, y, z, tdi-
rections, respectively. LetMijk = (i∆x, j∆y, k∆z)T ,
andtm = m∆t. Assume that the approximate solution
{ψm

w , ψm
o ,sm} at timetm is known. We should find out

{ψm+1
w , ψm+1

o , sm+1} at timetm+1. Let

∆(A∆ψ) = ∆x̄(Ax∆xψ) + ∆ȳ(Ay∆yψ)

+ ∆z̄(Az∆zψ) (10)

where ∆x̄(Ax∆xψ
m+1) = Ax,i+1/2,jk(ψi+1,jk −

ψijk)m+1 − Ax,i−1/2,jk(ψijk − ψi−1,jk)m+1, and
Ax,i+1/2,jk = {K(∆y∆z/∆x)(krw/µw)}i+1/2,jk.
Take the value ofkr, according to the partial upper
reaches principle, and other terms can be defined simi-
larly.

Suppose we can find out{ψm+1
w ,ψm+1

o } attm+1, then
the concentration of water can be attained by using the
following formula:

sm+1 = sm + s′(ψm+1
o −ψm

o −ψm+1
w +ψm

w ) (11)
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3.1 The Modified Method of Second-Order
Splitting-Up Implicit Iterative Scheme of the
Three-Dimensional Problem

In thez direction,

1

2
∆z̄(Azw∆zψ

∗

w) +
1

2
∆z̄(Azw∆zψ

(l)
w )

+ ∆ȳ(Ayw∆yψ
(l)
w ) + ∆x̄(Axw∆xψ

(l)
w ) − Gψ∗

w

+ Gψ∗

o = Hl+1

(

∑

Aw

)

(ψ∗

w −ψ(l)
w )−Bm

w qm+1

− Gψm
w + Gψm

o (12a)

1

2
∆z̄(Azo∆zψ

∗

o) +
1

2
∆z̄(Azo∆zψ

(l)
o )

+ ∆ȳ(Ayo∆yψ
(l)
o ) + ∆x̄(Axo∆xψ

(l)
o ) + Gψ∗

w

− Gψ∗

o = Hl+1

(

∑

Ao

)

(ψ∗

o −ψ
(l)
o )−Bm

o qm+1

+ Gψm
w − Gψm

o (12b)

In they direction,

1

2
∆ȳ(Ayw∆yψ

∗∗

w ) −
1

2
∆ȳ(Ayw∆yψ

(l)
w ) − Gψ∗∗

w

+ Gψ∗∗

o = Hl+1

(

∑

Aw

)

(ψ∗∗

w −ψ∗

w)

− Gψ∗

w + Gψ∗

o (12c)

1

2
∆ȳ(Ayo∆yψ

∗∗

o ) −
1

2
∆ȳ(Ayo∆yψ

(l)
o ) + Gψ∗∗

w

− Gψ∗∗

o = Hl+1

(

∑

Ao

)

(ψ∗∗

o −ψ∗

o)

+ Gψ∗

w − Gψ∗

o (12d)

In thex direction,

1

2
∆x̄(Axw∆xψ

(l+1)
w )−

1

2
∆x̄(Axw∆xψ

(l)
w )−Gψ(l+1)

w

+ Gψ(l+1)
o = Hl+1

(

∑

Aw

)

(ψ(l+1)
w −ψ∗∗

w )

− Gψ∗∗

w + Gψ∗∗

o (12e)

1

2
∆x̄(Axo∆xψ

(l+1)
o )−

1

2
∆x̄(Axo∆xψ

(l)
o )+Gψ(l+1)

w

− Gψ(l+1)
o = Hl+1

(

∑

Ao

)

(ψ(l+1)
w −ψ∗∗

o )

+ Gψ∗∗

w − Gψ∗∗

o (12f)

whereG = −∆x∆y∆zΦ · s′/∆t, Hl+1 is the itera-
tive factor,

∑

Aw = Aw,i+1/2,jk+Aw,i−1/2,jk + · · · +

Aw,ij,k−1/2, and
∑

Ao = Ao,i+1/2,jk+Ao,i−1/2,jk +
· · · + Ao,ij,k−1/2. In practical computation, we take
Bm

w = Bw(sm), Bm
o = Bo(s

m), G = G(sm), Aw =
Aw(sm), andAo = Ao(s

m). They are all known.
For high accuracy purposes, we introduce the residual

computational value,

Pz =ψ∗

w−ψ
(l)
w , Py =ψ∗∗

w −ψ∗

w, Px =ψ(l+1)
w −ψ∗∗

w (13a)

Rz =ψ∗

o−ψ
(l)
o , Ry =ψ∗∗

w −ψ∗

w, Rx =ψ(l+1)
o −ψ∗∗

o (13b)

Finally, we put forward the modified method of the
second-order splitting-up implicit iterative scheme as fol-
lows.

In thez direction,

1

2
∆z̄(Azw∆zPz)−

(

G + Hl+1

∑

Aw

)

Pz+GRz

=−
[

∆(Aw∆ψ(l)
w )+Bm

w qm+1−G(ψ(l)
w −ψm

w )

+ G(ψ(l)
o −ψm

o )
]

(14a)

1

2
∆z̄(Azo∆zRz)−

(

G + Hl+1

∑

Ao

)

Rz+GPz

=−
[

∆(Ao∆ψ
(l)
o )+Bm

o qm+1+G(ψ(l)
w −ψm

w )

− G(ψ(l)
o −ψm

o )
]

(14b)

In they direction,

1

2
∆ȳ(Ayw∆yPy)−

(

G + Hl+1

∑

Aw

)

Py+GRy

= −
1

2
∆ȳ(Ayw∆yPz) (14c)

1

2
∆ȳ(Ayo∆yRy)−

(

G + Hl+1

∑

Ao

)

Ry+GPy

= −
1

2
∆ȳ(Ayo∆yRz) (14d)

In thex direction,

1

2
∆x̄(Axw∆xPx)−

(

G + Hl+1

∑

Aw

)

Px+GRx

= −
1

2
∆x̄[Axw∆x(Py + Pz)] (14e)

1

2
∆x̄(Axo∆xPx)−

(

G + Hl+1

∑

Ao

)

Rx+GPx

= −
1

2
∆x̄[Axo∆x(Ry + Rz)] (14f)
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When the iterative error reaches our accuracy index, the
iterative valuesψ(l+1)

o , ψ(l+1)
w are regarded asψm+1

o ,
ψ

m+1
w . Again, by Eq. (11), we find outsm+1.
If the actual thickness of the carrying bed is much

smaller than the size of the horizontal simulation area, we
propose the solution by reducing it to a two-dimensional
problem in the following way so it can also be called a
quasi–three-dimensional problem. Owing to a relatively
small∆z, we suppose thatkro/µo, krw/µw, Bo, andBw

change very little in thezdirection. By integratingz with
Eqs. (8) and (9), the average results are approximately

∇·

(

K̄
∆zkro

µo
∇ψo

)

+Boq̄∆z=−Φ̄s′∆z

(

∂ψo

∂t
−

∂ψw

∂t

)

(15)

∇·

(

K̄∆z
krw

µw
∇ψw

)

+Bwq̄∆z=Φ̄s′∆z

(

∂ψo

∂t
−

∂ψw

∂t

)

(16)

where∆z is the thickness of th carrying bed.

K̄ =
1

∆z

∫ h2(x,y)

h1(x,y)

K(x, y, z)dz

Φ̄ =
1

∆z

∫ h2(x,y)

h1(x,y)

Φ(x, y, z)dz

q̄ =
1

∆z

∫ h2(x,y)

h1(x,y)

q(x, y, z)dz

whereh1(x, y) andh2(x, y) are the depths of the carrying
bed for the upper boundary and lower boundary, respec-
tively.

Since the actual thickness of the carrying bed is much
smaller than the size of horizontal simulation area, we can
transform the three-dimensional problems (8) and (9) by
reducing them to the two-dimensional problems, so it is
called a quasi–three-dimensional problem. For a quasi–
three-dimensional problem, we similarly put forward a
kind of modified method of second-order splitting-up im-
plicit iterative scheme.

In thex direction,

∆x̄(Axw∆xψ
∗

w)+∆ȳ(Ayw∆yψ
(l)
w )−Gψ∗

w+Gψ∗

o

= Hl+1

(

∑

Aw

)

(ψ∗

w −ψ(l)
w ) − Bm

w qm+1

− Gψm
w + Gψm

o (17a)

∆x̄(Axo∆xψ
∗

o)+∆ȳ(Ayo∆yψ
(l)
o )+Gψ∗

w−Gψ∗

o

= Hl+1

(

∑

Ao

)

(ψ∗

o −ψ
(l)
o ) − Bm

o qm+1

+ Gψm
w − Gψm

o (17b)

In they direction,

∆x̄(Axw∆xψ
∗

w)+∆ȳ(Ayw∆yψ
(l+1)
w )−Gψ(l+1)

w

+ Gψ(l+1)
o = Hl+1

(

∑

Aw

)

(ψ(l+1)
w −ψ∗

w)

− Bm
w qm+1 − Gψm

w + Gψm
o (18a)

∆x̄(Axo∆xψ
∗

o)+∆ȳ(Ayo∆yψ
(l+1)
o )+Gψ(l+1)

w

− Gψ(l+1)
o = Hl+1

(

∑

Ao

)

(ψ(l+1)
o −ψ∗

o)

− Bm
o qm+1 + Gψm

w − Gψm
o (18b)

whereG = −VpΦs′/∆t, Vp = ∆x∆y, Hl+1 is the iter-
ative factor, and

∑

Aw = Aw,i+1/2,j + Aw,i−1/2,j +
· · · + Aw,i,j−1/2,

∑

Ao = · · · . The amount of practi-
cal calculation can be reduced. Similar to the three-
dimensional problem, when the approximate solution
{ψm

w ,ψm
o , sm} at time tm is known, we need find out

the approximate solution{ψm+1
w ,ψm+1

o , sm+1} at time
tm+1.

3.2 Numerical Simulation and Analysis of
Dongying Hollow

As for the practical situation of Dongying Hollow of
Shengli Oil Field, we did quasi–three -dimensional nu-
merical simulation tests. Dongying Hollow is a main oil-
bearing region. It is also a typical representative of oil-
and gas-bearing regions in the eastern land fault. Up to
now, the quantitative simulation and evaluation of the oil
and gas deposits in this area have been made twice, yet
there still has not been enough systematic study about
or quantitative simulation of the secondary migration of
the oil and gas in this area, and its kinetics in particu-
lar. Therefore, it is of practical value to take Dongying
Hollow as the study target (Wang and Guan, 1999; Cha,
1997).

Simulation region: Dongying Hollow region,
earth coordinate (m) (20593246.00, 4119110.00) and
(20639246.00, 4159110.00). Mesh step = 2000 m.

Geological parameters:The geological parameters,
offered by Shengli Oil Field, include absolute permeabil-
ity, porosity, water displacement, oil displacement, etc.

Numerical simulation result and analysis:Time step
= 103 years and total simulation time = 2.5× 107 years.
Simulation result includes potential function for the oil
and water phase (Figs. 5a and 5b) and concentration
(Fig. 6).

According to the numerical simulation results, the oil
deposits in the Dongying Hollow region were mainly ac-
cumulated during the latter five million years. Before
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(a) (b)

FIG. 5: a) 2.5× 107 year’s water potential isograms;b) 2.5× 107 year’s oil potential isograms

FIG. 6: 2.5× 107 year’s water saturation isogram: (1)
Shanyiasi oil field, (2)Chunbua oil field, (3) Qiaozhuang
oil field, (4) Baminanhe oil field

that, there was only water flow, i.e., the flow of oil didn’t
from. Numerical results agree with the physical mechan-
ics characteristics of oil-water migration and accumula-
tion. Oil migrates from a higher potential to a lower one,
and finally accumulates in an area of low oil potential,
verifying the stability and reliability of the numerical sim-
ulation method. Oil deposits (1), (2), (3), and (4) deter-
mined by numerical simulation tally basically with Shan-
jiasi, Chunhua, Qiaozhuang, and Baminanhe oil fields, re-
spectively, which illustrates the accuracy of the numerical
simulation method.

Let us choose the whole Dongying Hollow sand four
upper region to conduct the three-dimensional numerical
simulation of migration and accumulation. The character-
istics are (i) the simulation area is large at 142× 84 km,
(ii) here the generation and displacement amount of hy-
drocarbon is great, (iii) and the migration-accumulation
time is as long as over 30 million years.

Thus, this choice has particular significance. Namely,
it can examine the adaptability of this software to large-
scale numerical simulation and the stability of this soft-
ware during tens of millions of years. The final simula-
tion results will provide petrogeologists with a scientific
basis for their rational evaluation of the oil-bearing poten-
tial and oil distribution in this area.

The simulation region was the Dongying Hollow re-
gion, earth coordinate (m) (20 552 246.00, 20 694 246.00)
and (4 090 110.00, 4 174 110.00), horizontal scale =
142,000× 84,000 m, vertical span = 1,863 m, total simu-
lation time = 3.0× 107 years, time step = 100 years, and
horizontal mesh number = 71× 42. We divide the sand
layer into five layers from above to below, mesh steps:
∆x = ∆y = 2,000 m,∆z = 100 m.

In order for the calculation to be adaptable to the differ-
ences in hydrocarbon and the fluid displacement in differ-
ent geologic periods, instead of the exchanging time step
technique, we have adopted a time step of∼200–1000
years. Here are isograms of water saturation in different
beds of sand four upper during simulation time 3.25×
107 years (Figs. 7a–7c).

The results of numerical simulation indicate the fol-
lowing.

1. Three-dimensional numerical simulation of immis-
cible flow mechanics demonstrates the whole pro-
cess of secondary migration and accumulation in
the actual three-dimensional sphere. Simulation re-
sults agree with immiscible flow mechanics features
of oil-water migration and accumulation. When oil
reaches a certain degree of saturation, it, under the
joint actions of oil and water potentials, migrates
from a higher potential to a lower one in the three-
dimensional sphere, accumulates in an area with low
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(a)

(b)

(c)

FIG. 7: a) 3.25× 107 years’ water saturation isogram in the first bed of Sand Four Upper;b) 3.25× 107 years’
water saturation isogram in the third bed of Sand Four Upper;c) 3.25× 107 years’ water saturation isogram in the
fifth bed of Sand Four Upper
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oil potential, and forms deposits. The longer the
time, the larger the amount of hydrocarbon displace-
ment, and the more oil accumulates. Finally, oil ac-
cumulates in areas with low oil potential and forms
deposits.

2. When the numerical simulation results are compared
with the actual locations of oil fields in Dongying
Hollow, it can be found out that they tally basically
with each other, and so do the reserve amount and
the simulation results.

3. The duration of successful numerical simulation,
which is up to tens of millions of years long, proves
the high stability, accuracy, and efficiency of this nu-
merical simulation method.

4. THE LARGE-SCALE ACCURATE PARALLEL
NUMERICAL SIMULATION OF MIGRATION
AND ACCUMULATION

We, from the actual conditions in production, studied
large-scale accurate parallel numerical simulation of mul-
tilayer oil migration andaccumulation. We put forward
a mathematical model and a careful parallel operator
splitting-up implicit iterative scheme, parallel arithmetic
program, parallel arithmetic information transmission,
and alternating-direction mesh subdivision. It has pro-
duced a first at-home and abroad software system of re-
sources evaluation and multilayer oil resources migra-
tion and accumulation. This system has successfully
been applied in oil resources evaluation in Huimin Hol-
low (two layers), Dongying Hollow (four layers), Tan-
hai Region (three layers), and Yangxin Hollow (four
layers).

For the numerical simulation of secondary multilayer
oil migration in porous media, the flow in the first and
third layers is considered as horizontal, and in the one
between them as vertical. After careful analysis of the
model and the scientific numerical tests, we propose a cre-
ative and rational numerical model. For the mathematical
model of multilayer migration accumulation (Fig. 8),

∇ ·

(

K1
kro

µo
∇ψo

)

+ Boq −

(

K3
kro

µo

∂ψo

∂z

)

z=H1

= −Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

, X = (x, y)T ∈ Ω1

t ∈ J = (0, T ] (19a)

FIG. 8: Two-layer sketch map of regionsΩ1, Ω

∇ ·

(

K1
krw

µw
∇ψw

)

+ Bwq−

(

K3
krw

µw

∂ψw

∂z

)

z=H1

= Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

, X ∈ Ω1

t ∈ J (19b)

∂

∂z

(

K3
kro

µo

∂ψo

∂z

)

= −Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

X = (x, y, z)T ∈ Ω, t ∈ J (20a)

∂

∂z

(

K3
krw

µw

∂ψw

∂z

)

= Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

X ∈ Ω, t ∈ J (20b)

∇ ·

(

K2
kro

µo
∇ψo

)

+ Boq +

(

K3
kro

µo

∂ψo

∂z

)

z=H2

= −Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

, X = (x, y)T ∈ Ω1

t ∈ J (21a)

∇·

(

K2
krw

µw
∇ψw

)

+Bwq+

(

K3
krw

µw

∂ψw

∂z

)

z=H2

= Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

, X ∈ Ω1

t ∈ J (21b)

whereψo andψw are the potential functions, andkro and
krw are the relative permeabilities for the oil and water
phases, respectively.K1, K2, andK3 are the absolute
permeabilities in respective layers.µo andµw are the vis-
cosities for the oil and water phases.ṡ = ds/dpc, wheres
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is the water concentration andpc is the capillary pressure.
Bo andBw are the flow coefficients,

Bo =
kro

µo

(

kro

µo
+

krw

µw

)

−1

, Bw =
krw

µw

(

kro

µo
+

krw

µw

)

−1

q(x, t) are the source (sink) functions.
By Darcy’s law, −K3(kro/µo)(∂ψo/∂z) =

qh,o, −K3(krw/µw)(∂ψw/∂z) = qh,w. And the
initial conditions and boundary conditions are given.

The following quasi–three-dimensional numerical
schemes can be used to do numerical computation.

The first layer scheme:

∇ ·

(

K̄1∆z1
kro

µo
∇ψo

)

+ Boq̄∆z1 + q1
h,o

= −Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

, X ∈ Ω1

t ∈ J (22a)

∇ ·

(

K̄1∆z1
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∇ψw

)

+ Bw q̄∆z1 + q1
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= Φṡ

(

∂ψo

∂t
−

∂ψw

∂t

)

, X ∈ Ω1

t ∈ J (22b)

where K̄1 = (1/∆z1)
∫ h1

2
(x,y)

h1

1
(x,y)

K1(x, y, z)dz, Φ̄ =

(1/∆z1)
∫ h1

2
(x,y)

h1

1
(x,y)

Φ(x, y, z)dz, q̄ = (1/∆z1)
∫ h1

2
(x,y)

h1

1
(x,y)

q(x, y, z)dz.
The second layer scheme:

∇ ·
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∇ψo

)

+ Boq̄∆z2 − q2
h,o

= −Φṡ

(

∂ψo
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, X ∈ Ω1
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∇ ·
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= Φṡ
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whereK̄2 = (1/∆z2)
∫ h2

2
(x,y)

h2

1
(x,y)

K2(x, y, z)dz, . . . .q1
h,o ≈

q2
h,o, q1

h,w ≈ q2
h,w. Numerical schemes (22) and (23) are

combined by applying Darcy’s law. Compute Eqs. (22)
and (23), respectively, by the scheme proposed by the
quasi–three-dimensional problem in Section 3. The two
layers between them are coupled by Darcy’s law as

q1
h,o = q2

h,o =
−1

2

{

K̄1

(

kro

µo

)

1

+ K̄2

(

kro

µo

)

2

}

×
(ψo,2 −ψo,1)

∆z
(24a)

q1
h,w = q2

h,w = −
1

2

{

K̄1

(

krw

µw

)

1

+ K̄2

(

krw

µw

)

2

}

×
(ψw,2 −ψw,1)

∆z
(24b)

The arithmetic program of the numerical simulation
of secondary multilayer oil migration in porous media
for a time step is as follows. Assuming that the ap-
proximate solution{ψm

w ,ψm
o , sm} at time t = tm is

known, one needs to find out the approximate solution
{ψm+1

w ,ψm+1
o , sm} at timet = tm+1. First, we propose

the solution of Eqs. (19) and (21) by reducing them to
the quasi–three-dimensional problems of (22) and (23).
In this time, the coefficient of the equations takes know-
ing functions attm, Bm

o = Bo(s
m), Bm

w = Bw(sm), . . . .
Because the vertical flow layer is very thin, we can apply
Darcy’s law (24) instead Eq. (2), and take

q1
h,o = q2

h,o = −
1

2

{

K̄1

[

κro

µo
(sm)

]

1

+ K̄2

[

κro

µo
(sm)

]

2

}

(ψm
o,2 −ψ

m
o,1)/∆z

q1
h,w = q2

h,w = −
1

2

{

K̄1

[

κrw

µw
(sm)

]

1

+ K̄2

[

κrw

µw
(sm)

]

2

}

(ψm
w,2 −ψ

m
w,1)/∆z

At this time, the modified method of second-order
splitting-up implicit iterative schemes (17) and (18)
in Section 3 can be used in parallel to compute
two quasi–three-dimensional problems, Eqs. (22) and
(23). At last, we can obtain the approximate solution
{ψm+1

w ,ψm+1
o , sm+1}.

Thus, this important problem can be successfully
solved. This method can be used in solving multilayer
problems.

Special Topics & Reviews in Porous Media — An International Journal



Numerical Simulation in Oil Resources Basin 61

4.1 Parallel Arithmetic Method and Program

Since the end of the twentieth century, parallel computa-
tion techniques have been rapidly developed in the world.
This provides very good hardware and software condi-
tions for our study on the careful quantitative simulation
of oil secondary migration and parallel computation tech-
niques. We use high-performance computer groups and
an MPI information transmission programming system,
which is composed of the existing 32 nodes and SCI ul-
tramicro service units (eight CPUs of four nodes) and is
based on a Turbolinux and REDHat 7.4 Scal operation
system. In parallel computation, a new careful parallel
alternating direction implicit iterative method is adopted.
There are three kinds of information transmission treat-
ment. Actual geological parameters of Tanhai Region,
Shengli Oilfield are put to use. Parallel computation is
conducted for different node combinations and mesh di-
visions. The results tally with the actual situations.

Our study, based on existing hardware and software,
aims at designing parallel computation, raising computa-
tion efficiency, and increasing industrial production with
the following features.

(1) The configuration of computer groups of 32 nodes:
Each node: cpu: intel P3 800MHz, mem: 512MB,
HD: 55GB. Two service units: Service Unit: cpu:
intol P3 700MHz, mem: 1GB, IID: 00GB. Ser-
vice Unit: cpu: intel P3 700MHz, mem: 1GB,
HD: 90GB. Disk exhibition cabinet 800GB. Two
Switches (3COM 3900) 1000MB×6. Operation sys-
tem: Turbolinux 7.0. Parallel programming of infor-
mation transmission: MPICH2.24.

(2) SCI ultramicro-service units: 4 nodes, double cpu:
P41.8G, mem: 512MB, HD: 30GB×2.

The structure of the procedure module is illustrated in
Fig. 9 and the meaning of each step is shown as follows.

1. From the result files of the “3D basin simulation sys-
tem,” take the layer top, depth of burying, and the
quantities of liquids and hydrocarbons discharge of
the layer in geological age.

2. With the keyboard or digital equipment, put in the
burying depth of sand top of the simulation layer,
the thickness of the sand layer, the porosity, perme-
ability, and so on.

3. From the exploration database, take out the burying
depth of sand top of the simulation layer, the thick-
ness of the sand layer, the porosity, permeability, and
so on.

4. Check the comprehensive data.

5. Simulation computation.

6. Serial monolayer simulation computation.

7. Serial 3D simulation computation.

8. Serial multilayer simulation computation.

9. Choose parallel computation.

10. Parallel monolayer simulation computation.

11. Parallel 3D simulation computation.

12. Parallel multilayer simulation computation.

13. Processing simulation results.

14. Geoanalysis and interpretation.

15. 3-D visible diagram.

4.2 Validity Analysis of Carefully Parallel
Arithmetic of Tanhai Region

We adopt the geology parameters of the Tanhai Re-
gion. Simulation region: Tanhai Region, earth coordi-
nate (m) (20611700.00, 4169000.00) and (2071700.00,
4253000.00), horizontal scale, 8845.2 km2. The simu-
lation includes two layers, that is, Sand Third Upper Sec-
tion and Sand Third Middle Section. According to the
structure of Tanhai Region, Chengzikou-Qingyun Ridge,
Yihezhuang-Wudiningjin Ridge, Chenjiazhuang-Binxian
Ridge, and Qingtuozi-Kendong Ridge are located from
northwest to southeast. In between horizontally located
are Chengbei Hollow, Huanghekou Hollow, Bonan Hol-
low, Gunan Hollow, and other oil-bearing hollows.

Simulation results in Figs. 10a and 10b show the
present oil-concentration isograms in these two layers
during 3.0× 107 years. The results of numerical sim-
ulation indicate that the oil in Sand third middle region
migrates along the fault towards Sand Third Upper Re-
gion and accumulates on the uplifted zone around the
low-lying area and on the slope, that is, Chengdao area,
Laohekao, Stake No. 5, and Gudong area. The present
situation of oil exploration of Shengli Oilfield is basically
the same.

The above computation and analysis indicate that our
large-scale careful parallel numerical simulation system
(when mesh step length is 200 m) can perform precise
numerical simulation by using 3D seismic interpretation
results without losing a single small stratigraphic trap and,
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FIG. 9: The structure of the procedure module

therefore, can be used to evaluate present oil resources
and explore new oil fields.

5. NUMERICAL ANALYSIS OF THE MODEL
PROBLEM

As for the numerical method of oil migration and accu-
mulation of the multilayer in porous media, for the sake
of brevity, we consider one simple model problem, i.e.,
the nonstationary flow computation of mutilayer fluid dy-
namics in porous media. We have to find out the following
nonlinear convection-dominated diffusion coupling sys-
tems with a moving boundary value problem (Catalan
1992; Yuan, 1999, 1992):

Φ1(x, y, t)
∂u

∂t
+ā(x, y, t)·∇u−∇·[K1(x, y, t)∇u]

− K2(x, y, z, t)
∂w

∂z
|z=µ(t) = Q1(x, y, t, u)

(x, y)T ∈ Ω(t), t ∈ J = (0, T ] (25a)

Φ2(x, y, z, t)
∂w

∂t
=

∂

∂z

[

K2(x, y, z, t)
∂w

∂z

]

(x, y, z)T ∈ o, H(t), t ∈ J (25b)

Φ3(x, y, t)
∂v

∂t
+ b̄(x, y, t)·∇u−∇·[K3(x, y, t)∇v]

+ K2(x, y, z, t)
∂w

∂z
|z=0 = Q3(x, y, t, v)

(x, y)T ∈ Ω(t), t ∈ J (25c)

where

Ω(t) = {X |χ1(t)≤x≤χ2(t),σ1(t)≤y≤σ2(t),t∈J}, Θ(t)

={(x, y, z)|χ1(t)≤x≤χ2(t),σ1(t)≤y≤σ2(t),0≤z≤µ(t),t∈J}

∇ =

(

∂

∂x
,

∂

∂y

)T
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(a)

(b)

FIG. 10: a) 3.0× 107 year’s Sand Third Upper oil concentration isograms;b) 3.0× 107 years’ Sand Third Middle
oil concentration isograms
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The boundary conditions are

u(x, y, t)|∂Ω(t) = 0, w(x, y, z, t)|(x,y)T
∈∂Ω(t),z∈(0,µ(t))

= 0, v(x, y, t)|∂Ω(t) = 0 (26a)

w(x, y, z, t)|z=µ(t) = u(x, y, t), w(x, y, z, t)|z=0

= v(x, y, t), (x, y)T ∈ Ω(t), t ∈ J

(interior boundary condition) (26b)

The initial conditions are

u(x, y, 0) = u0(x, y), (x, y)T ∈ Ω(0), w(x, y, z, 0)

= w0(x, y, z), (x, y, z)T ∈ Θ(0)

v(x, y, 0) = v0(x, y), (x, y)T ∈ Ω(0) (27)

The unknown functionsu, w, andv are the potential func-
tions.∇u,∇v, and∂w/∂z are Darcy’s velocity.Φα(α =
1, 2, 3) is the porosity,Kα(α = 1, 2, 3) is the stratigraph-
ical permeability,̄a(x, y, t) = [a1(x, y, t) , a2(x, y, t)]T ,

and b̄(x, y, t) = [b1(x, y, t), b2(x, y, t)]
T are the convec-

tion coefficients.Q1(x, y, u), Q2(x, y, v) are the external
volumetric flow rates.

Let ∆t = T/L be the time step andtn = n∆t.
For Ωn = Ω(tn), we adopt an equidistant mesh of
χ1(t

n) = xn
0 < xn

1 < · · · < xn
N1

= χ2(t
n),σ1(t

n) =
yn
0 < yn

1 < · · · < yn
N1

= σ2(t
n), and the point number

is N1 + 1. ForΘn = Θ(tn), we also adopt equidistant
mesh, and the point number isN2 + 1. The space
steps are hn

1 = [χ2(t
n) − χ1(t

n)] /N1, hn
2 =

[σ2(t
n) − σ1(t

n)] /N1, and hn
3 = µ(tn)/N2.

Let U(xn
i , yn

j , tn) = Un
ij , V (xn

i , yn
j , tn) =

V n
ij , W (xn

i , yn
j , zn

k , tn) = Wn
ijk, δx, δy, δz, and

δx̄, δȳ, δz̄ be the forward and backward difference
quotients, respectively.dtu

n
ij is the forward quotient of

net functionun
ij .

For Eq. (25a), the characteristic finite difference frac-
tional steps scheme is given by

Φ̂1(x
n+1
i , yn+1

j , tn+1)
U

n+1/2
ij −Ûn

ij

∆t

=δx̄(Kn
1 δxUn+1/2)ij + δȳ(Kn

1 δyU
n)ij

+ Kn+1
2,ij,N2−1/2δz̄W

n+1
ij,N2

+ Q1(x
n+1
i , yn+1

j , Ûn
ij)

1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ N1 − 1 (28a)

U
n+1/2
ij = 0, (i, j) ∈ ∂Ωh (28b)

Φ̂1(x
n+1
i , yn+1

j , tn+1)
Un+1

ij − U
n+1/2
ij

∆t

= δȳ

[

Kn
1 δy(U

n+1 − Un)
]

ij

1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ N1 − 1 (28c)

Un+1
ij = 0, (i, j) ∈ ∂Ωh (28d)

where Φ̂1(x, y, t) = Φ1(x, y, t) + (1/2)h3Φ2

[x, y,µ(t), t] . We interpret Un(X) as the piece-
wise biquadratic interpolation,Ûn

ij = Un(X̂n
1,ij),

X̂n
1,ij = Xn

ij −
⇀

a
n+1

ij ∆t/Φ̂n+1
1,ij .

For Eq. (25b), the finite difference scheme is

Φ2(x
n+1
i , yn+1

j , zn+1
k , tn+1)

Wn+1
ijk − Wn

ijk

∆t

= δz̄(K2δzW )n+1
ijk (29a)

1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ N1 − 1, 1 ≤ k ≤ N2 − 1

The boundary conditions are

Wn+1
o,jk = Wn+1

N1,jk = Wn+1
i,o,k = Wn+1

i,N1,k = 0

Wn+1
ij,N2

= Un+1
ij , Wn+1

ij,o = V n+1
ij (29b)

For Eq. (25c), the characteristic finite difference frac-
tional steps scheme is given by

Φ̂3(x
n+1
i , yn+1

j , tn+1)
V n+1

ij − V̂ n
ij

∆t

= δx̄(Kn
3 δxV n+1/2)ij + δȳ(K

n
3 δyV n)ij

− Kn+1
2,ij,1/2δzW

n+1
ij,0 + Q3(x

n+1
i , yn+1

j , V̂ n
ij )

1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ N1 − 1 (30a)

V
n+1/2
ij = 0, (i, j) ∈ ∂Ωh (30b)

Φ̂3(x
n+1
i , yn+1

j , tn+1)
V n+1

ij − V
n+1/2
ij

∆t

= δȳ

[

Kn
3 δy(V n+1 − Un)

]

ij

1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ N1 − 1 (30c)

V n+1
ij = 0, (i, j) ∈ ∂Ωh (30d)

whereΦ̂3(x, y, t) = Φ3(x, y, t) + 1
2h3Φ2(x, y, 0, t). We

interpretV n(X) as the piecewise biquadratic interpola-

tion, V̂ n
ij = V n(X̂n

2,ij), X̂
n
2,ij = Xn+1

ij −
⇀

b
n+1

ij ∆t/Φ̂n+1
3,ij .

The algorithm for a time step is as follows. Assume
that the approximate solution{Un

ij, W
n
ijk , V n

ij } at timetn
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is known. It is needed to find out the approximate solution
{Un+1

ij , Wn
ijk , V n+1

ijk } at timetn+1. First, from schemes

(28a) and (28b), we can obtain{Un+1/2
ij }; second, from

(28c) and (28d), we obtainUn+1
ij ; next, from (30a) and

(30b), we can obtain{V n+1/2
ij }; from (30c) and (30d),

we obtain{V n+1
ij }; and finally, from scheme (29) and in-

terior boundary condition (26b), we obtain{Wn+1
ijk }. So

a complete time step can be taken.
Theorem: Suppose that the exact solution of prob-

lems (25)–(27) satisfies a smooth condition. Adopt the
modified characteristic finite difference fractional steps
schemes (28)–(30). The following error estimate holds:

‖u−U‖L̄∞(J,h1)+‖v−V‖L̄∞(J,h1)+‖w−W‖L̄∞(J,h1)

+ ‖dt(u − U)‖L̄2(J,t2) + ‖dt(v − V )‖L̄2(J,t2)

[2pt] + ‖dt(w − W )‖L̄2(J,t2) ≤ M{h2 + ∆t} (31)

where

h = max
n

{hn
1 , hn

2 , hn
3}, ‖g‖L̄∞(J;X)

= sup
n∆t≤T

‖gn‖X , ‖gn‖L̄2(J;X)

= sup
N∆t≤T

{

N
∑

n=0

‖gn‖
2
X ∆t

}1/2

6. CONCLUSION

From geological science, geochemistry, permeation fluid
mechanics, and computing techniques, this paper consid-
ers the theory, method, and application of numerical sim-
ulation of an oil-gas basin. The present paper is orga-
nized as follows. Section 1, Introduction, is a summary
of basin circumstances. Section 2 is a study on numer-
ical simulation and analysis of resources evaluation and
actual application in Jiyang Depression of Shengli Oil-
field. Section 3 is a study on the 3D numerical simulation
of single-layer migration and accumulation and actual ap-
plication in Dongying Hollow. Section 4 is a study on the
large-scale accurate parallel numerical simulation of mul-
tilayer migration and accumulation and actual application
in Huimin Hollow, Dongying Hollow, Tanhai Region, and
Yangxin Hollow. Section 5 is a study on the theoret-
ical analysis of the characteristic finite difference frac-
tional steps method of multilayer migration-accumulation
model problem, enabling our applied software numerical
simulation system to be based on solid mathematic and

mechanic theories. In practical, the scientific research
of the 3D multilayer numerical simulation of migration
and accumulation is very difficult and complex. This pa-
per does not consider the earthquake effect and migration
and accumulation of gas resources. We must consider this
from now on.
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Employing Biot’s theory of wave propagation in liquid-saturated porous media, flexural vibrations of poroelastic circular

cylindrical shells of different wall thicknesses and infinite extent immersed in an acoustic medium are investigated.

Let the poroelastic cylindrical shells are homogeneous and isotropic. The frequency equation of flexural vibrations

propagating in a poroelastic solid cylinder, each for a pervious and an impervious surface is obtained as a limiting case

when the ratio of thickness to the inner radius tends to infinity as the inner radius tends to zero. Cutoff frequencies

when the wave number is zero are obtained both for pervious and impervious surfaces. For zero wave number, the

frequency equation of longitudinal shear vibrations is independent of nature of the surface, i.e., pervious or impervious,

and is also independent of the presence of fluid within and around the poroelastic cylindrical shell. The nondimensional

phase velocity for propagating modes is computed as a function of the ratio of thickness to wavelength in the absence of

dissipation. Results are presented graphically for two types of poroelastic materials and then discussed. Previous results

are shown as a special case of the present investigation. Results of purely elastic solid are obtained.

KEY WORDS: Biot’s theory, Flexural vibrations, poroelastic cylindrical shell, pervious surface, impervious
surface, phase velocity, cut-off frequency

1. INTRODUCTION

Gazis (1959) discussed the propagation of free harmonic
waves along a hollow elastic circular cylinder of infi-
nite extent. Kumar (1971) studied the flexural vibra-
tions of fluid-filled circular cylindrical shells. Employing
Biot’s (1956) theory, Tajuddin and Sarma (1980) stud-
ied torsional vibrations of poroelastic cylinders. Malla
Reddy and Tajuddin (2000) studied plane-strain vibra-
tions of thick-walled hollow poroelastic cylinders. Wisse
et al. (2002) presented the experimental results of guided
wave modes in porous cylinders. Kanj et al. (2003)
presented the poromechanics of anisotropic hollow cylin-

ders. Chao et al. (2004) studied shock-induced bore-
hole waves in porous formations. Tajuddin and Ahmed
Shah (2006, 2007) studied circumferential waves and tor-
sional vibrations of infinite hollow poroelastic cylinders
in the presence of dissipation. Farhang et al. (2007)
investigated wave propagation in transversely isotropic
cylinders. Ahmed Shah (2008) investigated the axially
symmetric vibrations of fluid-filled poroelastic cylindri-
cal shells in the absence of dissipation.

In the present analysis, flexural vibrations of poroelas-
tic circular cylindrical shells of various wall thicknesses
and infinite extent immersed in an acoustic medium
are investigated employing Biot’s (1956) theory. Biot’s
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model consists of an elastic matrix permeated by a net-
work of interconnected spaces saturated with liquid. The
frequency equation of such vibrations is derived, each for
a pervious surface and an impervious surface. Cutoff fre-
quencies when the wave number is zero are obtained for
pervious and impervious surfaces. For zero wave number,
the frequency equation of longitudinal shear vibrations is
independent of nature of surface as well as the presence
of fluid within and around the poroelastic shell. This fre-
quency equation is discussed for limiting values of the ra-
tio of thickness to inner radiush/r1 when these values are
too small and too large. Whenh/r1 → 0, it gives the fre-
quencies of a thin poroelastic cylindrical shell, and when
h/r1 → ∞ with r1 → 0, modes of a poroelastic solid
cylinder are obtained. The nondimensional phase veloc-
ity for propagating modes is computed in the absence of
dissipation for poroelastic cylindrical shells immersed in
an acoustic medium, each for a pervious and an impervi-
ous surface. The cutoff frequency as a function ofh/r1

is determined. Results are presented graphically for two
types of poroelastic materials and then discussed. Results
of some previous works are shown as a special case of the
present investigation. By ignoring liquid effects and after
rearrangement of terms, results of a purely elastic solid
are obtained.

The considered problem is applicable to deep-sea
sound sources and transducers, petrochemical industries.
In the field of acoustics, the shells are used as acoustic
waveguides, ultrasonic delay lines, and frequency control
devices.

2. GOVERNING EQUATIONS

The equations of motion of a homogeneous, isotropic
poroelastic solid (Biot, 1956) in the presence of dissipa-
tion b are

N∇
2~u + (A + N)∇e + Q∇ ∈

=
∂2

∂t2
(ρ11

−→u + ρ12
−→

U ) + b
∂

∂t
(−→u −

−→

U ) (1)

Q∇e+R∇∈=
∂2

∂t2
(ρ12

−→u +ρ22
−→

U )−b
∂

∂t
(−→u −

−→

U )

where∇2 is the Laplacian,u = (u, v, w) andU = (U , V ,
W ) are displacements of solid and liquid, respectively,e
and∈ are the dilatations of solid and liquid,A, N , Q, and
R are all poroelastic constants, andρij (i,j = 1,2) are the
mass coefficients following Biot (1956). The poroelastic
constantsA andN correspond to familiar Lame constants
in a purely elastic solid. The coefficientN represents the

shear modulus of solid. The coefficientR is a measure of
pressure required on the liquid to force a certain amount
of the liquid into the aggregate while the total volume re-
mains constant. The coefficientQ represents the coupling
between the volume change of a solid to that of liquid.

The equation of motion for a homogeneous, isotropic,
inviscid elastic fluid is

∇
2Φ =

1

V 2
f

∂2Φ

∂t2
(2)

whereΦ is the displacement potential function andVf is
the velocity of sound in fluid. The displacement of fluid
is uf = (uf , vf , wf ).

The stressesσij and the liquid pressures of a poroe-
lastic solid are

σij = 2Neij + (Ae + Q ∈)δij , (i, j = 1, 2, 3)
s = Qe + R ∈

(3)

whereδij is the well-known Kronecker delta function.

The fluid pressurePf is given by

Pf = −ρf
∂2Φ

∂t2
(4)

In Eq. (4),ρf is the density of the fluid.

The subscript “if” or “of” associated with a fluid quan-
tity means that the quantity is related to either the inner or
outer fluid. For example,Vif is the velocity of sound in
the inner fluid andPof is the outer fluid pressure.

3. SOLUTION OF THE PROBLEM

Let (r, θ, z) be the cylindrical polar coordinates. Consider
a homogeneous, isotropic, infinite poroelastic cylindrical
shell immersed in an inviscid elastic fluid. Let the inner
and outer radii of the poroelastic cylindrical shell ber1

andr2, respectively, so that the wall thickness of the shell
is h [=(r2 − r1) > 0]. The axis of the poroelastic shell is
in the direction of thez-axis. The fluid column within the
poroelastic cylindrical shell extends from zero to infinity
in the axial direction and zero tor1 in the radial direction.
The outer fluid extends fromr2 to infinity in the radial
direction and zero to infinity in the axial direction. Then
for flexural vibrations, the displacement of a solidu = (u,
v, w), which can readily be evaluated from field Eq. (1)
when|kV1| < ω, is
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u(r, θ, z, t) =
{

C1
∂

∂r
J1(α1r) + C2

∂

∂r
Y1(α1r)

+ C3
∂

∂r
J1(α2r) + C4

∂

∂r
Y1(α2r) +

A3

r
J1(α3r)

+
B3

r
Y1(α3r)+A12ikJ2(α3r)+B12ikY2(α3r)

}

× cosθ ei(kz+ωt)

v(r, θ, z, t) =
{

− C1
1

r
J1(α1r) − C2

1

r
Y1(α1r)

− C3
1

r
J1(α2r) − C4

1

r
Y1(α2r) − A3

∂

∂r
J1(α3r)

−B3
∂

∂r
Y1(α3r)+A12ikJ2(α3r)+B12ikY2(α3r)

}

× sin θ ei(kz+ωt)

w(r, θ, z, t) =
{

C1ikJ1(α1r) + C2ikY1(α1r)

+ C3ikJ1(α2r) + C4ikY1(α2r) − A3
2

r
J1(α3r)

−B3
2

r
Y1(α3r)−A12

∂

∂r
J2(α3r)−B12

∂

∂r
Y2(α3r)

}

× cosθ ei(kz+ωt) (5)

whereC1, C2, C3, C4, A3, B3, A1, andB1 are constants,
k is the wave number,ω is the frequency of the wave,
J1 andJ2 are Bessel functions of the first kind of order
one and two, respectively, andY1 andY2 are Bessel func-
tions of the second kind of order one and two, respec-
tively. Here,i is a complex number and

α2
1 =

ω2

V 2
1

− k2, α2
2 =

ω2

V 2
2

− k2, α2
3 =

ω2

V 2
3

− k2 (6)

In Eq. (6),V1, V2, andV3 are dilatational wave veloci-
ties of the first and second kind and shear wave velocity,
respectively (Biot, 1956). The displacement of the inner
fluid columnuif = (uif , vif , wif ) for flexural vibrations is

uif = Aif
∂

∂r
J1(αifr) cosθ ei(kz+ωt)

vif = −

Aif

r
J1(αifr) sin θ ei(kz+ωt)

wif = Aif ikJ1(αifr) cosθ ei(kz+ωt)

(7)

whereAif is a constant and

α2
if =

ω2

V 2
if

− k2 (8)

With the help of the displacement potential function, the
inner fluid pressure is given by

Pif = Aifω
2ρifJ1(αifr) cosθ ei(kz+ωt)

when |kVif | < ω (9)

Similarly, the displacement of the outer fluid and the outer
fluid pressure are given by the equations

uof = Aof
∂

∂r
H

(1)
1 (αofr) cosθ ei(kz+ωt)

vof = −

Aof

r
H

(1)
1 (αofr) sin θ ei(kz+ωt)

wof = Aof ikH
(1)
1 (αofr) cosθ ei(kz+ωt)

Pof = Aofω
2ρofH

(1)
1 (αofr) cosθ ei(kz+ωt)

(10)

whereAof is a constant,H(1)
n is Hankel function of the

first kind and ordern, and

α2
of =

ω2

V 2
of

− k2 (11)

For imaginary values ofαof , i.e., when the phase veloc-
ity {ω/k} is less thanVof (velocity of sound in the outer

fluid), the Hankel function of the first kindH(1)
1 (αofr) is

replaced by modified Bessel function of the second kind
K1(αofr).

Substituting the displacement functionu, v, w from
Eq. (5) and the fluid pressures from Eqs. (9) and (10)
into Eq. (3), and with the help of Eq. (7), the relevant
displacement, liquid pressure, and stresses are

σrr + s + Pif = [C1M11(r) + C2M12(r)

+C3M13(r)+C4M14(r)+A3M15(r)+B3M16(r)

+ A1M17(r) + B1M18(r) + AifM19(r)]

× cosθ ei(kz+ωt) (12)

σrθ = [C1M21(r) + C2M22(r) + C3M23(r)

+ C4M24(r) + A3M25(r) + B3M26(r)

+ A1M27(r) + B1M28(r)] sin θ ei(kz+ωt) (13)

σrz = [C1M31(r) + C2M32(r) + C3M33(r)

+ C4M34(r)+A3M35(r)+B3M36(r)+A1M37(r)

+ B1M38(r)] cosθ ei(kz+ωt) (14)

s = [C1M41(r) + C2M42(r) + C3M43(r)

+ C4M44(r)] cosθ ei(kz+ωt) (15)
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∂s

∂r
= [C1N41(r) + C2N42(r) + C3N43(r)

+ C4N44(r)] cosθ ei(kz+ωt) (16)

u − uif = [C1M51(r) + C2M52(r) + C3M53(r)

+C4M54(r)+A3M55(r)+B3M56(r)+A1M57(r)

+ B1M58(r) + AifM59(r)] cosθ ei(kz+ωt) (17)

σrr+s+Pof =[C1M61(r)+C2M62(r)+C3M63(r)

+C4M64(r)+A3M65(r)+B3M66(r)+A1M67(r)

+ B1M68(r) + AofM6,10(r)] cosθ ei(kz+ωt) (18)

u−uof =[C1M10,1(r)+C2M10,2(r)+C3M10,3(r)

+ C4M10,4(r)+A3M10,5(r)+B3M10,6(r)

+A1M10,7(r) + B1M10,8(r) + AofM10,10(r)]

× cosθ ei(kz+ωt) (19)

In Eqs. (12)–(19),M1,10(r) represents an element ap-
pearing in the first row and tenth column.M10,10(r) rep-
resents an element appearing in the tenth row and tenth
column. The coefficientsMij(r) andNij(r) are given in
the Appendix [see Eq. (A.1)].

4. FREQUENCY EQUATION

For perfect contact between the poroelastic cylindrical
shell and the fluids, we assume that the normal stresses
and radial displacements are continuous atr = r1 andr
= r2. Thus, the boundary conditions in case of a pervious
surface are

σrr + s + Pif = 0, σrθ = 0, σrz = 0, s = 0

u − uif = 0, atr = r1

σrr + s + Pof = 0, σrθ = 0, σrz = 0, s = 0

u − uof = 0, at r = r2 (20)

The boundary conditions in the case of an impervious sur-
face are

σrr + s + Pif = 0, σrθ = 0, σrz = 0,
∂s

∂r
= 0

u − uif = 0, atr = r1

σrr + s + Pof = 0, σrθ = 0, σrz = 0,
∂s

∂r
= 0

u − uof = 0, at r = r2 (21)

Substitution of Eqs. (12)–(15) and (17)–(19) into Eq. (20)
results in a system of 10 homogeneous algebraic equa-
tions with 10 constantsC1, C2, C3, C4, A3, B3, A1, B1,
Aif , andAof . For a nontrivial solution, the determinant
of the coefficients must vanish. By eliminating these con-
stants, the frequency equation of flexural vibrations of a
poroelastic circular cylindrical shell immersed in a fluid
in case of a pervious surface is

|Aij | = 0, i, j = 1...10 (22)

In Eq. (22), the elementsAij are

Aij = Mij(r1), i = 1...5, andj = 1...10

Aij = Mij(r2), i = 6...10, andj = 1...10
(23)

whereMij(r) are defined in the Appendix [see Eq. (A.1)].
Arguing along similar lines, Eqs. (12)–(14) and (16)–

(19), together with the Eq. (21), yield the frequency equa-
tion of flexural vibrations of poroelastic circular cylindri-
cal shell immersed in fluid, in case of an impervious sur-
face, to be

|Bij | = 0, i, j = 1...10 (24)

where the elementsBij are

Bij = Aij , i = 1, 2, 3, 5, 6, 7, 8, 10 andj = 1...10

B4j = N4j(r1), j = 1...10

B9j = N4j(r2), j = 1...10 (25)

whereMij(r) andNij(r) are defined in Eq. (A.1) in the
Appendix.

Setting the outer-fluid density to zero, i.e.,ρ0f → 0,
and then by eliminating the liquid effects from the fre-
quency equation of a pervious surface (22), the results of
a purely elastic solid are obtained as a special case con-
sidered by Kumar (1971). The frequency equation of an
impervious surface (24) has no counterpart in a purely
elastic solid.

4.1 Frequency Equation for a Poroelastic Solid
Cylinder

When the ratio of thickness to inner radius of the poroe-
lastic cylindrical shell, i.e.,h/r1 → ∞ asr1 → 0, it re-
duces to a poroelastic solid cylinder of radiush. Then, the
frequency equation of a pervious surface (22) is reduced
to

|Pij | = 0, i, j = 1...5 (26)

where the elementsPij are defined in the Appendix [see
Eq. (A.3)].
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Similarly, the frequency equation (24), whenr1 → 0
and with finiteh, reduces to

|Qij | = 0, i, j = 1...5 (27)

where the elementsQij are defined in the Appendix [see
Eq. (A.4)].

Equations (26) and (27) are the frequency equations
of flexural vibrations propagating in a poroelastic solid
cylinder of radiush immersed in fluid, for a pervious and
an impervious surface, respectively.

4.2 Cutoff Frequencies

The frequencies obtained by equating the wave number
to zero are referred to as the cutoff frequencies. Thus, for
k = 0, the frequency equation of a pervious surface (22)
reduces to the product of two determinants as

D1D2 = 0 (28)

whereD1 andD2 are

D1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

A11 A12 A13 A14 A15 A16 A19 0
A21 A22 A23 A24 A25 A26 0 0
A41 A42 A43 A44 0 0 0 0
A51 A52 A53 A54 A55 A56 A59 0
A61 A62 A63 A64 A65 A66 0 A6,10

A71 A72 A73 A74 A75 A76 0 0
A91 A92 A93 A94 0 0 0 0
A10,1 A10,2 A10,3 A10,4 A10,5 A10,6 0 A10,10

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

D2 =

∣

∣

∣

∣

A37 A38

A87 A88

∣

∣

∣

∣

(29)

The elementsAij of D1 andD2 are defined in Eq. (23)
are now evaluated fork = 0. From Eq. (28), it is clear that
eitherD1 = 0 orD2 = 0 and these two equations give the
cutoff frequencies of flexural vibrations of a poroelastic
cylindrical shell immersed in an acoustic medium for a
pervious surface. The equation

D1 = 0 (30)

depend on physical parameters of the poroelastic shell and
the fluid, while the equation

D2 = 0 (31)

does not depend on fluid parameters. Hence, Eq. (30)
give the cutoff frequencies of flexural vibrations of poroe-
lastic cylindrical shells immersed in an acoustic medium
for a pervious surface. Equation (31) is the frequency

equation of longitudinal shear vibrations, which gives the
cutoff frequencies independent of the presence of fluid
within and around the poroelastic cylindrical shell.

Similarly, the frequency equation of an impervious
surface (24) whenk = 0 is reduced to the product of two
determinants

D3D4 = 0 (32)

whereD3 andD4 are

D3 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

B11 B12 B13 B14 B15 B16 B19 0
B21 B22 B23 B24 B25 B26 0 0
B41 B42 B43 B44 0 0 0 0
B51 B52 B53 B54 B55 B56 B59 0
B61 B62 B63 B64 B65 B66 0 B6,10

B71 B72 B73 B74 B75 B76 0 0
B91 B92 B93 B94 0 0 0 0
B10,1 B10,2 B10,3 B10,4 B10,5 B10,6 0 B10,10

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

D4 =

∣

∣

∣

∣

B37 B38

B87 B88

∣

∣

∣

∣

(33)

The elementsBij of D3 andD4 are defined in Eq. (25)
are now evaluated fork = 0. From Eq. (32), it is clear that
eitherD3 = 0 orD4 = 0. The equation

D3 = 0 (34)

gives the cutoff frequencies of flexural vibrations of
a poroelastic cylindrical shell immersed in an acoustic
medium in case of an impervious surface, while the equa-
tion

D4 = 0 (35)

yields the cutoff frequencies independent of the presence
of fluid. Equations (31) and (35) are the same by virtue
of Eq. (25). Hence, Eq. (35) is independent of nature of
surface, i.e., pervious or impervious. Therefore, the cut-
off frequencies given by Eq. (35) are independent of the
presence of fluid within and around the poroelastic cylin-
drical shell and nature of surface. By using recurrence
relations for Bessel functions (Abramowitz and Stegun,
1965), Eq. (35) is simplified to

J ′

1(α3r1)Y
′

1(α3r2) − J ′

1(α3r2)Y
′

1 (α3r1) = 0 (36)

whereα3 is defined in Eq. (6) fork = 0.
Equation (36) is the same for poroelastic cylindrical

shells immersed in an acoustic medium and a poroelas-
tic cylindrical shell in vacuum, as well as for pervious
and impervious surfaces. By eliminating the liquid ef-
fects from Eq. (36), the results of a purely elastic solid
discussed by Gazis (1959) are obtained. The frequency
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equation (36) is discussed for limiting values ofh/r1

when these values are too small and too large.
For a thin poroelastic cylindrical shell:Whenh/r1 �

1, under the verifiable assumption of nonzeroα3h, it is
seen thatα3r1 � 1 andα3r2 � 1. Using the well-known
Hankel-Kirchhoff asymptotic approximations for Bessel
functions (Abramowitz and Stegun, 1965),

J ′

1(x)≈

√

2

πx

[

− sin

(

x −

3π

4

)

−

7

8x
cos

(

x−
3π

4

)]

Y ′

1(x)≈

√

2

πx

[

cos

(

x −

3π

4

)

−

7

8x
sin

(

x −

3π

4

)]

the frequency equation of longitudinal shear vibrations
(36) reduces to

sin(α3h) −
7α3h

8α2
3r1r2

cos(α3h) ≈ 0 (37)

Equation (37) is the frequency equation of longitudinal
shear vibrations of a thin poroelastic cylindrical shell.
Whenα3r1 → ∞ andα3r2 → ∞, Eq. (37) is reduced to

sin(α3h) ≈ 0,⇒ α3h = πq, q = 1, 2, 3...

so that

ω =
qπ V3

h
, q = 1, 2, 3... (38)

which are the frequencies of a poroelastic plate of thick-
nessh. Moreover, near the originh/r1= 0, and assuming

α3h = qπ + η•, η•
� 1 (39)

then using the frequency equation of longitudinal shear
vibrations of a thin poroelastic cylindrical shell, Eq. (37)
gives

η∗ =
7

8qπ

(

h

r1

)2

, q = 1, 2, 3... (40)

On substituting Eq. (40) into Eq. (39) and using Eq. (38),
we can write

ω =
V3qπ

h

[

1+
7

8(qπ)
2

(

h

r1

)2
]

, q = 1, 2, 3... (41)

which are the frequencies of longitudinal shear vibrations
of a poroelastic plate of thicknessh near the origin.

For a poroelastic solid cylinder:Whenh/r1 → ∞ as
r1 → 0, the frequency Eq. (36) tends asymptotically to

J ′

1(α3h) = 0 (42)

which is the frequency equation of longitudinal shear vi-
brations of a poroelastic solid cylinder of radiush. In
Eq. (42), by ignoring the liquid effects, results of a purely
elastic solid are obtained as a special case considered by
Gazis (1959).

5. NONDIMENSIONALIZATION OF THE
FREQUENCY EQUATION

For propagating modes in a nondissipative medium, the
wave numberk is real. The phase velocityC is the ratio
of the frequency to the wave number, i.e.,C = ω/k. To
analyze the frequency Eqs. (22) and (24), it is convenient
to introduce the following nondimensional variables:

a1 = PH−1, a2 = QH−1, a3 = RH−1

a4 = NH−1, m11 = ρ11ρ
−1, m12 = ρ12ρ

−1

m22 = ρ22ρ
−1, x̃ = (V0 V −1

1 )2, ỹ = (V0 V −1
2 )2

z̃ = (V0 V −1
3 )2, δ = hL−1, t = ρifρ

−1

m = VifV
−1
3 , t1 = ρofρ

−1, m1 = VofV −1
3

Ω = ωhC−1
0 , ξ = CV −1

if (43)

whereΩ is the nondimensional frequency,ξ is the nondi-
mensional phase velocity of poroelastic cylindrical shells
immersed in an acoustic medium,H = P + 2Q + R,
ρ = ρ11 + 2ρ12 + ρ22, C0 andV0 are the reference ve-
locities (C2

0 = N /ρ, V 2
0 = H /ρ), C [ = ω/k] is the phase

velocity, h is the thickness of the poroelastic cylindrical
shell, andL is the wavelength. Let

g =
r2

r1
, so that

h

r1
= (g − 1) (44)

6. RESULTS AND DISCUSSION

Two types of poroelastic materials are considered to carry
out the computational work, one is sandstone saturated
with kerosene, say, material I (Fatt, 1959), the other one is
sandstone saturated with water, say, material II (Yew and
Jogi, 1976), whose nondimensional physical parameters
are given in Table 1.

For a given poroelastic material, the frequency
Eqs. (22) and (24), when nondimensionalized using
Eqs. (43) and (44), constitute a relation between the
nondimensional phase velocityξ and the ratio of thick-
ness to wavelengthδ (= h/L) for fixed values ofg. Differ-
ent values ofg, e.g., 1.034, 1.286, 3, and infinity, are taken
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TABLE: 1 Nondimensional physical parameters of materials I and II

Parameter
Material a1 a2 a3 a4 m11 m12 m22 x∼ y∼ z∼

I 0.843 0.065 0.028 0.234 0.901 −0.001 0.101 0.999 4.763 3.851
II 0.960 0.006 0.028 0.412 0.877 0 0.123 0.913 4.347 2.129

for numerical computation. These values ofg represent a
thin poroelastic cylindrical shell, moderately thick poroe-
lastic cylindrical shell, thick poroelastic cylindrical shell,
and poroelastic solid cylinder, respectively. The values
of δ lie in [0, 1]. The nondimensional phase velocityξ

is determined for different values ofδ and for fixed val-
ues ofg, each for a pervious and an impervious surface.
For poroelastic cylindrical shells immersed in an acous-
tic medium, the values ofm, m1, t, andt1 are taken as
m = m1 = 1.5 andt = t1 = 0.4.

To compute the cutoff frequencies of flexural vibra-
tions of poroelastic cylindrical shells immersed in an
acoustic medium, Eqs. (30) and (34) are nondimension-
alized using Eqs. (43) and (44). Equations (30) and (34)
constitute the relation between the nondimensional fre-
quencyΩ and the ratio of wall thickness to inner radius
h/r1. For a broad spectrum of values ofh/r1, the fre-
quencyΩ is computed for the considered poroelastic ma-
terials, I and II. To compute the phase velocity and the cut-
off frequency of flexural vibrations of poroelastic cylin-
drical shells immersed in an acoustic medium, the values
of t, t1, m, andm1 are taken ast = t1 = 0.4 andm = m1

= 1.5. The computed phase velocity and frequency are
presented in Figs. 1–5. Phase velocity as a function of
wavelength is presented in Figs. 1–4 for poroelastic cylin-
drical shells immersed in an acoustic medium. The cutoff
frequencies are presented in Fig. 5. The phase velocity
and frequency are computed for pervious and impervi-
ous surfaces and both the considered materials. Figure 1
shows the phase velocity of a thin poroelastic cylindrical
shell immersed in an acoustic medium. From Fig. 1, it is
seen that the phase velocity is the same for pervious and
impervious surfaces in 0≤ δ < 0.3 in case of material I.
Beyondδ = 0.3, in general, the phase velocity of an im-
pervious surface is higher than that of a pervious surface.
The phase velocity of pervious and impervious surfaces is
the same for a thin poroelastic cylindrical shell immersed
in an acoustic medium in case of material II. In general,
the phase velocity in the case of material II is higher than
that of material I for pervious and impervious surfaces.
Therefore, it can be said that the presence of mass cou-
pling parameter is reducing the phase velocity. Figure 2
shows the phase velocity of a moderately thick poroelas-
tic cylindrical shell immersed in an acoustic medium for
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the considered materials. From Fig. 2, it is clear that
the phase velocity of an impervious surface is higher than
that of a pervious surface in 0.5≤ δ < 0.8, otherwise
it is same as that of a pervious surface. Here again, the
phase velocity of a pervious and impervious surface is
the same in case of material II. When the wavelength is

large, i.e., 0≤ δ < 0.2, the phase velocity for material II
is less than that of material I; and for 0.85< δ < 1, the
phase velocity of material II is higher than that of material
I, both for pervious and impervious surfaces. An increase
of wall thickness has no significant effect on the phase ve-
locity of a pervious surface, while it increases the phase

Special Topics & Reviews in Porous Media — An International Journal



On Flexural Vibrations of Poroelastic Circular Cylindrical Shells 75

0

10

20

30

40

50

60

70

80

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Ratio of thickness to wavelength

Fig.4     Phase velocity as a function of wavelength

P
h

a
s
e
 v

e
lo

c
it

y

____________Pervious Surface

- - - - - - - - - -Impervious Surface

Material-I

Material-II

FIG. 4: Phase velocity as a function of wavelength (Mat-I, Mat-II, Solid Cylinder)

0

1

2

3

4

5

6

0.5 1.5 2.5 3.5 4.5 5.5

Ratio of thickness to inner radius

Fig.5     Frequency as a function of ratio of thickness to inner radius

C
u

t-
o

ff
 f

re
q

u
e

n
c

y

Material-II

Material-II

Material-I

Material-I

FIG. 5: Frequency as a function of ratio of thickness to inner radius(Mat-I, Mat-II)

velocity of an impervious surface for both the considered
materials. The phase velocity of thick poroelastic cylin-
drical shells immersed in an acoustic medium is presented
in Fig. 3 for both a pervious and an impervious surface
and the considered materials. It is seen from Fig. 3 that

the phase velocity, in general, is the same for pervious
and impervious surfaces for both the considered materi-
als. The phase velocity for material II is higher than that
of material I. Therefore, the presence of mass coupling
parameter is reducing the phase velocity in case of a thick
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poroelastic cylindrical shell. An increase of thickness has
no significant effect on the phase velocity of pervious and
impervious surfaces in case of the considered materials.

The phase velocity of a poroelastic solid cylinder for
both a pervious and an impervious surface for the con-
sidered materials is presented in Fig. 4. The phase ve-
locity of an impervious surface is less than that of a per-
vious surface in 0.5< δ < 0.75; otherwise, it is same
as that of a pervious surface in case of material I. The
phase velocity of pervious and impervious surfaces, in
general, is the same in case of material II. The phase ve-
locity of material I is higher than that of material II. Un-
like a poroelastic cylindrical shell, in case of a poroelastic
solid cylinder, the presence of mass coupling parameter is
increasing the phase velocity of pervious and impervious
surfaces. The phase velocity of a poroelastic solid cylin-
der in case of material I is higher than that of the phase
velocity of poroelastic cylindrical shells. The phase ve-
locity of a poroelastic solid cylinder in case of material II
is almost the same as that of the phase velocity of poroe-
lastic cylindrical shells. The frequency as a function of
ratio of thickness to inner radius is presented in Fig. 5
for both the considered materials for both a pervious and
an impervious surface. When the wall thickness is small,
the frequency of an impervious surface is higher than that
of a pervious surface in case of material I. For moder-
ately thick poroelastic cylindrical shells, the frequencyof
a pervious and impervious surface is the same. For thick
poroelastic cylindrical shells, the phase velocity of an im-
pervious surface is lower than that of a pervious surface.
With the increase of thickness, there is a small increase in
the frequency. The variation of frequency in case of ma-
terial II is similar to that of material I. Frequency in case
of material II for a pervious surface is higher than that
of the frequency in case of material I for thick poroelas-
tic cylindrical shells. With the increase of wall thickness
of a poroelastic cylindrical shell, there is no significant
increase in the frequency in case of material II for a per-
vious surface.

7. CONCLUDING REMARKS

The study of flexural vibrations in poroelastic cylindrical
shells immersed in an acoustic medium has led to follow-
ing conclusions.

1. The frequency equation of longitudinal shear vibra-
tions is independent of nature of surface and the
presence of fluid within and around the poroelastic
cylindrical shell.

2. In general, the phase velocity of an impervious sur-
face is higher than that of a pervious surface in case
of material I.

3. The phase velocity of a pervious and an impervious
surface is the same in case of material II.

4. There is no significant effect on the phase velocity of
a pervious surface with the increase of thickness for
the considered materials.

5. The phase velocity of a poroelastic solid cylinder in
case of material I is higher than that of material II for
both a pervious and an impervious surface.

6. The frequency of an impervious surface is lower than
that of a pervious surface for the considered materi-
als.
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APPENDIX

CoefficientsMij(r) andNij(r) appearing in Eqs. (12)–
(19) are

M11(r)=
{

[(Q+R)δ2
1−(A + Q)]k2+[(Q + R)δ2

1

− (P + Q)]α2
1

}

J1(α1r) +
2Nα1

r
J2(α1r)

M15(r) =
−2Nα3

r
J2(α3r)

M17(r) = 2Nikα3J1(α3r) −
4Nik

r
J2(α3r)

M19(r) = ω2ρifJ1(αifr), M1,10(r) = 0

M21(r) =
2Nα1

r
J2(α1r)

M25(r) = Nα2
3J1(α3r) −

2Nα3

r
J2(α3r)

M27(r) = Nikα3J1(α3r) −
4Nik

r
J2(α3r)

M29(r) = 0, M2, 10(r) = 0

M31(r) =
2Nik

r
J1(α1r) − 2Nikα1J2(α1r)

M35(r) =
Nik

r
J1(α3r)

M37(r) =
−Nα3

r
J1(α3r) + N(α2

3 − k2)J2(α3r)

M39(r) = 0, M3,10(r) = 0 (A.1)

M41(r)=(Rδ2
1−Q)(k2+α2

1)J1(α1r), M45(r)=0

M46(r)=0, M47(r)=0, M48(r)=0, M49(r) = 0

M4,10(r) = 0, M51(r) =
1

r
J1(α1r) − α1J2(α1r)

M55(r) =
1

r
J1(α3r), M57(r) = 2ikJ2(α3r)

M59(r)=
−1

r
J1(αifr)+αifJ2(αifr), M5,10(r)=0

M6j(r) = M1j(r), j = 1...8, M69(r) = 0

M6,10(r) = ω2ρofH
(1)
1 (αofr), M7j(r) = M2j(r)

j = 1...8, M79(r) = 0, M7,10(r) = 0

M8j(r) = M3j(r), j = 1...8, M89(r) = 0

M8,10(r) = 0, M9j(r) = M4j(r), j = 1...8

M99(r) = 0, M9,10(r) = 0, M10,j(r) = M5j(r)

j = 1...8, M10,9(r) = 0

M10,10(r) = −

1

r
H

(1)
1 (αofr) + αofH

(1)
2 (αofr)

N41(r) =
(Rδ2

1 − Q)(k2 + α2
1)

r
J1(α1r)

− α1(Rδ2
1 − Q)(k2 + α2

1)J2(α1r),

N45(r) = 0, N46(r) = 0, N47(r) = 0

N48(r) = 0, N49(r) = 0, N4,10(r) = 0

M12(r), M16(r), M18(r), M22(r), M26(r), M28(r),
M32(r), M36(r), M38(r), M42(r), M52(r), M56(r),
M58(r), M62(r), M66(r), M68(r), N42(r) are similar ex-
pressions asM11(r), M15(r), M17(r), M21(r), M25(r),
M27(r), M31(r), M35(r), M37(r), M41(r), M51(r),
M55(r), M57(r), M61(r), M65(r), M67(r), N41(r) with
J1, J2 replaced byY1 andY2, respectively.

M13(r), M23(r), M33(r), M43(r), M53(r), M63(r),
N43(r) are similar expressions asM11(r), M21(r),
M31(r), M41(r), M51(r), M61(r), N41(r) with α1,
δ1 replaced byα2, δ2 respectively,M14(r), M24(r),
M34(r), M44(r), M54(r), M64(r), N44(r) are similar ex-
pressions asM11(r), M21(r), M31(r), M41(r), M51(r),
M61(r), N41(r) with α1, δ1, J1, andJ2 replaced byα2,
δ2, Y1, andY2, respectively.

In Eq. (A.1),P = A + 2N and
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δ2
i =

1

(RK12 − QK22)
[(RK11 − QK12)

− V −2
i (PR − Q2)], (i = 1, 2)

K11 = ρ11 −
ib

ω
, K12 = ρ12 +

ib

ω

K22 = ρ22 −
ib

ω
(A.2)

The elementsPij appearing in Eq. (26) are defined as

P11(h)=
{

[(Q+R)δ2
1−(A+Q)]k2+[(Q+R)δ2

1

− (P + Q)]α2
1

}

J1(α1h) +
2Nα1

h
J2(α1h)

P12(h)=
{

[(Q+R)δ2
2−(A+Q)]k2+[(Q+R)δ2

2

− (P + Q)]α2
2

}

J1(α2h) +
2Nα2

h
J2(α2h)

P13(h) =
−2Nα3

h
J2(α3h)

P14(h) = 2Nikα3J1(α3h) −
4Nik

h
J2(α3h)

P15(h)=ω2ρofH
(1)
1 (αofh), P21(h)=

2Nα1

h
J2(α1h)

P22(h) =
2Nα2

h
J2(α2h)

P23(h) = Nα2
3J1(α3h) −

2Nα3

h
J2(α3h)

P24(h)=Nikα3J1(α3h)−
4Nik

h
J2(α3h), P25(h)=0

P31(h) =
2Nik

h
J1(α1h) − 2Nikα1J2(α1h)

P32(h) =
2Nik

h
J1(α2h) − 2Nikα2J2(α2h)

P33(h) =
Nik

h
J1(α3h)

P34(h) =
−Nα3

h
J1(α3h) + N(α2

3 − k2)J2(α3h)

P35(h)=0, P41(h)=(Rδ2
1−Q)(k2+α2

1)J1(α1h)

P42(h) = (Rδ2
2 − Q)(k2 + α2

2)J1(α2h)

P43(h) = 0, P44(h) = 0, P45(h) = 0

P51(h) =
1

h
J1(α1h) − α1J2(α1h)

P52(h) =
1

h
J1(α2h) − α2J2(α2h)

P53(h) =
1

h
J1(α3h), P54(h) = 2ikJ2(α3h)

P55(h) = −

1

h
H

(1)
1 (αofh) + αofH

(1)
2 (αofh) (A.3)

In Eq. (A.3),J1, J2 are Bessel functions of the first kind
of order one and two;H(1)

1 andH
(1)
2 are Hankel functions

of the first kind of order one and two, respectively.
The elementsQij appearing in Eq. (27) are defined as

Qij = Pij ; i = 1, 2, 3, 5, j = 1...5, and

Q41(h) =
(Rδ2

1 − Q)(k2 + α2
1)

h
J1(α1h)

− α1(Rδ2
1 − Q)(k2 + α2

1)J2(α1h)

Q42(h) =
(Rδ2

2 − Q)(k2 + α2
2)

h
J1(α2h)

− α2(Rδ2
1 − Q)(k2 + α2

2)J2(α2h)

Q43(h) = 0, Q44(h) = 0, Q45(h) = 0 (A.4)
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In his classic text, Giddings (1965) put in writing a “Rosetta Stone” for packed column permeability research, which

has gained little recognition since then. This lack of recognition is due partly to the complex nature of the subject

matter and partly to the context, which was purely chromatographic. In it, he established experimentally that the

value of his parameter φ′ pertaining to packed chromatographic columns was 300 for well-packed columns containing

narrow distributions of spherical nonporous glass beads. Unfortunately, however, even though engineers and chro-

matographers spend much of their energy dealing with the same subject matter—the flow of liquids through conduits

and packed beds—neither of these scientific disciplines recognized the relative importance of this contribution to the

understanding of the pressure-flow relationship in general, and packed beds in particular. In this paper, we explore

Giddings’ unique concept of mean fluid velocity through a cross section. As a result, when taken in conjunction

with his measured values for φ′, the inescapable conclusion is that the true value of the permeability coefficient in the

Kozeny-Blake equation is not Carman’s celebrated value of 180, but rather the much greater value of 267. Moreover,

we also demonstrate that although Giddings applied his conclusion concerning its value (which he expressed in 1991)

to all particle types, his bona fides was rooted in his measurements on the nonporous smooth spherical glass beads

reported in his 1965 textbook. Finally, in an elaboration of Giddings’ Table 5.3-1, we show that all his experimental

results, both for columns packed with porous particles and for columns packed with nonporous particles, support this

value.

KEY WORDS: darcy, permeability, fluid velocity, interstitial fraction, bed porosity, kozeny constant

1. INTRODUCTION

Darcy’s law of 1856 is a basic statement of the relation-
ship, at low flow velocities, between the pressure gradi-
ent and the fluid flow through columns packed with gran-
ular materials. In particular, it establishes that the re-
lationship is linear between pressure gradient and fluid
flux. Accordingly, on a plot of measured pressure differ-
ential against measured fluid flux, all data points fall on
a straight line. However, Darcy’s law gives no hint as to
how one could independently determine the slope of the
line. A great deal of effort has been put forth over the

past many decades to gain an understanding of what other
variables affect the slope of the line and in what particu-
lar arrangement said variables should be incorporated into
a definitive expression (Dullien, 1992; Churchill, 1988;
Whitaker, 1986; Sanchez-Palencia, 1980; Moura Neto
and Melo, 2001; Moura Neto et al., 1998). Not least
among the subjects of this investigation is the value of the
so-called constant of proportionality (Scheidegger, 1957).
In addition, some investigators have focused on the so-
called wall effect, because of the inability of rigid parti-
cles to “nest” against a column wall, on the one hand, and
the effect of fluid friction against the wall, on the other.

1091-028X/10/$35.00 Copyrightc© 2010 Begell House, Inc. 79
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NOMENCLATURE

Ai column cross section available for rc radius of capillary [cm]
solute/fluid diffusion [cm2] t0 time for elution of unretained solute [s]

A0 column cross section available for fluid Greek Symbols
convective flow [cm2] ε Giddings’ column external porosity

At column cross section available for fluid in his 1991 text
migration [cm2] ε0 current authors’ external column porosity

dc diameter of capillary [cm] εi current authors’ internal column porosity
∆P pressure drop along column (calculated) εt current authors’ total column porosity

[gcm−1s−2] Φ ratio of column external porosity to column
dp spherical particle diameter equivalent [cm] total porosity
dp/dz column pressure differential [gcm−1s−2] φ flow resistance parameter
K permeability coefficient in Darcy’s equation φ

′

Giddings’ modified flow resistance parameter
K0 Giddings’ Specific permeability coefficient inη fluid absolute viscosity [gcm−1s−1]

Darcy’s equation µc mean fluid velocity in a capillary [cms−1]
Kc Giddings’ nonspecific velocity correlation µi average fluid interstitial linear velocity [cms−1]

coefficient µs average fluid superficial linear velocity [cms−1]
L column length [cm] µt average mobile phase velocity [cms−1]
P0 empirical constant ν Giddings’ mean fluid velocity through a
Q volumetric fluid flow rate [cm3min−1] cross-section [cms−1]
q fluid flux in Darcy’s equation [cms−1] 〈ν〉 Giddings’ interstitial fluid velocity [cms−1]

(Coulson, 1935; Dugeon, 1966; Finnemore and Franzini,
2002; Giloaguen et al., 2001; Gupte, 1970; Happel and
Brenner, 1965).

2. THE TEACHING OF GIDDINGS

In his first textbook, Giddings (1965) develops his own
equation for the relationship between pressure gradient
and fluid flow in a packed column. Making reference to
the mathematical difficulties associated with the Navier-
Stokes equation, he begins the development of his equa-
tion where everyone else begins—with Darcy’s law and
permeability (p 205),

q = −K
dp

dz
(1)

where

q = fluid flux (fluid flow per unit cross section)

dp/dz = column differential pressure gradient

K = constant of proportionality

The negative sign in Eq. (1) indicates that fluid fluxq
and pressure gradient act in opposite directions. That is

to say, fluid moves from a location of high pressure to a
location of low pressure along the longitudinal axes of a
packed column. The differential form of Darcy’s equation
dp/dz is used because it also applies to gas chromatog-
raphy, in which case the fluid is compressible and the
pressure gradient changes along the length of the column.
The quantitydprepresents the infinitesimal change in col-
umn pressure for the corresponding infinitesimal change
in longitudinal column lengthdz. In the case of liquid
chromatography, however, when the fluid is a liquid and
consequently noncompressible (to a first approximation),
one may re-express Eq. (1) as

q =
K∆P

L
(2)

Giddings further modifies the constant of proportionality
K so that it is the more “specific” termK0 by incorporat-
ing the fluid viscosity as an equation variable. Thus, he
writes

q =
K0∆P

Lη
(3)

whereK0 = specific permeability coefficient

Special Topics & Reviews in Porous Media — An International Journal



Packed Column Permeability Data 81

2.1 Mean Fluid Velocity

Giddings’ concept of fluid velocity is rooted in his defi-
nition of column porosity introduced on page 198 of his
1965 textbook as “Porosity, by definition, is the fraction
of a total volume element occupied by all free space.” In
the case of a packed column, this definition of porosity
corresponds tototal column porosityεt not column exter-
nal porosityε0. Moreover, in a clarification found in his
footnote relating to the definition, Giddings suggests that
because one cannot distinguish between the free space
betweenthe particles and that containedwithin the par-
ticles, one cannot measurechromatographicallythe sep-
arate subsections of porosity in a chromatographic col-
umn filled with porous particles. Giddings therefore ex-
cluded the technique that has become known as inverse
size exclusion chromatography (ISEC). This is because
he did not accept that the technique provides an accept-
able differentiation between the fractional free spacein-
sideand the fractional free spaceoutsidethe particle frac-
tion within columns packed with porous particles. ISEC
is based on the use of a homologous series of unretained
solutes, some of which fully penetrate the pore network
of porous particles, some of which are partially excluded,
and some of which are fully excluded from the pore net-
work by virtue of their size in solution. Since unre-
tained solutes typically used by chromatographers fully
permeate the pore network, and these are the solutes
used to measure fluid velocity, this technique when com-
bined with measured flow rate and empty column volume
results in a measure of columntotal porosity, not col-
umn externalporosity. Giddings is teaching, therefore,
that one cannot measurechromatographicallythe external
porosity of a column packed with porous particles to any
acceptable degree of accuracy. Accordingly, in defining
the meaning of his fluid velocity termv as “mean fluid ve-
locity through a cross-section,” Giddings took a much dif-
ferent view from that embodied in the accepted definition
of theq term in Darcy’s equation. In its broadest interpre-
tation, Giddings’ definition includes both types of fluid
transport found to coexist within a packed granular col-
umn, namely, convective fluid transportbetweenthe par-
ticles and fluid transport by diffusionwithin the “blind”
pores of the particles. Blind pores are pores within the
particle that have only one fluid opening, i.e., they are
not through pores. Accordingly, Giddings realized that
the measured velocity of an unretained solute, which is
what a chromatographer measures, is the same as the mo-
bile phase velocity (Guiochon et al., 1994), and is equiv-
alent to the mean fluid velocity through a cross section of

anypacked column regardless of whether the particles are
porous or nonporous. Therefore, one may write Giddings’
mean fluid velocity through a cross section thusly

ν = µt (4)

whereν = Giddings mean fluid velocity through a cross
section.

He also recognized that the cross section of a packed
column that the unretained solute experiences varies de-
pending on whether the particles in the column are porous
or nonporous. Consequently, the use of mobile phase ve-
locity is not straightforwardfrom a permeability point of
view because it does not differentiate between convec-
tive and diffusive mass transfer. This is a problem with
columns packed with porous particles because fluid mo-
tion due to diffusion does not contribute to friction and
must be ignored in considerations of column permeabil-
ity.

Thus, on the one hand, when the particles are porous,
an unretained solute dissolved in the fluid that percolates
through the interstices of the particles, experiences a col-
umn cross section that corresponds to that fraction of the
empty column cross section available for fluid “migra-
tion” by either of the two mechanisms of mass transfer
mentioned. This cross section has a component both in-
ternal and external to the particle fraction. Additionally,
an unretained solute will experience this cross section
even though fluid equilibrium exists inside and outside the
particles because intraparticle diffusion is driven by solute
concentration, not fluid composition. This is an important
consideration because it is customary to take permeability
measurements under conditions of fluid equilibrium in or-
der to take advantage of a constant fluid viscosity value.
This column cross section is represented by the product
of the total column porosity and the empty column cross
section. Accordingly, the column cross section available
for fluid migration is:

At = εtA (5)

where

At = cross section available for fluid migration in

columns packed with porous particles

A = cross section of the corresponding empty

column

On the other hand, when the particles are nonporous,
the only mass transfer mechanism present is that due to
the “flow” of fluid between the particles. Accordingly,
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in recognition of the common meaning usually attached
to the term flow, which has the connotation of convective
transport, that fraction of the empty column cross section
available for fluid flow is the appropriate cross section
applicable to Giddings’ definition of mean fluid velocity,
when the unretained solute velocity doesnot contain any
component due to diffusion. This cross section has only
a component external to the particle fraction and is repre-
sented by the product of the external column porosity and
the empty column cross section,

A0 = ε0A (6)

whereA0 = cross section available for fluid convective
flow.

In columns packed with porous particles, the differ-
ence between the column cross section available for fluid
migration and fluid convective flow is the cross section
available for solute-fluid diffusion. One can therefore
write

Ai = At − A0 = (εt − ε0)A = εiA (7)

whereAi = cross section available for unretained solute
diffusion in a column packed with porous particles.

Because Giddings’ definition of mean fluid velocity
depends on the specific set of circumstances under which
the unretained solute finds itself, i.e., either in a col-
umn packed with porous particles or in a column packed
with nonporous particles, his teaching may be stated as
twofold:

1. Columns packed with porous particles,

ν =
Q

At

=
Q

Aεt

= µt =
L

t0
(8)

2. Columns packed with nonporous particles,

ν =
Q

A0

=
Q

Aε0

= µt = µi =
L

t0
(9)

Chromatography is athermodynamicallydriven pro-
cess, whereas ordinary flow through porous media is ahy-
drodynamicallydriven process. This distinction results in
the use of different velocity frames, some of which over-
lap and some of which do not. Engineers often measure
volumetric fluid flow rate and calculate bulk velocity (also
known as superficial velocity) from the column cross-
sectional area. Chromatographers typically inject trac-
ers into packed columns to measure the rate of change in
longitudinal distance using the elution time of the tracer.

For columns packed with nonporous particles, both these
methodologies produce the same result for fluid velocity,
whether chromatographers express it as mobile phase ve-
locity or interstitial velocity. This is because there are
no pores within the particles to influence the elution time
of an injected solute. Thus, the time it takes for an unre-
tained solute to traverse the length of the column is a func-
tion of the total porosity of the columnεt, which in this
case (i.e., nonporous particles) happens to be the same as
the external porosityε0 of the column.

For columns packed with porous particles, on the other
hand, these methodologies donotproduce the same result
for fluid velocity because the chromatographers’ experi-
mental technique of determiningt0 is influenced by solute
diffusion in the pores of the particles. Giddings recog-
nized that chromatographers are focused ontotal column
porosity rather thanexternalcolumn porosity because the
former is a more usefulthermodynamicproperty to know
than the latter. On the other hand, he realized that in
columns packed with porous particles, the mobile phase
velocity is notdirectly related to pressure drop. Accord-
ingly, he developed a framework by which chromatogra-
phers can use their porous particles in combination with
measured mobile phase velocity to, in a sense, “back-
calculate” for the external porosity of the column, which
is a necessaryindependent variablein the pressure-flow
relationship in a granular bed. To do this, however, he
needed a compensation factor to (i)discountthe contri-
bution of molecular diffusion in measurements of mobile
phase velocity and (ii) establish a methodology by which
chromatographers’ measurements of total column poros-
ity εt could be used in permeability determinations, all in
columns packed with porous particles.

2.2 Giddings use of the Term Φ

In order to enable chromatographers to use their mobile
phase velocity measurements for columns packed with
porous particles in determinations of column permeabil-
ity, Giddings combines the use of total column porosity
εt with a new termΦ borrowed from thermodynamic the-
ory, which he says stands for the ratio of the free space
fraction between the particles to the total free space frac-
tion in the column, i.e., the ratio of a fraction to a fraction.
Thus,

Φ =
ε0

εt

(10)

By combining the termΦ with measured values for the
mobile phase velocity, Giddings avoids the necessity of
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having to measure the external column porosity in a col-
umn packed with porous particles. We can show this as
follows:

µt

Φ
=

µtεt

ε0

= µi =
µs

ε0

(11)

Accordingly, since Giddings used only “well-packed”
columns in his experiments and since he had established
using nonporous particles in which there is no uncer-
tainty in the measurement of column external porosity,
that well-packed columns have an external porosity of ap-
proximately 0.4, Giddings’ methodology relies on anin-
ferred valuefor ε0. This is a necessary step in the pro-
cess of getting from a measured mobile phase velocity
to a “measured” superficial velocity in columns packed
with porous particles. This process relies, of course, on
the fact that Giddings was (i) relying on his in-house
column packing expertise to produce consistently well-
packed columns with both porous and nonporous particles
and (ii) comparing his measured pressure drop and total
column porosity values for columns packed with porous
and nonporous particles and “back-calculating” for the
value of hisΦ parameter.

Giddings goes on to say that for porous particles used
in gas-liquid chromatography, the value of total column
porosity is about 0.8, i.e.,εt = 0.8. He further points
out that since the external porosity of a well-packed chro-
matographic column has aε0 ∼ 0.4, this means that for
gas chromatographic support particles, the value ofΦ ∼
0.5, i.e. (0.4)/(0.8).

Since in liquid chromatographic columns filled with
nonporous particles, the external porosity is the same as
the total porosity, i.e.,ε0 = εt and thenΦ = 1. Thus,
if the measured value forεt is 0.4 in a well-packed col-
umn, thenε0 is also 0.4. Additionally, if in a well-packed
liquid chromatographic column filled with porous parti-
cles the measured value forεt is 0.6 and by comparison
to the value for a well-packed column when the particles
are nonporousε0 = 0.4, thenΦ = .4/.6 =.667. This means
that the total porosity is distributed 2/3 in the interparticle
space and 1/3 in the intraparticle space.

2.3 The Particle Size Term

There is no provision in Darcy’s law per se to incorporate
the concept of particle size. Therefore, one has to adopt
some hypothetical framework to accommodate this term.
This is done by Giddings via the adaptation of a model
based on flow through a capillary. Accordingly, he starts
with Poseuille’s equation for flow in a capillary, which is

Q =
πd4

c

128
η

[

−dp

dz

]

(12)

wheredc = diameter of capillary.
As before, one can eliminate the negative sign by sub-

stituting∆P /L for [-dp/dz]. This gives

Q =
∆Pπd4

c

128Lη
(13)

Substituting the radius for diameter and rearranging gives

Q =
∆Pr2

c
πr2

c

8Lη
(14)

whererc = radius of capillary.
Switching the fluid flow term from volumetric flow

rate to fluid velocity, one may write

µc =
∆Pr2c
8Lη

(15)

where

µc =
Q

πr2
c

(16)

which is the mean fluid velocity in a capillary.
Thus, in general terms, one can represent the relation-

ship between mean fluid velocity and pressure gradient
expressed in Eq. (15) as

µc =
Kc∆Pr2

c

Lη
(17)

whereKc = Giddings’ implicit permeability coefficient
appropriately chosen to correspond to the meaning ofµc.

Giddings now makes the transition from the capillary
model to the packed bed. He accomplishes this byin-
tuitively maintaining the same general relationship be-
tween mean flow velocity and the other variables. In other
words, he makes like substitutions on both sides of the
equality sign, and incorporates anexperimentally verified
permeability coefficient, thus maintaining the validity of
the equality. Accordingly, (i) he replaces theµc term with
an equivalent velocity termµt and (ii) he replaces ther2

c

term with a dimensionally equivalent termd2
p, and (iii)

he replaces the implicit permeability coefficientKc with
the dimensionless parameterφ′, which is a modified form
of a termφ known in the chromatographic literature as
the “flow resistance parameter.” This is a term that re-
latesmeasuredpressure gradient andmobile phase veloc-
ity to other measurable column parameters. In so doing,
he equates the termKc to the reciprocal of 2φ′ (i.e.,Kc

= 1/2φ′).
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Thus, substituting forµc, rc, andKc, gives

µc =
∆Pd2

p

2φ′Lη
(18)

whereφ′ = Giddings’ modified flow resistance parameter.
The numerical value of 2 that appears in the denom-

inator of Eq. (18) would appear to be redundant. It
adds nothing to the concept of the flow resistance parame-
ter, which is a recognizable parameter to practicing chro-
matographers. However, Giddings had an ulterior motive
for putting it in, as shall be demonstrated below.

3. IDENTIFYING THE VALUE FOR P0

3.1 Nonporous Particles

Giddings states that the value ofφ′ has been determined
experimentally in his laboratory to be 300 for nonporous
particles (see p. 207 in Giddings,1965).

Therefore, substituting forφ′ in Eq. (18) gives

µt =
∆Pd2

p

600Lη
(19)

Substituting forµt = µi = µs/ε0 and rearranging gives

∆P

L
=

600µsη

ε0d2
p

(20)

Now one can relate Eq. (20) to the general form of the
Kozeny-Blake equation and solve for the value of P0.

Eliminating terms common to both equations gives

P0 =
600ε2

0

(1 − ε0)2
(21)

Substituting Giddings’ typical value of 0.4 forε0 in well-
packed columns gives

P0 = 267

His statement in his later textbook corroborates the as-
sumption that Giddings’ columns contained an external
porosity of 0.4 (Giddings, 1991). If a value of 270 is used
for P0 in the above Eq. (21), we get a value of 0.4015
for ε0, which is within Giddings’ specified range forε0 =
.40± 0.03 for a well-packed column (p. 199 in Giddings,
1965).

3.2 Porous Particles

Discounting the contribution of diffusion by combining
the mobile phase velocity with Giddings’ parameterΦ,
one may re-express Eq. (19) as

µt

Φ
=

∆Pd2
p

600Lη
(22)

Substituting forµt/Φ = µi = µs/ε0 and rearranging re-
sults once again in Eq. (19). Accordingly, by substituting
the value of 0.4 forε0, it follows that the value forP0 is
267.

4. AN ELABORATION OF GIDDINGS’
TABLE 5.3-1 RANGE OF φ′ VALUES

Table 1 herein contains an extrapolation of the data in
Giddings’ Table 5.3-1. It illustrates his methodology of
arriving at his rounded value of 270 forP0 and is based
on his suggestion that “. . . the mostpractical approach
to the study of pressure drop-particle size-flow relation-
ships in granular-bed chromatography is through the use
of equations (5.3-7) and (5.3-8)” (p. 209), both of which
are based on the factorΦ. It is obvious from the table,
then, that Giddings carried the customary assumptions for
typical columns packed with both porous and nonporous
particles. The first two rows of the table contain these
details. The third and fourth rows of the table represent
Giddings’ range of measurements ofφ′ values for the
columns that contain the nonporous glass beads. Note
that the range of hisφ′ values demonstrates that while
they were allcloseto having an external porosity of 0.4,
his assumption for a typical column, neither one hadex-
actly a value of 0.4. Alumina and ChromaSorb, on the
other hand, are both porous materials. Their measured
φ′ values are contained in the remaining rows of the ta-
ble. In the case of these porous particles, Giddings used
a combination of his measured values for column total
porosityεt, taken in columns packed with the porous par-
ticles themselves, and his measured values for external
porosityε0 (which is the same asεt), taken in columns
packed with his nonporous glass beads, to compute hisΦ
parameter. Giddings’ comment that “ It was necessary to
approximateΦ (inter-particle fraction of void) as 0.5 to
calculateφ′ for alumina and Chromasorb” simply indi-
cates that these materials have a higher specific pore vol-
ume than typically assumed for porous particles. In Ta-
ble 1, this process is captured by demonstrating that when
the values forφ′, ε0, andεt are input into the Giddings’
equation in combination with the dependent variableΦ,
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TABLE: 1 Elaboration of Giddings’ Table 5.3-1 range ofφ′ values

Particle Description φ′ = φΦ/2 2φ ε0 (1 − ε0)
2 εt Φ φ = 2φ′/Φ P0φ=ε3

0

/((1−ε0)
2εt)

Giddings’ typical non-
porous column

300 600 0.40 0.36 0.40 1.00 600 267

Giddings typical porous
column

300 600 0.40 0.36 0.60 0.67 900 267

50/60 mesh glass beads 250 500 0.42 0.33 0.42 1.00 502 267
50/60 mesh glass beads 280 560 0.41 0.35 0.41 1.00 562 267
3O/40 mesh alumina 300 600 0.40 0.36 0.80 0.50 1,204 267
50/60 mesh alumina 260 520 0.42 0.34 0.84 0.50 1,043 267
60/80 mesh chromasorb
W (5% DNP)

350 700 0.38 0.38 0.77 0.50 1,404 267

60/80 mesh chromasorb
W (20% DNP)

330 660 0.39 0.37 0.79 0.50 1.333 267

the back-calculated value forP0 is 267 (approximately
270).

5. GIDDINGS’ ATTEMPT TO RECONCILE WITH
CARMAN

In recognition of the fact that Giddings could not rely on
any theoretically derived value for the permeability coef-
ficient between pressure gradient and fluid velocity (be-
cause none had been developed in 1965 and, incidentally,
none has yet been published), he had to fall back on the
only empirically determined value available to him at that
time. This was Carman’s rework of the Kozeny-Blake
equation, in which Carman allegedly validated a value
of 180 for the correlation coefficient. Accordingly, he
gives the following preamble to his inclusion of the mul-
tiplier of 2 in Eq. (37): “Many investigators, starting with
Slichter, have obtained expressions for the dependence of
permeability on porosity. By far, the best-known expres-
sion is the Kozeny-Carman equation, although its content
was largely anticipated by Blake (1921). These approxi-
mate equations can be derived from capillary models us-
ing an empirical parameter. The derivation will not be
repeated here since it is discussed in the standard ref-
erences (e.g., Carman, 1937; Scheidegger, 1957). The
Kozeny-Carman equation gives the specific permeability
asKo = d2

pf
3
0
/[180(1 − f0)

2] [Eq. (5.3-10) in Giddings
text]. The parameterφ′, related toK0 in Eq. (5.3-9) (in
Giddings text), is thus found to beφ′ = [90(1− f0)

2]/f2
0

[Eq. (5.3-11) in Giddings text] and is thus a function only
of the interparticle porosityf ′′

0 .”

The “empirical parameter,” which Giddings was refer-
ring to in the model for capillary flow, is obviously Car-
man’s coefficient of 180; hence; his need to add the multi-
ple of 2 to align his development with that of Carman. Ac-
cordingly, he defines his implicit correlation coefficient
thusly

Kc =
1

2φ′
(23)

where 2 = Giddings’ reconciliation factor for Carman’s
value of 180.

By 1991, however, even though there still was no ex-
tant theoretical derivation of the value ofP0, Giddings
had apparently concluded that he wanted to abandon his
attempt to align his experimental results with Carman’s
value of 180. Accordingly, he discarded in his new text
(Giddings, 1991) his use of the modified flow resistance
parameterφ′ and his correction factor of 2. As we
noted above, the new form of his equation simply used
the classic flow resistance parameter without modifica-
tion, which he stated was found empirically to range from
500 to 1000, depending on columnand particle poros-
ity, i.e., twice the value that he had used in 1965 for his
corrected, modified flow resistance parameter. And, of
course, he finally stated forthrightly that the value ofP0

in the Kozeny-Carman equation is really 270.

6. CONCLUSIONS

Giddings anchors his methodology for assessing the per-
meability of columns packed with granular particles on
the measured and velocity and the classical definition
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of porosity. In addition, it is based on the concept that
the pressure gradient and column porosity measurements
are taken simultaneously, which necessitates that they are
taken in the same fluid and thus insuring that both are
self-calibrating. Moreover, it is based on the use of to-
tal column porosity in conjunction with known values for
Φ instead of column external porosity. This is Giddings’
method of engineering around the difficulty of differenti-
ating between the free space between the particles and the
free space within the particle fraction of a column packed
with porous particles. Accordingly, when compared to
the general format of the Kozeny-Blake equation, and,
in particular, accepting the validity of the porosity de-
pendence term therein, Giddings’ empirical equation val-
idates a value of 267 for the permeability coefficientP0.
This is an important conclusion because it removes any
doubt concerning the slope of a line achieved when fluid
velocity is plotted against pressure gradient in a packed
column containing either porous or nonporous particles
and, therefore, is of utmost importance to the practic-
ing engineer or chromatographer. Furthermore, Giddings’
theoretical framework of relating the flow of fluid in a
capillary to the flow of fluid in a packed column is an ele-
gant enhancement to the work of Darcy (1856). Indeed, it
is an appropriate companion to the ingeniously conceived
experiments of the latter and the simple elegance of his
sand-filled pipes.
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