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AIMS & SCOPE

Biomedical engineering has been characterized as the application of concepts drawn from
engineering, computing, communications, mathematics, and the physical sciences to scientific and
applied problems in the field of medicine and biology. Concepts and methodologies in biomedical
engineering extend throughout the medical and biological sciences. This journal attempts to critically
review a wide range of research and applied activities in the field. More often than not, topics chosen
for inclusion are concerned with research and practice issues of current interest. Experts writing each
review bring together current knowledge and historical information that has led to the current state-
of-the-art.

Each issue contains one or more critical reviews of specified topics representing applied, clinical
and basic science areas. Most articles contain in-depth appraisals of the current state-of-the-art in a
specific area of research or practice and provide complete and up-to-date bibliographies. Each review
attempts to be nearly exhaustive in a constrained area rather than broad and overarching. The critical
evaluations of current research and development issues include interpretive discussions of major
problems. From time to time, a series of articles in a related topic area are published in order to give
comprehensive coverage. Collaborative works generated by multiple authors are frequently used to
provide in-depth coverage from multiple viewpoints. Each article is reviewed by one or more
independent experts in the field.

The editor invites comments and suggestions about the contents of the reviews.

Markad V. Kamath
Editor-in-Chief
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Responding to Change: Thermo- and Photo-
responsive Polymers as Unique Biomaterials
Laura A. Wells,1 Frances Lasowski,2 Scott D. Fitzpatrick,2 & Heather Sheardown1,2*
1 Department of Chemical Engineering and 2School of Biomedical Engineering, McMaster University, Hamilton, Ontario, 
Canada

* Address all correspondence to Heather Sheardown, Department of Chemical Engineering, John Hodgins Engineering Building,. 1280 Main St. W, 
Room. 374, Hamilton, Ontario L8S 4L7; Tel.: 905-525-9140 ext: 24794; Fax: 905-521-1350; sheardow@mcmaster.ca.

ABSTRACT: Responsive polymer systems that react to thermal and light stimuli have been a focus in the biomateri-
als literature because they have the potential to be less invasive than currently available materials and may perform 
well in the in vivo environment. Natural and synthetic polymer systems created to exhibit a temperature-sensitive 
phase transition lead to in situ forming hydrogels that can be degradable or non-degradable. These systems typically 
yield physical gels whose properties can be manipulated to accommodate specific applications while requiring no 
additional solvents or cross-linkers. Photo-responsive isomerization, dimerization, degradation, and triggered pro-
cesses that are reversible and irreversible may be used to create unique gel, micelle, liposome, and surface-modified 
polymer systems. Unique wavelengths induce photo-chemical reactions of polymer-bound chromophores to alter the 
bulk properties of polymer systems. The properties of both thermo- and photo-responsive polymer systems may be 
taken advantage of to control drug delivery, protein binding, and tissue scaffold architectures. Systems that respond 
to both thermo- and photo-stimuli will also be discussed because their multi-responsive properties hold the potential 
to create unique biomaterials.

KEY WORDS: stimuli responsive; intelligent materials; thermo-responsive; light responsive; drug delivery

ABBREVIATIONS 

polyNIPAAm, poly(N-isopropylacrylamide); LCST, lower critical solution temperature; PEG, poly(ethylene 
glycol); GP, glycerol phosphate; FGF-2, fibroblast growth factor; PLGA, poly(D,L-lactic acid-co-glycolic 
acid); PCL, polycaprolactone; HPMC, hydroxypropyl methylcellulose 

INTRODUCTIONI. 

With the emergence of novel drug therapies, there 
has been significant emphasis in recent years on the 
development of adequate delivery strategies to har-
ness the full therapeutic potential of these new phar-
maceuticals. Traditional drug-delivery approaches 
result in an initial spike in drug concentration fol-
lowed by a steady decline to ineffective levels requir-
ing repeat administration.1 Commercially available 
controlled-release devices offer several advantages: 
they maintain drug concentrations within the desired 
therapeutic window for prolonged periods of time, 
stabilize drugs from being degraded by the body, 
and improve patient compliance.1 However, many 
of these polymer-based controlled-release biomate-
rials are designed to passively deliver drugs in a pre-
programmed, unalterable fashion and are unable to 

adapt to environmental cues. Therefore, stimuli-re-
sponsive polymers, also referred to as “intelligent,” 
“smart,” or “environmentally responsive” materials, 
have gained considerable interest for biomedical ap-
plications in recent years, particularly in the field of 
drug delivery. This is attributed to their potential to 
less invasively provide localized, sustained release 
of pharmaceutical agents that can respond to inter-
nal stimuli in their in vivo environment or to applied 
external stimuli, as summarized in Table 1.

Stimuli-responsive materials undergo rapid, re-
versible property transformations in direct response 
to an environmental stimulus. Such property altera-
tions can include changes in conformation, solubil-
ity, and optical properties, as well as alterations of 
the hydrophilic or hydrophobic balance and surface 
responses.2 These environmentally mediated prop-
erty changes can be utilized to control the biological 
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response of the materials in order to influence drug 
release rates, degradation kinetics, surface interac-
tions, material conformation, and a variety of other 
responses.2 

Internal stimuli are changes that occur naturally 
in vivo. For example, the pH of various tissues and 
intracellular compartments varies from 5.0 in intrac-
ellular lysozomes to 7.45 in blood.2 In some cancers, 
tumor pH can decrease to 6.51 or certain enzymes may 
be present that may cleave polymer bonds that can be 
used as stimuli for targeted delivery.3 If materials are 
injected into tissue, the temperature change to 37ºC 
may also be a stimulus to cause in situ gelation.1 

Biomaterials that respond to internal stimuli can 
also potentially be designed to respond to disease and 
to natural biological rhythms.4 External stimuli are 
those that can be applied from an exogenous source 
to control biomaterial properties and drug delivery. 
Light, for example, may be particularly suited to the 
eye, where it may penetrate to reach the tissue of in-
terest.5 Magnetic, electrical, and ultrasound stimuli 
may be applied to induce changes in target tissues to 
minimize systemic effects.6 Temperature may also 
be externally introduced and has been investigated 
by cycling patients through a hypothermic state.3 
External stimuli are frequently referred to as pul-
satile systems because the stimuli are present in a 
discontinuous state.

Because temperature and light are both mini-
mally invasive stimuli that have been extensively ex-
amined for the creation of unique polymer materials 
for use in a number of biomedical applications, the 

remainder of this review will focus on thermo- and 
photo-responsive biomaterials. Photo-responsive 
polymers in particular have been reviewed less fre-
quently, and the combination of thermo- and photo-
sensitive polymers presents unique opportunities 
for development. First, thermo-responsive polymers 
will be briefly explored, followed by a more ex-
tensive review of photo-responsive polymers, and 
finally a review of thermo- and photo-responsive 
combination polymers.

THERMO-SENSITIVE MATERIALSII. 

Recently, injectable, in situ forming polymers have 
been investigated as a method with which to improve 
drug and cell delivery.7 These materials are attrac-
tive because the injectable fluid can be introduced 
into the body in a minimally invasive manner prior 
to gelling, and therefore surgical procedures are not 
required for placement.8 In situ forming systems 
may also be useful for the treatment of conditions 
that are not easily accessible. These materials have 
the potential to reduce surgical side effects and in-
crease patient compliance,9 thereby improving clini-
cal outcomes. The in situ gelling systems examined 
in this report consist of polymer solutions that can 
be prepared at room temperature and subsequently 
transition from a soluble liquid to an insoluble gel 
following injection in response to the increased tem-
perature. We discuss current thermo-sensitive mate-
rials being explored and their potential clinical uses 
in the fields of drug delivery and tissue engineering. 
These examples will illustrate the potential of tem-
perature-sensitive, injectable materials as improved 
drug- and cell-delivery systems.

The ideal injectable material for biomedical ap-
plications is a stable, low-viscosity solution prior 
to administration to ensure injectability through a 
small needle for patient comfort.10 It should have a 
subphysiological gel-transition temperature and its 
gelling kinetics need to be rapid enough to ensure 
entrapment of the therapeutic agent at the target or 
injection site.7 Slow-gelling kinetics would allow a 
large initial burst release of the payload, resulting 
in potential off-target complications and a decreased 
concentration of the therapeutic agent at the site of 
interest. Therefore, gelation of the intelligent scaf-

TABLE 1. Internal and External Stimuli 
Responses That May Be Introduced into Polymer 
Biomaterials Systems
Stimulus Mechanism
Temperature Internal/external
Light External
pH Internal
Ionic Internal
Enzyme Internal
Magnetic External
Electrical External
Ultrasound External
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fold should occur almost instantly upon contacting 
its stimulus. The material must be compatible with 
the injection environment10 and it should also dem-
onstrate a sustained, controlled drug-release profile 
with the ability to add therapeutic agents through 
simple mixing.9 For cell-delivery applications, the 
material should demonstrate adequate cellular com-
patibility, particularly the ability to maintain cell 
adhesion, mimicking the natural extracellular ma-
trix.7 Fulfillment of these requirements allows the 
material to be used effectively and with ease, which 
is crucial for clinical implementation and for long-
term market success.

An important distinction between polymer types 
discussed herein involves the long-term stability of the 
polymer. Currently, both degradable and non-degrad-
able systems exist. While there are serious limitations 
on systems that use non-degradable materials, which 
have limited biomedical applications, polymers of both 
classes are described in the following section.

Non-Degradable Thermosensitive Hy-A. 
drogels

Poly(N-isopropylacrylamide)1. 

One of the most widely studied thermo-responsive 
polymers is non-degradable poly(N-isopropylacryl-
amide) (polyNIPAAm), as shown in Figure 1a. 
PolyNIPAAm has a lower critical solution tempera-
ture (LCST) of 32ºC in aqueous conditions, which 
makes it attractive for biomedical applications.7 The 
LCST can also be elevated or reduced to a desired 
value by incorporating hydrophilic or hydrophobic 
co-monomers, respectively.11 Because these co-
polymers can be altered to suit the needs of a spe-
cific system, the incorporated monomers can also be 
used to fine-tune additional properties of the mate-
rial, such as drug-release kinetics, mechanical prop-
erties, microstructure, or cellular adhesion.

For example, co-polymerizing polyNIPAAm 
with acrylic acid results in a polymer that, unlike 
other hydrogels, does not swell,12 which could be 
an exploitable property when incorporating a co-
polymer system into the body. Since gelation of this 
polymer is reversible, this can be advantageous for 
systems that require replacement, such as the islets 

in the pancreas.13 In the pancreas, the cells and 
polymer can be injected together, but the cells are 
immobilized upon gelation; when the cells need to 
be replaced, the gel can be cooled and the polymer/
cell solution can be removed.13 Using the same co-
polymer, glucagon-like peptide-1 was also added to 
the cell/polymer solution to stimulate the islet cells 
and increase oxygen amounts, which was shown to 
increase insulin secretions compared to cell delivery 
without therapeutic agents.14,15 This suggests that 
co-polymers are able to perform multiple functions 
to better improve therapeutic strategies, such as si-
multaneous cell and drug delivery. 

The polyNIPAAm-acrylic acid co-polymer has 
also been shown to deliver cells and drugs simulta-
neously, such as chondrocytes and multiple chondro-
genic factors.16 This shows promise in cartilage tissue 
engineering because these cells are able to differenti-
ate correctly and display well-organized chondrogen-
esis. Furthermore, when used exclusively for drug 
delivery, the polyNIPAAm-acrylic acid co-polymer 
can be combined with poly(ethyl acrylate) as an inter-
penetrating polymer network to yield an amphiphilic 
gel that displays pH-induced thermosensitivity at 
physiological temperatures17; this network slows the 
release of hydrophobic drugs such as daizein, and 
lacks the burst effect typical of polyNIPAAm. How-
ever, the development of polyNIPAAm in biomedical 
applications may be hindered by the potential toxicity 
of the NIPAAM monomer,18 as well as by the non-
degradable nature of the polymer.

Poloxamer2. 

Another non-degradable system utilizes poloxamer 
polymers, which also exist under the proprietary 
name Pluronic®.14 These polymers are typically 
triblock, as shown in Figure 1b, and are composed 
of poly(ethylene oxide) and poly(propylene oxide). 
Poloxamer 407, a viscous liquid at room tempera-
ture that becomes a semisolid transparent gel at 
body temperature, is of particular interest because 
it appears to be nontoxic.14 This poloxamer has been 
explored as a drug-delivery device for short-term 
therapies such as pain management,19 because its 
release profile does not last more than a few days. 
However, while low polymer amounts do not alter 
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serum lipids, higher doses have been shown to in-
duce hyperlipidemia in rabbits,20 which makes the 
polymer less suitable for repeated dosing, limiting 
its potential clinical applications. Further, these gels 
show weak mechanical strength and rapid surface 
erosion.7,10,14 Using degradable linkages such as 
carbonate, ester, and disulfide or urea bonds, some 
degradability can be achieved,21 and this can be sub-
sequently tuned by adjusting the length and compo-
sition of degradable moieties such as oligo(ester)s, 
which are inserted into the backbone of the polox-
amer polymer.10,21 Poloxamer solutions have already 
been administered subcutaneously for the slow re-
lease of interleukin-2, urease, and human growth 
hormone,22 and their use could extend to other pep-
tides and therapeutic hormones.

Degradable Thermosensitive HydrogelsB. 

Given the limitations of non-degradable hydrogels, 
much interest has recently focused on the creation 
of degradable, thermo-sensitive hydrogels. Of par-
ticular interest are polysaccharides such as chitosan, 
poly(ethylene glycol) (PEG) block co-polymers, 
and elastin-related pentapeptides.

Polysaccharides1. 

Cellulose Derivatives a. 

While most natural polymer solutions form a gel 
phase when their temperature is lowered, a few 
polysaccharides display the opposite behavior.14 

FIGURE 1. Chemical formula of thermoresponsive poly-NIPAAm (a), poloxamer (PEO-PPO-PEO) (b), and 
chitosan (c).
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Methylcellulose solutions undergo a phase transi-
tion between 40ºC and 50ºC, although this can be 
lowered through chemical modification.23 Unfortu-
nately, the non-ideal low viscosity of this polymer 
can only be overcome through the addition of sur-
factant,24 which could pose toxicological problems 
and may therefore limit clinical development. How-
ever, this material has recently had some success as 
a neural scaffold, because its low protein adsorption 
and cell adhesion properties are effective for laminin 
tethering.25 Methylcellulose has also been combined 
with hyaluronan to create an injectable hydrogel for 
the release of neuroprotective and neuroregenera-
tive drugs for 28 days, which is now being further 
explored in rat models.26 Metolose®, a non-ionic, 
water-soluble cellulose ether, has been examined as 
a transdermal drug-delivery system. In this system, 
the transition temperature can be modulated with 
different salts and salt concentrations, which allows 
for a drug release that is highly dependent on the 
temperature change.27 

Xyloglucanb. 

Xyloglucan is a polysaccharide derived from the 
tamarind seed that can form a thermo-responsive 
gel in water under certain conditions,14 particularly 
by the enzymatic removal of galactose.28 Tamarind 
seed xyloglucan has three units of xyloglucan oli-
gomers, and when it is partially degraded by beta-
galactosidase, it exhibits thermally reversible gela-
tion in dilute aqueous solutions.14 These gels have 
been examined for rectal,29 intraperitoneal,30 ocular,31 
and percutaneous32 delivery systems, often showing 
increased bioavailability and broader concentration 
profiles of the drugs examined. Specifically, the sus-
tained release of mitomycin C, administered into the 
peritoneal cavity, and indomethacin, administered 
rectally, have both shown broader concentration-
time profiles and longer residence times with the use 
of xyloglucan gels.28 

Chitosanc. 

Chitosan, the structure of which is shown in Fig-
ure 1c, has been shown to be a promising material 
for controlled drug delivery33 and as a cell scaf-

fold.34,35 Obtained through the alkaline deacetyla-
tion of chitin, chitosan is nontoxic, degradable, and 
biocompatible for many regions in the body.33 The 
most promising results to date stem from the tech-
nique of graft co-polymerization onto a chitosan 
backbone, allowing the introduction of functional 
properties through side chain addition.33 Chitosan-
beta-glycerol phosphate (chitosan-GP) is a typical 
chitosan used for potential biomedical applications 
because it has been shown to be biocompatible and 
has the potential to stimulate mesenchymal stem cell 
proliferation at certain concentrations.35 Recently, it 
was shown that the incorporation of quaternized chi-
tosan, when given in an optimum formulation, can 
result in 3-minute gel formation at 37ºC.36 Also, chi-
tosan, while usually present in an acidic formulation 
of approximately pH 6.2,37 has been shown to pos-
sess temperature-sensitive transition at a neutral pH 
with the addition of polyol salts.38 While additives 
are typically not ideal, this combination has been 
shown to successfully deliver active growth factors 
and living cartilage cells in vivo.38 This polymer can 
gel at low concentrations of approximately 2% by 
weight,37 which furthers its consideration as an in-
jectable material for biomedical applications.

Chitosan hydrogels also show great promise as 
drug-delivery vehicles. They have demonstrated ac-
tive paclitaxel release, effectively inhibiting tumor 
growth and angiogenesis in mice.39 Also, controlled 
release of basic fibroblast growth factor-2 (FGF-2) 
resulted in the induction of angiogenesis in healing-
impaired mice,39 demonstrating the potential for this 
material to be used to control vascularization. Chi-
tosan and PEG-based in situ gelling materials have 
also been examined for nasal drug-delivery systems 
in which the solution is sprayed or dropped into the 
nasal cavity and subsequently gels to reduce the 
drug-delivery rate.40 

In addition to drug-delivery applications, many 
of these materials have the potential to act as tissue-
engineering scaffolds. One popular application is in 
articular cartilage. This tissue has little capacity for 
spontaneous healing due to the lack of vasculariza-
tion. No current repair techniques have successfully 
regenerated the tissue.41 However, transplantation 
of chondrocytes has shown tremendous restorative 
potential,41 and therefore a scaffold material that 
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provides an artificial extracellular matrix for cell ad-
hesion may lead to improved outcomes. Injectable 
scaffolds represent a noninvasive means to rebuild 
deteriorated articular cartilage and may provide an 
adequate matrix for the required support of trans-
planted chondrocytes. Chitosan-Pluronic hydrogels 
display thermo-sensitive properties and allow for 
the proliferation of chondrocytes and the generation 
of glycoaminoglycan for 28 days.34 Chitosan-graft-
glycolic acid is another injectable scaffold material 
that has a short gelling time and good chondrocyte 
viability in vitro.42 A chitosan-based scaffold co-
polymerized with hyaluronic acid has also shown 
appropriate phase transition and cell survival rates,43 
making it another possible synthetic extracellular 
matrix material. 

Perhaps the most promising material to date is 
a chitosan-GP system that demonstrates functional 
matrix deposition and adhesion to both bone and 
cartilage.44 This evolved into a hybrid commercial 
implant named CarGel®, consisting of the chitosan-
GP solution and whole blood,14 which was deter-
mined to improve healing.45 Animal testing of this 
material has demonstrated accelerated formation of 
clot scaffolding, specific repair responses including 
temporary vascularization,45 and no systemic toxic 
effects. While this material has shown promise in 
human clinical studies,14 evidence indicates that 
inflammatory responses may occur depending on 
the injection site.14,46 Therefore, if successful, this 
material will likely not be applicable to all potential 
areas.

Another related application is bone regenera-
tion. While CarGel® may provide some improved 
bone regeneration,14 it has not been investigated as 
rigorously, so other materials may offer improved 
results. One such material may be an injectable cal-
cium phosphate-chitosan composite scaffold. This 
material is being investigated as an alternative to 
the current Food & Drug Administration (FDA)-ap-
proved calcium phosphate cement implants, which 
are brittle and can only be used to reconstruct non-
stress-bearing bone.47 This material showed greater 
strength and mesenchymal stem cell proliferation 
and differentiation than the current FDA material, 
suggesting that it could be used in moderate-load 
bearing applications while still maintaining new 

bone growth into the implant.48 The chitosan-GP gel 
may also be applicable in bone regeneration, because 
its injection resulted in decreased macrophage accu-
mulation when rat bone marrow mesenchymal stem 
cells were entrapped in the material in vivo.49 From 
these results, it is clear that an injectable, chitosan-
based scaffold could result in a bone-regeneration 
scaffold in the near future.

PEG2. 

PEG, a hydrophilic and compatible material, can be 
combined with hydrophobic, degradable polyesters 
to yield thermo-responsive hydrogel systems. PEG 
can be incorporated with poly(D,L-lactic acid-co-
glycolic acid) (PLGA) as a triblock co-polymer to 
give a transparent gelling material with a transition 
temperature of 37ºC and a critical gel concentration 
of 16% by weight.14,50,51 This gelling behavior can be 
manipulated by altering the concentration, as shown 
in Figure 2, and the monomer feed ratios. Because 
it maintains its three-dimensional structure, PEG 
has been shown to gel quickly52 and form a strong 
implant that induces little tissue irritation. While 
only low-molecular-weight PEG can be removed by 
the kidneys,53 it can be resorbed from the injection 
site14 and therefore the co-polymers are considered 
degradable.10 To overcome molecular-weight limita-
tions regarding PEG length and degradability, short-
chain graft co-polymers are frequently employed,14 
as discussed below.

FIGURE 2. Phase diagram of PLGA-PEG-PLGA triblock 
co-polymer (adapted from Yu and Ding,10 with permis-

sion of The Royal Society of Chemistry).
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PLGAa. 

When PEG-g-PLGA and PLGA-g-PEG are com-
bined, the degradation of the material can be ma-
nipulated to occur between 1 week and 3 months, 
while showing in vivo cartilage repair.10,14 Sustained 
release of a drug grafted with PEG from the PLGA-
PEG-PLGA co-polymer has also been explored; the 
release is believed to be diffusion-controlled initial-
ly, but controlled by both diffusion and the hydrogel 
erosion in later stages.54 This release technique has 
shown some success in mice,54 further demonstrat-
ing its potential efficacy. 

Many of these thermosensitive hydrogels dis-
play sustained protein-release profiles,55 which is 
a current challenge of many existing noninvasive 
drug-delivery systems. Additionally, the prolonged 
effect is localized to the injection site, providing 
therapeutic concentrations of pharmaceuticals with-
in target tissues, which can be useful for treatments 
such as cancer therapy, while potentially reducing 
side effects caused by the cytotoxic drugs. A par-
ticular example of this is the PLGA-PEG-PLGA 
co-polymer system ReGel®, which has been used 
to release the drug paclitaxel. The in vitro experi-
ments showed release over 50 days, compared with 
1 day for the existing poloxamer 407 method.7,14, 

56 In vivo, the material degraded in 4 to 6 weeks, 
showed slow clearance from the injection site, and 
had little distribution into other organs.56 When used 
against human breast cancer tumor xenographs, 
this combined product, called OncoGel®, showed 
superior results and fewer side effects than the cur-
rently available Taxol® drug product.56 OncoGel® 
has entered Phase II clinical studies and the ReGel® 
system is also being explored for insulin delivery,7,14 
with the potential to achieve basal insulin levels in 1 
week with a single injection.7 

Polycaprolactoneb. 

Like PLGA, polycaprolactone (PCL) is a degrad-
able, thermo-responsive polymer with a concentra-
tion-dependant phase transition temperature.57 PCL 
offers an attractive alternative to PLGA, because 
PCL-PEG multiblock co-polymers exhibit solu-
tion stability, a wider gel window, and a higher gel 

modulus.10 Additionally, these co-polymers have a 
powder consistency at room temperature and are 
easier to handle than sticky PLGA pastes.10 Further-
more, the degradation product caprolactone results 
in weaker acidification than lactic acid or glycolic 
acid, which can help prevent non-bacterial inflam-
mation in vivo.10 Further tests have shown continu-
ous drug release and cell differentiation,10,57 sug-
gesting that the material has potential in biomedical 
applications. Interestingly, poly(ε-caprolactone-co-
D,L-lactic acid), when combined as a block poly-
mer with PEG and sulfamethazine oligomers, can 
result in a dual-response gel that requires certain pH 
and temperature conditions to gel. This could im-
prove clinical applications further, because it would 
prevent gelation during syringe injection and make 
clinical handling and processing simpler.

Elastin-like Peptides3. 

Elastin-like peptides are artificial polypeptides that 
have the conserved sequence Val-Pro-Gly-Xaa-Gly. 
Because they are monodisperse, temperature re-
sponsive, and biocompatible with many systems,59 
they have great biomedical potential. These mate-
rials have been combined with collagen-derived 
tripeptides to yield a cell-adhesive amphiphilic co-
polymer that shows a temperature-induced phase 
transition. The phase transition is believed to be 
the result of a conformational change in the poly-
peptides.10 This is currently used as a more efficient 
method for protein purification, though its efficien-
cy, specificity, and reversibility could yield many 
potential applications. While these materials may 
show great promise, they are highly concentration 
dependent, which may limit their applicability. Also, 
they have received relatively little study in the bio-
materials and drug-delivery field. 

Summary of Thermo-sensitive MaterialsC. 

Injectable, in situ forming hydrogels have great po-
tential for use in drug-delivery and tissue-engineer-
ing applications, because they can improve delivery 
efficacy through minimally invasive procedures. In 
particular, thermo-sensitive materials hold particular 
promise in that they do not require the use of solvents 
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or cross-linkers, which can result in toxicity or dam-
age to the entrapped materials. Degradable materials 
have the potential advantages of a lowered inflamma-
tory response and more complete healing. Further, 
the degradation rate can be controlled to yield better 
release profiles and cell-migration patterns.

Given the simplicity of mixing cells or drugs 
into the materials, the general compatibility of many 
of the materials, the potential for controlled release 
profiles, and the ability to deliver therapeutic agents 
to hard-to-access regions of the body, thermo-re-
sponsive materials offer exciting potential for use in 
a vast array of biomedical applications. 

PHOTO-RESPONSIVE MATERIALS III. 

While photo-active groups have been used exten-
sively for many decades in the generation of novel 
polymers, photo-responsive materials have only 
recently been introduced to the biomaterials litera-
ture. Photo-responsive properties may be introduced 
into polymers through the incorporation of different 
photo-sensitive molecules that undergo chemical 
and physical changes in response to specific types of 
light. Photo-responsive systems have fast response 
times because they do not depend on diffusion. Fur-
thermore, the application of laser and light has been 
widely established in medicine and can lead to high 
spatial and intensity control.5,61 The most common 
application of light stimuli in polymer chemistry is 
light-activated polymerization. Photo-initiators ab-
sorb light of 250 to 450 nm to form reactive interme-
diates in the form of free radicals, cations, or anions 
that initiate polymerization.62 The fast curing rates 
and ambient temperature requirements of photo-po-
lymerization make it gentle on biological materials 
and highly controllable.63 Photo-polymerization has 
been widely applied to generate polymers in numer-
ous applications. However, the focus in this review 
will be on systems that respond to light post-synthe-
sis. These systems represent a lower risk to biologi-
cal systems because they typically do not require 
the use of external photo-sensitizers and therefore 
minimize the potential for leaching of undesired and 
potentially toxic side products.5

Photo-responsive systems are beneficial for on-
demand alterations of materials in vitro or for the 

alteration of scaffold and drug-delivery biomaterial 
properties in vivo. More specifically, ophthalmol-
ogy, gynecology, dermatology, otolaryngology, 
gastroenterology, and physiotherapy could benefit 
greatly from the application of these smart photo-
responsive biomaterials because they have direct 
applications in medical areas that are already well-
versed in the application of lasers.61 

Research into photo-responsive polymers has 
focused on several biomaterial applications. Cross-
linked gels with alterable properties can act as cell 
scaffolds and drug-delivery systems. Micelles and 
liposomes, which are monolayer and bilayer phase-
separated spheres formed from amphiphilic mol-
ecules, as well as other nano- and microparticles, are 
of interest in drug delivery. Reversible and alterable 
surface properties have also been investigated for 
cell growth and protein patterning.

Light-activated molecules bound to polymers 
can create reversible and irreversible systems to con-
trol drug delivery, cell scaffold architectures, surface 
patterns, and nanoparticulates. Photo-isomerization, 
photo-dimerization, photo-degradation, and photo-
triggered mechanisms will be elaborated upon to 
illustrate recent photo-responsive polymer research 
that shows potential in biomaterial applications.

Reversible SystemsA. 

Photo-isomerization1. 

When bound to polymers, molecules that undergo 
photo-isomerization between cis and trans forms with 
different wavelengths of light can introduce photo-
reversible properties. Polymers with azobenzene,64 
spirobenzopyran, and variations thereof65 incorporat-
ed as functional side chains undergo changes in hy-
drophilicity/hydrophobicity or structural changes as a 
function of light exposure, as illustrated in Figure 3.66 
Polymer systems containing photo-isomerizing 
groups are currently the most investigated polymer-
based, reversible photo-responsive materials.

Photo-isomerizing groups can be used to mod-
ify the rheological and cross-linking properties of 
polymer gels to create materials that may be suitable 
for drug delivery and in situ gelation. For example, 
azobenzene has been shown to alter the rheologi-
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cal properties of polymers by creating hydrophobic 
domains within polymer networks that bridge re-
versibly with UV light to cause cross-linking.67 The 
length decrease from 9.0 to 5.5 angstroms associ-
ated with the trans to cis isomerization of azoben-
zene68 can be used to alter the cross-linking mesh 
sizes of polymer gels when azobenzene is grafted to 
multiple polymer chains.69,70 Release of poly(styrene 
sulfonic acid) from these gels showed slightly modi-
fied drug delivery with UV treatments. However, 
the investigators acknowledged that this was not 
to a great extent and was likely due to the small, 
dimensional changes between the trans and cis 
isomers of azobenzene.69 Cyclodextrin-containing 
polymers and azobenzene-modified polyacrylate 
can form clustered complexes in solution that cause 
an increase in viscosity. Complexation occurs when 
azobenzene is a trans isomer, and therefore light can 
be used as a photo switch to increase or decrease the 
amount of trans isomers, and subsequently the com-
plexes that form, to control the viscosity of the solu-
tion.71 While photo-isomerizing molecules clearly 
introduce reversible changes into bulk polymer 
systems, attempts at altering cross-linking density 
and drug delivery have shown minimal influences 
on changing the diffusion and delivery rates.69,72 

Micelles composed of amphiphilic diblock 
co-polymers that can undergo dissolution and ref-
ormation with light stimuli can be created by incor-
porating photo-isomerizing groups as a side chain 
on small diblock co-polymers.73 If trans isomers of 

azobenzene are bound to one block of a hydrophilic 
block co-polymer, it will become hydrophobic and 
drive the formation of micelles. Photo-isomerization 
with UV light will change the azobenzene to its cis 
form, making the entire diblock co-polymer hydro-
philic and causing the micelle to dissolve. For ex-
ample, co-polymers of hydrophilic poly(tert-butyl 
acrylate-co-acrylic acid) with azobenzene-bound 
polymethacrylic groups undergo reversible micelle 
formation. As illustrated in Figure 4, light alters the 
amphiphilicity of the block co-polymers with the 
cis/trans transformation of azobenzene with UV and 
visible light, thereby causing the micelles to form 
and dissociate with light treatment.73-74 Liposomes, 
which are similar to micelles but contain a sphere 
formed by a bilayer, can be created with phosphati-
dyl choline that contains azobenzene. Upon UV 
irradiation, kinks form in the phosphatidyl choline 
from azobenzene isomerization, which increases the 
permeability of the liposomes, allowing contents 
such as the anticancer drug doxorubicin to release.75 
In another system, UV irradiation of core-cross-
linked micelles containing azobenzene allows cis 
to trans isomerization to reversibly produce hollow 
spheres.76 Amphiphilic azobenzene-containing mac-
romolecules can form vesicles that can aggregate 
after treatment with UV light77 or can form bilayers 
with alterable surface characteristics.78 

Nanogels and colloidal spheres may be produced 
by incorporating photo-isomerizing molecules into 
the backbone of the polymer. Dextran nanogels with 

FIGURE 3. Azobenzene (a) and spirobenzopyran (b) isomerization occurs with UV and visible light.
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multiple azobenzene groups bound along the back-
bone have demonstrated changes in size as a func-
tion of light, because hydrophobic isomers increase 
aggregation and physical cross-linking, effectively 
decreasing nanogel size.72 

The conformation of polymers in solution may 
also be controlled via grafting of azobenzene to po-
tentially create sensory devices, shape-memory ma-
terials, or molecules that can self-assemble. When 
azobenzene is incorporated as a side group along 
polymer backbones, polymers in solution can take a 
helical shape that may be reversibly flipped from a 
left helix to a right helix or irreversibly destroyed.79 
Azobenzene-modified polypeptides, polyaramides, 
polyesters,80 and poly(ester amides) have shown 
reversible helical shape responses.81-82 Such effects 
may well suit the area of photo-controlled self-as-
sembly, which can create photo-switchable architec-
tures and assemblies.79 Surfactants are used to create 
colloids and emulsions. The association between a 
neutral surfactant with azobenzene-containing poly-
acrylic acids was found to weaken after UV light 
treatment, which turned azobenzene into its polar cis 
form, causing disruption of the system. This system 
may be applicable to micelle and interface applica-
tions.83 Colloidal particles containing azobenzene 
groups within the polymer backbone deform with 
light treatments,84 and emulsions have also been re-
versibly directed from oil droplets in a water phase 
and from water droplets in an oil phase depending 
on the isomer form of azobenzene in the backbone 
of poly(sodium acrylate).85 

Unique systems have been investigated that use 
photo-induced patterning and alterable protein af-
finity. Photo-responsive spirobenzopyran materials 
have been demonstrated to create cell micropattern-
ing86 and microvalves for on-chip fluid control.87 As 
shown in Figure 5, molecularly imprinted materi-
als with shaped pores containing azobenzene have 
reversible uptake and release of caffeine and other 
pharmaceuticals due to cis/trans photo-isomeriza-
tion.88,89 Interestingly, peptides have an affinity for 
the cis but not the trans isomer form of azobenzene, 
a fact that may be used to isolate peptides from so-
lution.90 Binding of azobenzene-capped polymers 
to streptavadin may be used to control its binding 
affinity with the cis/trans conversion, causing ei-
ther the collapse of the polymer onto the surface to 
block activity or the extension of the polymer away 
from the surface to unblock the active site and allow 
activity.91 Photo-bending polymer films based on 
azobenzene have also been created, with UV light 
inducing bending and visible light flattening the 
films.92,93 Surface patterning of azobenzene polymer 
films with wave-like patterns can be obtained using 
sinusoidal light interference pattern exposures,93,94 
and wettability of azobenzene-modified surfaces can 
also be altered reversibly with light treatments.95 

Photo-isomerization is a common method of intro-
ducing photo-reversible changes in polymer systems. 
Although in some cases, the photo-induced changes 
are subtle, the isomerizing groups are highly reversible 
and require no photo-sensitizers, and these are impor-
tant benefits in creating photo-reversible biomaterials.

FIGURE 4. When diblock co-polymers are changed from having a hydrophilic and hydrophobic end to being com-
pletely hydrophilic, they dissolve and release their contents. (Reprinted with permission from Wang et al.74 Copyright 

2004, American Chemical Society.)
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Photo-responsive Dimerization2. 

Molecules that have the ability to reversibly dimerize 
with a second molecule can be used to form revers-
ible, covalent modifications to polymer systems. By 
modifying polymers with photo-dimerizing mole-
cules, photo-cross-linking/binding gels, micelles and 
surfaces can be designed with minimum side-product 
formation and fast curing.96 As illustrated in Figure 6, 
anthracene,97 cinnamylidene acetate, nitrocinnamate, 
coumarin,98 furan,99-100 chalcone,101,102 and maleim-
ide103,104 derivatives can photo-dimerize. The first 
four molecules are particularly widely studied in the 
development of photo-reversible synthetic and natu-
ral polymers. Nitrocinnamate, cinnamylidene acetate, 
and coumarin undergo isomerization followed by re-
versible [2π+2π] photo-addition to form cyclobutane 
rings,66,98,105,106 while anthracene undergoes reversible 
[4π +4π] photo-cycloaddition with dimerization at 
wavelengths over 300 nm and dissociation at wave-
lengths less than 300 nm.97,107,108 When covalently in-
corporated into polymer systems, these molecules can 
dimerize and dissociate with specific wavelengths, 
thus altering bulk polymer properties and in some 
cases causing changes that may be reversed with UV 
wavelengths under 300 nm.

Photo-cross-linking of hydrophilic polymers 
with photo-dimerizing groups can create gels that 
bind proteins, support cell growth, or alter the 
diffusion of proteins. PEG-based hydrogels with 

photo-dimerizing groups have been widely inves-
tigated in recent years due to the compatibility of 
PEG in biological systems.109 A cinnamylidene 
acetate-terminated four-arm PEG has been dem-
onstrated to form gels with UV light >300 nm and 
to have reversible swelling ratios with alternating 
>300 nm/254 nm UV light exposures.110 Protein 
flux through membranes of this material could be 
lowered with >300 nm light treatment,111 and active 
coumarin-bound organophosphorus hydrolase could 
be photo-immobilized onto the gels, creating en-
zymatically active hydrogel materials.112 However, 
sol/gel transition does not occur with these materi-
als due to a competing dimerization that also occurs 
at low UV wavelengths of 254 nm, which causes 
cross-linking to maintain the gel.113 Nitrocinnamate-
terminated eight-arm PEG can photo-cross-link to 
form gels with reversible surface and mechanical 
properties, as illustrated in Figure 7.114,115 These 
gels have been demonstrated to slow the release of 
FGF; 70% was delivered over a 5-day period with 
a lowering to 50% with UV treatments.116 Anthra-
cene-terminated eight-arm PEG that undergoes 
photo-cross-linking has also been synthesized and 
demonstrated light-responsive, reversible surface 
roughness.96 Photo-dimerizing groups capped on 
four- and eight-arm PEG formed photo-sensitive 
systems, but these were not completely reversible 
in many cases. However, reversible, cyclic polymer 
chain growth of coumarin-capped PEG chains with 

FIGURE 5. The uptake and release of caffeine from molecular imprints controlled by azobenzene and light treat-
ments. (Reprinted with permission from Gong et al.90 Copyright Wiley-VCH Verlag GmbH & Co.)
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alternating UV treatments has been demonstrated in 
solvent cast films.117 

Natural hydrogels bound with photo-dimerizing 
groups have the potential to create compatible bio-
materials with the potential to undergo hydrolytic or 
biodegradation. Gelatin with nitrocinnamate groups 
incorporated directly onto its backbone has the abil-
ity to photo-cross-link with 365-nm and to have top-
ographical changes with 254-nm light treatment.118 
Anthracene-bound dextran creates a photo-sensitiz-
er with hydrophobic domains.119 Amino-acid-based 
organogels have been created that undergo gelation 
with 365-nm light treatments.120 Other polymers 
have been created via photo-dimerization but may 
degrade via other means. For example, polyoxazo-
line gels have been created that cross-link via the 
dimerization of anthracene in their backbone and 
solubilize via disulfide bond cleavage from bonds 
adjacent to the anthracene groups.121 

FIGURE 6. Nitrocinnamate (a), cinnamylidene acetate (b), anthracene (c), and coumarin dimerization and dissocia-
tion/de-dimerization with specific UV wavelengths.

FIGURE 7. Eight-arm polyethylene glycol nitrocinnamate 
used to create photo-sensitive PEG-based hydrogels. 

(Reprinted with permission from Zheng et al.117 Copyright 
Wiley-VCH Verlag GmbH & Co. KGaA)
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While many hydrophobic systems have been 
created with photo-dimerizing molecules, only those 
with direct potential in biomaterial applications such 
as surface patterning will be discussed. Hydrophobic 
polymers seem well-suited for hydrophobic anthra-
cene. For example, block co-polymers of anthracene-
terminated polystyrene and anthracene-terminated 
polymethylmethacrylate can be dimerized to bind the 
two different chains122 and control surface patterns of 
films.123 Polydimethylacrylamide co-polymers that 
contain coumarin side chains have been used to attach 
and photo-immobilize biopolymers such as heparin 
and then to control their release.124 Surface treatments 
can be used to create photo-induced honeycomb pat-
terns that disappear and reappear with light treatments 
to create a reversible lithographic technique from 
anthracene-containing poly(methylmethacrylate).125 
Poly(ε-caprolactone)-based polymers undergo hy-
drolysis to degrade in vitro and in vivo. Coumarin 
has been introduced into poly(ε-caprolactone-co-
trimethylene carbonate) to photo-cross-link the poly-
mer and create surface-erodible matrices.126,127 

Shape-memory properties allow polymer films and 
gels to form stimuli induced shapes such as coils. Cin-
namylidene-based poly(hydroxyethylmethacrylate) 
can be photo-cross-linked into a shape that relaxes 
upon de-cross-linking at UV light treatment under 
260 nm and reforms upon treatment above 630 nm.128 
Photo-reversibly induced film-bending, as illustrated 
in Figure 8, is another interesting phenomenon that 
was demonstrated with coumarin-containing supra-
molecular polymers, and has been attributed to cross-
linking on one side of the film.129

Nanoparticles, microgels, and micelles have 
also been synthesized via photo-dimerization to cre-
ate rapidly responding systems that may cluster or 
have triggered release of drugs. Photo-dimerization 
can also be used to reinforce micelles or nanopar-
ticles that may dissolve to release drugs or other 
substances. Diblock polymers of PEG and poly[2-(2-
methoxyethoxy)ethyl methacrylate-co-4-methyl-[7-
(methacryloyl)oxyethyloxy] coumarin] and diblock 
polymers of PEG and poly(coumarin methacrylate) 
can form micellar aggregates that could be photo-
reversibly core-cross-linked with light >300 nm and 
had a reduction in cross-linking with light <260 nm, 
as illustrated in Figure 9.130,131 Polyacrylic acid can be 

used to assemble similar nanoparticles into a film to 
create photo-reversible pore sizes.132 Nitrocinnamate 
has been used to create “micro-containers” from 
emulsions with photo-dimerization creating cross-
linked shells that may be solubilized with 254-nm 
light.133 Cinnamate-based hyperbranched polymers 
have also demonstrated an ability to create cross-
linked nanoparticles with controlled hydrolytic deg-
radation.134 Loading and release of quantum dots has 
been demonstrated with microgels of nitrocinnamate-
containing PEG or gelatin created by photo-cross-
linking within inverse micelles.135 Light-induced 
clustering and de-clustering of nanoparticles can be 
induced in coumarin- and nitrocinnamate-containing 
poly(organosiloxane) nanoparticles to control colloi-
dal dispersions.136 

Photo-dimerizing molecules create polymer 
systems that may be effectively cross-linked with 
UV light. Dimerization can cause gelation and re-
inforce micelles and nanoparticles. While gel-sol 
transitions are not always possible due to compet-
ing dimerization that occurs during dissociation at 
low UV wavelengths (<300 nm), effective changes 
can still be induced with UV stimuli. However, par-

FIGURE 8. Films of poly(4-vinyl pyridine) that contain 
7-(carboxymethoxy)-4-methylcoumarin have UV 

light-induced bending. (Reprinted from He et al.132 
Reproduced with permission of The Royal Society of 

Chemistry.)
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tial de-dimerization can effectively cause property 
changes in surfaces and micelles.

Irreversible SystemsB. 

Photo-responsive Degradation1. 

Photo-induced degradation of polymer systems 
would be beneficial for applications of biomaterials 
that require property alterations post-synthesis or 
that need to be removed after their use/life. While 
photo-degradation is an irreversible process, it can 
be used to alter the properties of polymer biomateri-
als after synthesis. 

External agents may be introduced into a system 
to initiate degradation upon UV exposure. One such 
agent is riboflavin, which has been shown to de-
grade polymers such as alginate137,138 and hyaluronic 
acid139,140 once activated with UV light. Alginate gels 
containing riboflavin have efficient photo-sensitized 
degradation of the alginate chains via oxidative 
cleavage of glycosidic bonds.137,138 Photo-activatable 
external agents may also be added to self-assembled 
polymers to induce depolymerization to break down 
polymers.141 While these systems offer effective 

methods to photo-degrade polymers, these external 
agents may leach and therefore may not be suitable 
for some biomaterial systems.

Covalent modification of polymers with photo-
labile groups has the potential to alter properties in 
incremental fashions. Nitrobenzyl-based groups are 
photo-cleavable and well used in these applications 
to create scaffolds and patterned surfaces and to cre-
ate dissolvable nanoparticles.142,143 

Cross-linking of a system with photo-labile 
molecules will allow the de-cross-linking of the 
matrix or cleavage of grafted molecules to alter 
polymer properties in an incremental fashion. For 
example, nitrobenzyloxycarbonyl-linked star poly-
mers can degrade with UV light.144 Interestingly, 
materials may be synthesized with subsequent light 
exposure used to selectively cleave away proteins 
and other molecules, resulting in the creation of pat-
terned scaffolds and surfaces that have the ability 
to direct cell growth.142 PEG hydrogels containing 
UV-cleavable nitrobenzyl ether-derived moieties 
have been used to create channels to control cell mi-
gration and to release bound peptides to control cell 
growth.145 Photo patterning has also been achieved, 
for example, with nitroveratryloxycarbonyl-bound 

FIGURE 9. The structure of micelles that can undergo core cross-linking with UV light >310 nm and dissociate with 
UV light <260 nm. (Reprinted with permission from Jiang et al.134 Copyright 2007, American Chemical Society.)
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groups that could be “photo-removed” from sur-
faces.145 Polymer brushes cleaved with UV light can 
alter surface properties. Methacrylate-based brushes 
end-capped with hydrophilic groups via photo-labile 
nitrobenzyl connections become hydrophobic with 
UV treatments that cleave the nitrobenzyl groups, 
exposing the hydrophobic methacrylate.146 

Photo-degradable micelles, nanoparticles, and 
liposomes can create triggered drug release systems. 
For example, diblock hydrophilic co-polymers can 
have one end altered to become hydrophobic with 
the binding of hydrophobic dyes via photo-cleav-
able pyrenylmethyl esters. This creates amphiphilic 
diblock co-polymers that form micelles. With UV 
exposure the dyes are cleaved off and the entire di-
block co-polymer becomes hydrophilic, thereby al-
lowing the micelles to dissolve and release their con-
tents.143,147 Liposomes with photo-induced changes 
in permeability can promote encapsulated drug 
release and have been created with photo-reactive 
lipids such as 1,2-bis(10-[2’,4’-hexadienoyloxy-
decanonyl]-sn-glycero-3-phosphocholine). UV light 
exposure causes discontinuities in the liposomes, in-
creasing their permeability.148,149 Photo-labile lipids 
that degrade to destabilize the lipid bilayer of lipo-
somes may also promote the release of molecules 
upon UV light exposure, as has been demonstrated 
with the entrapment and release of calcein dye.150 
Closed-shell nanoparticles that incorporate nitroben-
zyl groups have been shown to cleave with UV light 
to release their contents.151 

Photo-triggered Systems2. 

The use of UV light to “photo-trigger” the release 
of active molecules is a novel approach for drug de-
livery. One clever example involves the simultane-
ous activation and release of drug conjugates from 
scaffolds with UV light. Light-sensitive conjugates 
of acetyl salicylic acid, ibuprofen, and ketoprofen 
were created and incorporated into methacrylate-
based scaffolds. Upon UV exposure, they were 
cleaved into their active form and diffused out of 
the scaffold.152 Photo-triggered release has also been 
applied to the fragrance industry, with photo-poly-
mers showing long photo-induced release times of 
fragrant aldehydes and ketones with 350-nm light to 

create longer-lasting perfumes.153 
Photo-lysis may be used to alter emulsion prop-

erties. The destabilization of a microemulsion can 
be induced by the photo-degradation of a photo-
destructible surfactant that causes an initial increase 
in droplet size followed by separation of the oil and 
water phases, which can be potentially used as a sys-
tem to release molecules from microemulsions.154 

Similarly, light irradiation can trigger globular hy-
drogel formation from large vesicles due to changes 
in hydrophilicity caused by UV irradiation of 2-di-
azo-1,2-naphthoquinone-containing co-polymers.155 

This globular formation can trigger the release of 
encapsulated dye molecules.155 As demonstrated 
with chlorambucil, binding of one side of dimerized 
coumarin to a drug molecule and the other side to a 
polymer can create a photo-triggerable release sys-
tem, with UV-induced de-dimerization releasing the 
drug from the polymer system.156 

Photo-triggered release can be used to both acti-
vate drugs and change the properties of colloidal sys-
tems to release molecules. These irreversible systems 
are particularly suited for inducing drug release.

Photo-responsive Polymers that induce C. 
Secondary Reactions

Photo-activated molecules have the potential to influ-
ence the properties of surrounding polymers to create 
a secondary reaction. For example, light may cause 
photo-cleavage of a molecule into charged groups. 
Hydrogels containing triphenylmethane leuco-deriv-
atives dissociate under UV light, introducing ionic 
groups into the gels that then cause an increase of os-
motic pressure within the hydrogel.5,157-158 Photo-in-
duced creation of other molecules may cause changes 
in the system. For example, microcapsules contain-
ing azobisisobutyronitrile produce nitrogen gas under 
light exposure, which induces the eventual rupture of 
the capsules and the release of their contents.6 Light-
induced temperature changes may also cause second-
ary reactions in thermo-responsive polymer systems, 
which is discussed in a later section. It is important to 
realize that while these systems function well, they 
have slower response times relative to strictly photo-
responsive systems because diffusion must also occur 
through the polymer system.
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Summary of Light-Responsive Polymer D. 
Systems

Light-responsive polymer systems have the poten-
tial to create drug-delivery, cell-scaffold, surface-
patterned, and nanoparticulate biomaterials with 
quick response times and low side-product forma-
tion. Photo-isomerization and photo-dimerization 
molecules introduce potentially reversible changes 
in polymer properties, and photo-degradation and 
photo-triggering mechanisms can cause timed ir-
reversible changes in polymer properties after syn-
thesis. Photo-responsive systems offer the potential 
to create unique systems that are easily altered with 
light or laser and may be tailored toward controlled 
disease treatment and tissue regeneration. 

THERMO- AND PHOTO-RESPONSIVE POLY-IV. 
MER SYSTEMS

A classic example of polymer systems that respond 
to both thermal and light stimuli are those that in-
corporate photo-sensitive molecules that produce 
heat upon photo-irradiation, which leads to phase 
transitions in thermo-sensitive polymers. Trisodium 
salt of copper chlorophyllin produces heat upon ir-
radiation of visible light, and this has been shown 
to promote phase transitions of thermo-responsive 
polymers such as polyNIPAAm.159 Gold nanorods 
have also shown the ability to photo-thermally in-
duce volume changes in polyNIPAAm-acrylic acid 
microgels with near-infrared light,160 and gold nano-
particles have demonstrated the ability to actuate the 
LCST of polyNIPAAm-co-acrylamide microgels 
with light.161 

Photo-isomerizing groups can also be used to 
alter the LCST of thermo-sensitive polymers in 
vitro or in vivo. Research shows that the hydro-
phobicity of incorporated molecules can alter the 
LCST of polyNIPAAm with increased hydropho-
bicity, thus lowering the LCST. Azobenzene end 
group-functionalized polyNIPAAm exhibits differ-
ent phase-transition temperatures dependent on the 
ratio of cis to trans isomers of azobenzene, with 
hydrophobic trans isomers promoting lower LCSTs 
with differences up to 10ºC.162 Similarly, polyNI-
PAAm with azobenzene-containing acrylamides 

exhibits the same trend of lower LCSTs after visible 
light inducing the formation of trans isomers and 
higher LCSTs after UV light inducing the formation 
of cis isomers.163 Surface modification of silicon 
with grafting of azobenzene-containing poly(N,N-
dimethylacrylamide)-based polymers results in 
changes to the wettability because LCST is modi-
fied in a similar fashion with UV and visible light.95 
Spiropyran- and spirobenzopyran-based polyNI-
PAAm microgels also had different LCSTs depend-
ing on UV treatment and the resulting hydrophobic-
ity from the cis versus trans isomerization.164,165 

Hydroxypropyl methylcellulose (HPMC) un-
dergoes sol-gel transitions at high temperatures. The 
gelation temperature can be altered by modifying its 
hydrophobicity with photo-isomerizing groups and 
external additives. Cyclodextrin can complex with 
the trans form of azobenzene, changing it from hy-
drophobic to hydrophilic. Therefore, complex forma-
tion between cyclodextrin and HPMC-azobenzene 
polymers can be controlled with light treatments, as 
illustrated in Figure 10.166-167 The complex formation 
will have an overall effect on the hydrophobicity 
and therefore gelation temperature of the HPMC. 
After visible light treatment, cyclodextrin interacts 
with the trans form of azobenzene, which reduces 

FIGURE 10. Azobenzene grafted to HPMC can undergo 
isomerization with UV light (a,b). Cyclodextrin can 

complex with the trans isomer of azobenzene but not the 
cis isomer (c,d). Reprinted with permission from Zheng et 

al.172 Copyright Wiley-VCH Verlag GmbH & Co.)
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the hydrophobicity of the trans groups, resulting in a 
large increase in the gelation temperature. After UV 
treatments to transition azobenzene into its cis form, 
the gelation temperature of HPMC-azobenzene with 
cyclodextrin decreases.167 Gelation temperature can 
also be altered with cyclodextrin added to azoben-
zene-modified polyNIPAAm, diethylacrylamide, and 
dimethylacrylamide.168 

In some studies, photo-dimerizing groups with 
thermo-responsive polymers have been combined 
to create micro- and nanoparticulates or to cause 
aggregation. Heat has also been used to create mi-
celles, which followed by irradiation with UV light 
to reversibly core cross-link them via coumarin 
dimerization.130 In addition, when coumarin is in-
corporated into the backbone of poly(ether amine) 
also containing short poly(ethylene oxide) chains, 
light- and temperature-sensitive nanoparticles that 
may be clustered upon irradiation with UV light 
are created.169 Thermo-driven shape memory can 
be maintained in coumarin-cross-linked poly(ε-
caprolactone) polymers that undergo reversible 
cross-linking and de-cross-linking with light.170 

CONCLUSIONSV. 

Stimuli-responsive materials have received signifi-
cant attention in recent years for use in biomedical 
applications due to their ability to respond to real-
time environmental stimuli and undergo control-
lable, preprogrammed responses. The predictable 
nature of stimuli-induced property changes is al-
lowing ever-increasing opportunities to tailor ma-
terials for applications such as drug delivery, cell 
encapsulation, and tissue engineering, allowing 
controllable release profiles, minimally invasive 
delivery, and intelligent synthetic extracellular ma-
trix analogs. Thermo-responsive and light-sensitive 
materials are two families of intelligent materials 
that have demonstrated tremendous potential for 
biomedical applications and are rapidly evolving 
to suit the demands of various systems. Through 
co-polymerization, polymer grafting, and the de-
velopment of interpenetrating networks, it is pos-
sible to bring together multiple stimuli-responsive 
materials to yield elegant combinations capable of 
responding to a multitude of parameters. As the 

body of literature in these fields expands, so too 
will the seemingly limitless number of possible 
combinations, ultimately allowing biomaterials to 
be designed and optimized specifically for their de-
sired application. 
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ABSTRACT: Certain minimally invasive cardiology procedures, such as balloon angioplasty and stent implantation, 
critically require that the site of an arterial blockage be crossed by an intraluminal guidewire. Plaques resulting in near 
or totally occluded arteries are known as chronic total occlusions, and crossing them with conventional guidewires is 
a significant challenge. Among the most promising proposed solutions is the delivery of high-power, low-frequency 
ultrasonic vibrations to the occlusion site via an intraluminal wire waveguide. The vibrating distal tip of the ultra-
sound wire waveguide is used to transmit energy to the surrounding plaques, tissues, and fluids to ablate or weaken 
atherosclerotic plaque. Potential mechanisms of interaction with the plaque and adjacent fluids identified in the litera-
ture include: (i) direct contact with the waveguide distal tip, (ii) subcavitational acoustic fluid pressure fluctuations, 
(iii) cavitation, and (iv) acoustic streaming. We summarize developments in this area over more than two decades, 
describing experimental methods for device performance characterization, preclinical tests, early clinical investiga-
tions, and, later, full clinical trials. The article also reviews theoretical foundations and numerical models suitable for 
device design and analysis. Finally, important issues for future research and for the development of this technology 
will be considered.

ABBREVIATIONS

CTO, chronic total occlusion; NiTi, nickel-titanium

INTRODUCTIONI. 

Interventions such as percutaneous transluminal 
coronary angioplasty and stenting are now widely 
used to restore blood flow through blocked or par-
tially blocked arteries. These procedures involve 
threading a catheter and balloon assembly along a 
guidewire to the blockage site via the arterial lumen. 
A guidewire is a thin wire with distal geometry spe-
cifically designed to facilitate navigation through 
tortuous and branching vessels to establish a viable 
path to and across the site of a blockage. It acts as a 
guide rail for catheters to facilitate the positioning of 
balloon/stent assemblies prior to deployment. Once 
in position, the balloon is expanded to disrupt and 
displace the plaque to restore blood flow through 
the artery. A wire scaffolding structure, known as 
a stent, may also be expanded by the action of the 

balloon, and its purpose is to hold the artery open, 
preventing recoil once the balloon is removed.

A major prerequisite for the use of these inter-
ventional procedures is the ability to first traverse 
the lesion with an intraluminal guidewire. Depend-
ing on the nature of the blockage, this may be ex-
tremely difficult or impossible with conventional 
guidewires. Such cases are often characterized as 
chronic total occlusions (CTOs), referring to total 
closure of the vessel. Several novel approaches 
to overcoming this problem have been proposed. 
Among the most promising is a technology involv-
ing the delivery of high-power, kilohertz-frequency 
ultrasonic vibrations to the total occlusion site via an 
intraluminal wire waveguide to assist the progres-
sion of the guidewire across the lesion by a process 
of plaque ablation or disintegration.
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ATHEROSCLEROTIC PLAQUESII. 

AtherogenesisA. 

Atherosclerosis is a thickening of the arterial medial 
layer that affects the artery by altering conduit func-
tion and reducing blood flow downstream. There are 
numerous hypotheses describing the origin and pro-
gression of the disease, which are beyond the scope 
of this review. It is known to be a time-dependent 
process with varying stages of severity,1-3 as con-
firmed by extensive autopsy studies.4 The progres-
sion of atherosclerosis can be broadly classified into 
three stages: the fatty streak, the fibroatheromatous 
plaque, and the complicated lesion.5,6 

Of particular interest are the complicated calci-
fied plaques that have a plaque core and cap that are 
primarily composed of calcified minerals and tough 
collagen fibers.5 They are closely associated with 
CTOs, and the success rate with standard proce-
dures involving the mechanical loading of the lesion 
tend to be lower because the rigidity and stiffness of 
the calcified material and tough collagen fibers can 
resist these applied loads.5

Mechanical Characteristics of Athero-B. 
sclerotic Plaques

Plaque mechanical properties are largely responsible 
for problems experienced with the use of standard in-
terventional procedures for CTOs. As biological ma-
terials, these plaques exhibit complex properties in 
response to mechanical compression or indentation.

Loree et al. excised plaque specimens in the 
circumferential direction and classified them histo-
logically as cellular (12 samples), hypocellular (9 
samples), or calcified (5 samples).7 The hypocellular 
plaques were found, on average, to be 1 to 2 times 
stiffer than cellular plaques, and calcified plaques 
were 4 to 5 times stiffer than cellular plaques. 

Topoleski and Salunke8 also reported the me-
chanical behavior of various plaque types as well 
as contiguous arterial tissue. Atherosclerotic lesions 
(plaque cap and core) were removed from excised 
human aortoiliac arteries, classified as calcified 
(hard), fibrous (medium), or atheromatous (soft) 
core. The plaque compressive mechanical response 

was non-linear and could be categorized into three 
distinct mechanical behavior patterns. The hard cal-
cified and fibrous plaques (containing some calci-
um) showed a distinct behavior, with a considerably 
stiffer response under compression, than the medium 
and soft plaques and the healthy arterial tissue.

Complications Associated with Percu-C. 
taneous Coronary Interventions

CTOs are challenging because they do not lend them-
selves to access by the guidewire. Guidewire access 
and ability to cross the lesion is critical to the success 
of standard dilation procedures and has been report-
ed to be the key success indicator in 80% of cases.9 
In many cases, traditional guidewires are not stiff 
enough to transverse the tough fibrous cap, and the 
higher forces applied could carry an associated risk of 
arterial perforation. Therefore, bypass graft surgery is 
often required, which is a more invasive and less de-
sirable treatment option. CTOs are a significant cause 
for coronary bypass graft surgery referral.10 Not only 
are there problems traversing the CTO, but there are 
other issues with safe re-entry into the target lumen. 
CTOs are known to have microvessels that are formed 
within the organizing thrombi (a result of endothelial 
cells invading the fibrin lattice), which may hinder 
successful dilation by angioplasty.11

More advanced lesions can be unstable and po-
tentially hazardous. Death and myocardial infarction 
may occur during CTO angioplasty by shearing off 
the collateral circulation, thrombus formation, perfo-
ration, arrhythmia, or damaging the proximal epicar-
dial coronary artery or proximal side branches.12

Chronic total occlusion of a coronary artery is 
usually defined as “an obstruction of a native coro-
nary artery for greater than 30 days with no luminal 
continuity and with thrombolysis in myocardial 
infarction (TIMI) flow grade 0 or 1.”13 CTOs are 
generally found in small arteries such as those in the 
coronary artery tree. Chronic total occlusion of the 
right coronary artery is identified in approximately 
20% of angioplasty patients, and angioplasty of 
the CTO is attempted in 10% to 15% of all cases.14 

However, standard techniques using contempo-
rary guidewires are unsuccessful in approximately 
20% of these cases.12,15 Success rates in CTOs have 
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steadily increased over the last 15 years because 
of greater operator experience, improvements in 
equipment, and procedural techniques; however, 
minimally invasive procedures on these types of 
lesions are the most likely to fail. The majority of 
failures are due to the inability to successfully pass 
a guidewire across the lesion (89%).15 The ability to 
cross the lesion with a guidewire is the main deter-
minant of interventional success, and if this cannot 
be achieved, then dilation devices such as balloon 
angioplasty and stents cannot gain access to the le-
sion site to reopen the blockage. 

While plaques can develop around the entire lu-
men structure, resulting in a concentric lesion, pro-
gression is often eccentric.16-18 Calcified eccentric 
lesions pose further complications because during 
dilation procedures the rigid, calcified side of the 
artery can potentially remain non-dilated, while the 
healthy and often thinner side of the arterial wall 
over-dilates, meaning that mechanical dilation-
based interventions with eccentric lesions can be 
less effective.16 Thus, standard interventional pro-
cedures work best with concentric lesions because 
the pressure is divided relatively evenly over the 
lesion. However, dilation of eccentric lesions can 
be problematic because less-diseased walls become 
overstretched, increasing the risk of cell necrosis, 
tearing, and restenosis. 

Interventional procedures for these applications 
should ideally incorporate a means of establishing 
access to the site by navigating the vascular structure, 
be capable of disrupting total blockages due to plaque 
or thrombus so that a guidewire can be advanced, and 
also be able to selectively damage calcified material 
while leaving healthy tissue largely unaffected.

Recent Clinical ProgressD. 

A conventional approach to the problem involves the 
design of specialized passive guidewires. The attri-
butes of typical commercial devices are summarized 
in Table 1, and are more comprehensively reviewed 
elsewhere.19 Godino et al. list the critical character-
istics of a guidewire as “tip load, tip stiffness guide-
wire flexibility, ability to shape, shaping memory, 
shaft support, torque transmission, trackability and 
resistance to tracking of the wire within the occlu-
sion.”19 The majority of current guidewires have a 
main shaft diameter of 0.35 mm or less. The tips vary 
from 0.2 to 0.35 mm in diameter, depending on the 
guidewire. Guidewires fall into two classifications: 
hydrophilic, which give better tactile feedback, and 
non-hydrophilic, which have lower resistance and 
better maneuverability.19 Guidewires are also classi-
fied as soft, intermediate, or stiff. Soft wires are nor-
mally used for advancement of the catheter and for 

TABLE 1. Variety of Guidewires Showing Shaft and Tip Diameters

Manufacturer Wire Shaft Diameter (mm)
Guidant Whisper 

Pilot 50 
Pilot 150 & 200 
HT Intermediate 
HT Standard 
Cross-IT 100-400

0.35 
0.35 
0.35 
0.35 
0.35 
0.35

Boston Scientific Choice PT & PT2 
PT Graphix & P2

0.35 
0.35

Cordis Shinobi & Shinobi Plus 0.35
Medtronic Vascular Persuader 

Persuader 9
0.35 
0.35 (tip diameter 0.27)

Abbott Vascular Asahi Confianza 
Confianza Pro (Conquest) 
Medium 
Miraclebros

0.35 
0.35 (tip diameter 0.22) 
0.35 
0.35
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crossing occlusions with small lumens, intermediate 
wires are used for recently occluded lesions or tortu-
ous vessels, and stiff wires are used for advancing 
through CTOs. The suggested method for crossing 
CTOs is to use a soft or intermediate wire to explore 
the area. A stiffer guidewire can be used to cross the 
proximal cap if needed, and an even stiffer guide-
wire can then be used, again, if necessary, to cross 
the CTO and penetrate the distal cap. After the oc-
clusion has been crossed, the stiff guidewire is then 
replaced with a soft guidewire.19 

Lefevre20 reports that, during procedures in-
volving CTOs, crossing lesions may take up to 
35 minutes and, with the possibility of guidewire 
changeovers, entire procedures may take 1.5 hours. 
This has implications for the cost of procedures. A 
soft guidewire with the capability of crossing CTOs 
would offer major advantages, reducing the need 
for changing wires and therefore reducing the time 
required for crossing CTOs, and thus increasing the 
likelihood of success for the procedure.

As an alternative approach, therapeutic ultra-
sound transmitted via wire waveguides has long 
been identified as a technology with the potential 
to disrupt atherosclerotic lesions with mechanical 
vibrations transmitted via long, low-profile, flexible 
superelastic wire wave guides.25-25 Several proto-
type devices have been developed in an attempt to 
meet this challenge, including 20-kHz ultrasound 
wire waveguide clinical devices, which deliver 
high-power, low-frequency intravascular acoustic 
energy to the sites of CTOs. Early clinical studies 
on femoral arteries were conducted by Rosenschein 
et al., and showed  significantly larger areas of re-
canalization than the unactivated control guidewires 
(mean of 5.9 versus 1.7 mm2; P < 0.05).23 Siegel et 
al. conducted further clinical tests on human periph-
eral arteries, also achieving significant reductions 
in stenosis.24 Subsequently, Siegel reported initial 
clinical experience with the use of this technology 
for coronary artery angioplasty on 19 subjects, with 
arterial stenosis reduced from 80% ± 12% to 60% ± 
18% (P < 0.001) with the ultrasound treatment and 
then to 26% ± 11% (P < 0.001) with a follow-up 
balloon angioplasty.25 

In early 2005, Flowcardia™ Inc. (Sunnyvale, 
CA) received approval to market an ultrasonic 

waveguide (the Crosser© System) in the European 
Union for the treatment of CTOs following failure 
to cross by conventional guidewire techniques,26 
and this device was granted US Food and Drug 
Administration approval in 2007. An angiogram de-
picting the use of the Flowcardia device is shown in 
Figure 1, which includes the occluded artery (a), the 
ball-tipped probe in position (b), the device crossing 
the lesion (c), and the final lumen (d).

The Flowcardia device, based on a monorail 
concept, is approved specifically for use on CTOs. 
The system used is run at a frequency of approxi-
mately 20 kHz and with a working length of 146 cm. 
The ultrasound is transmitted via a nickel-titanium 
wire waveguide to a 1-mm[en]diameter stainless 
steel tip. Apart from the tip, the ultrasound wire and 
guidewire are all housed in a 6 F catheter, which acts 
as an irrigation system. The system works by mov-
ing a guidewire to the point of the lesion, and then 
advancing the stainless steel tip over the guidewire, 
fragmenting the lesion as it is pushed forward.

In one trial, 55 CTOs in 53 patients were treated 
using the system. The device had a success rate 
of 76%, with no major cardiac events or coronary 
perforations.27 In a second study with 30 lesions 
in 28 patients, success was achieved in 63% of the 
procedures26; however, there was one guidewire 
perforation with no serious adverse effects and one 
peri-procedural myocardial infarction.

FUNDAMENTALS OF HIGH-POWER, LOW-III. 
FREQUENCY THERAPEUTIC ULTRASOUND AN-
GIOPLASTY

BackgroundA. 

In the present context, therapeutic ultrasound refers 
to the use of high-amplitude, low-frequency ultra-
sound in clinical interventions.28 The mechanical ef-
fect that this form of ultrasound has on biological 
tissues was first noted by Conte and de Lorenzi,29 

and its effectiveness is based on the fact that at the 
right combination of frequency and amplitude, in-
elastic rigid tissue is vigorously disrupted while 
elastic tissue can absorb the energy.24,30

It was therefore conceived that this form of 
energy may be useful in the treatment of cardiovas-
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cular disease and could potentially have advantages 
over standard dilation procedures in the targeting 
of specific lesions, especially the complicated rigid 
calcified and fibrous plaques.28

Development and testing of experimental de-
vices began as early as the 1970s, but these devices 
were extremely limited for practical use. Sobbe et 
al.31 showed that ultrasound delivered through a 
large-diameter wire probe resulted in a longitudinal-
ly vibrating distal tip that had the effect of disrupting 
blood clots in animals.

During the mid-1980s, particular design issues 
were addressed by two groups, headed by Siegel and 
by Rosenschein, with the goal of making an actual 
working prototype for initial clinical testing and, 
potentially, for use in trials. No specific design is-
sues appear in the literature, and the majority of this 
work was focused on the end clinical results. Some 
general information is reported and is included in 
this review.21-23

Both teams based their design efforts on the 
system developed by Sobbe et al.,31 delivering the 

FIGURE 1. Clinical use of the Flowcardia crosser. (a) Preliminary angiogram, (b) introduction of device, (c) crossing 
of the occlusion, and (d) angiogram of reopened vessel. (From Melzi et al.26; used with kind permission of John Wiley 

& Sons.)
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ultrasonic waves to the lesion via a wire waveguide. 
This sets up longitudinal stress waves and a longi-
tudinal peak-to-peak displacement at the distal tip 
of the wire waveguide with the potential to disrupt 
both lesions and clots.

Ultrasound GenerationB. 

To achieve the micron amplitudes and kilohertz fre-
quencies required to cause disruption to lesions, a 
source capable of generating and transmitting these 
ultrasonic vibrations was required. Both Siegel et al.21 
and Rosenschein et al.22,23 describe the use of a piezo-
electric transducer as a source for the ultrasound.

The piezoelectric effect is a property of certain 
classes of crystalline materials, including the natural 
crystals of quartz, rochelle salt, and tourmaline plus 
manufactured ceramics such as barium titanate and 
lead zirconate titanates. When a mechanical pres-
sure is applied to these materials, a voltage is pro-
duced that is proportional to the pressure applied. 
Conversely, when a voltage is applied, the structure 
changes shape, acting as an electromechanical trans-
ducer. These shape changes are usually very small, 
usually in the order of a few microns.

Dynamic voltages can also be applied, and 
result in a dynamic displacement or shape change 
in the material. In this arrangement, the material 
behaves very much like a mechanical system with 
resonant frequency characteristics. The transducer’s 
output will be at a maximum at the first resonant 
frequency, a characteristic of the material and geo-
metric configuration. Using a stack arrangement, as 
shown in Figure 2a, mechanical amplitudes with a 
vibration of 0 to 5 μm peak to peak at frequencies 
less than 100 kHz can be achieved. An ultrasonic 
generator provides the electrical source to drive the 
transducer at the resonant frequency of the piezo-
electric stack.32,33

These types of transducers are used mostly for 
sonochemistry applications in which agitation of 
chemical and biological samples is required. The 
frequencies and amplitudes discussed are chosen for 
their ability to cause cavitation, a desirable effect 
in processing chemical solutions. Therefore, trans-
ducers used for sonochemistry applications may be 
adapted for the generation of intravascular therapeu-

tic ultrasound.21 For sonochemistry and the genera-
tion of cavitation, the displacements (at the frequen-
cies used) from the converter (transducer) are still 
too small for sample processing. An acoustic horn 
or waveguide is usually attached to the transducer to 
amplify the displacements.

Acoustic horns are solid metal rods that are de-
signed to couple to the front-end mass of the convert-
er. They achieve an increase in output displacement 
by two means. First, their geometry is such that the 
input wave is compressed through a progressively 
smaller cross-sectional area as it travels the length 
of the rod, resulting in a larger displacement at the 
output. This can be clearly seen in both linear and 
exponentially tapered horns.33 Second, horns can be 
manufactured to resonate at the frequency of the ul-
trasonic converter. Stepped horns, as shown in Fig-
ure 2b, appear to be the most useful for adaptation to 
the natural frequency of the driving transducer and 
are often the easiest to manufacture.34

In most practical applications, a combination of 
stepped and tapered sections is used in horn design. 
Horns are manufactured from materials that have 
high dynamic fatigue strength and low acoustic loss, 
such as titanium alloys. With a horn attached to the 
converter output, amplitudes of vibration greater 
than 150 μm can be achieved at frequencies less 
than 100 kHz.

Acoustic horns, being of solid metal configura-
tion, lack the flexibility necessary to navigate the 
tortuous vascular geometry. The idea of using wire 
waveguides was developed to deliver these ultra-
sonic peak-to-peak displacements over sufficient 
lengths and with the flexibility necessary for mini-
mally invasive vascular surgery.21,22,31

Minimally Invasive Delivery of Ultra-C. 
sound by Wire Waveguide

Most of the initial work in the area was based on find-
ing methods to deliver this form of ultrasound over 
the waveguide lengths and small diameters capable 
of being used in surgical applications. While little de-
tailed description of the exact design and construction 
methods was given, some general conclusions can be 
drawn from early design and testing.

Rosenschein et al.23 described the use of a solid, 
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flexible aluminum transmission wire mechanically 
coupled to the acoustic horn. Details surrounding 
the coupling method were not included. Fischell et 
al. describe the use of a solid 1.5 F (≈ 0.5-mm) diam-
eter titanium wire waveguide.35 This system also ap-
pears to have been used by Ariani et al.36 and Demer 
et al.30 These studies, in general, detail the use of 
solid wires manufactured from aluminum, titanium, 
or alloys of both to form the transmission member or 
wire waveguide to transmit the ultrasound from the 
acoustic horn to the lesion location. This ultrasonic 
transmission results in longitudinal displacements at 
the distal tip of the wire waveguide.

In addition, both teams located a ball-tip or 
enlargement at the distal end of the wire. This in-

creases the surface area in contact with the lesion 
and the surrounding fluid. Demer et al.30 described 
the use of a 2.0-mm[en]diameter ball-tip, and Siegel 
et al.25 a 1.7-mm[en]diameter ball-tip in conjunction 
with the wire waveguide.

Mechanical Effect of Wire Waveguide D. 
Tip Displacement

Atar et al.29 suggested that the ultrasonic longitudi-
nal vibration of the wire waveguide distal tip results 
in four major potentially disruptive events—direct 
contact ablation, pressure wave components, cavita-
tion, and acoustic micro-streaming—and all of these 
appear to be related to the distal-tip displacement 

FIGURE 2. (a) Generation of mechanical ultrasonic displacements: converter and acoustic horn. 
(b) Assembled acoustic horn and converter.

(a)

(b)
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amplitude, frequency, and geometry.37-40 A diagram 
of the distal section of the wire waveguide and loca-
tion of disruption mechanisms is shown in Figure 3. 
Distal tip displacements described in the literature 
are given in Table 2.

Direct Contact Ablation1. 

The oscillating distal tip of the wire waveguide acts 
as an ultrasonic reciprocating micro-drill. Research 
in ultrasonic micromachining has shown that it is 
associated with low material removal rates by mi-
crochipping, and is ideal for ablating brittle ceramic 

materials.41 Direct contact between the oscillating 
tip and the plaque in the arterial lumen results in the 
fragmentation and ablation of the plaque into micro-
scopic particles, and is considered to be one of the 
major effects of ultrasound angioplasty.24 This issue 
was further examined in a study by Siegel et al. on 11 
atherosclerotically occluded human coronary arteries 
that had been excised postmortem.25 Following the 
use of a 19.5-kHz ultrasound device with amplitudes 
of 15 to 30 µm, a resistive pulse particle counter was 
used to measure the particulate content in the efflu-
ent. Particles 2.5 to 80 µm in size were detected, but 
99% of particulate content was found to be less than 

TABLE 2. Waveguide Tip Displacements from the Literature

Study Frequency of 
Operation (kHz)

Distal Peak-to-Peak 
Displacement (μm)

Wire Data

Rosenschein et al.23 20 150 ± 25 Aluminum alloy wire 
1.6 mm 
No ball tip

Ariani et al.36 20 63.5–11 Titanium wire 
0.72 mm 
2-mm ball tip

Demer et al.30 20 50 ± 25 Titanium wire 
0.5 mm 
2-mm Ball-Tip

Makin and Everbach44 22.5 200/130 Titanium wire 
1.98/2.46-mm ball tip

FIGURE 3. Schematic of ultrasonic wire waveguide in catheter and the regions surrounding the longitudinal vibrating 
distal tip where disruptive mechanisms can occur.
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10 µm in diameter. Ernst et al. describe a study us-
ing a 21-kHz device with a 52 ± 19-µm amplitude of 
displacement, and found that 95% of the debris par-
ticles were of a diameter under 9 µm (range, 5–12 
µm).42 It also appears that, due to the varying material 
properties of the plaques, this form of fragmentation 
technique ablates less distensible rigid calcified and 
fibrous plaques faster than flexible material such as 
the healthy arterial wall tissue.22

Acoustic Pressure Waves and Cavitation2. 

As a result of the direct contact between the oscil-
lating distal tip and the surrounding fluid, an oscil-
lating acoustic pressure field superimposed on the 
ambient pressure is established around the distal tip. 
Of particular interest is the fact that if the pressure 
amplitude is sufficiently high, cavitation in the fluid 
may occur. Cavitation occurs when on the negative 
side of a pressure cycle (e.g., when the wire wave-
guide tip is retracting) suspended gas bubbles in the 
fluid, in channels within the tissue, or trapped at 
solid interfaces expand and collapse with the gen-
eration of shock waves of sufficient amplitude and 
frequency. If the acoustic field produces sufficiently 
low pressures, cavitation may occur. This is consid-
ered to be the most powerful destructive mechanism 
of the ultrasonic ablation.43

Burdic37 has suggested a simplified relationship 
between pressure and cavitation threshold, discussed 
in the section called “Distal Tip Interactions” below. 
Cavitation is a potentially significant erosion event, un-
desirable in most acoustic applications but necessary in 
cavitation cleaning baths and sonochemistry.37,38

Yock and Fitzgerald28 concluded that cavitation is 
a major contributing factor in the disruption of plaque 
and thrombus, that ultrasound ablation of lesions is 
only present above the cavitation threshold, and that 
the rate of disintegration is correlated with the amount 
of power delivered above this threshold. 

Makin and Everbach44 investigated the acoustic 
pressures developed by an ultrasonically vibrating 
wire waveguide submerged in a liquid with acoustic 
properties similar to blood. The experiment consist-
ed of a 2.46-mm[en]diameter spherical tipped wire 
oscillating in a cylinder of fluid (peripheral arterial 
phantom) at 22.5 kHz. Their experiment consisted 

of an ultrasonic emitter-receiver submerged in a tube 
within a 355-mm[en]tall acrylic tank with an inter-
nal diameter of 203 mm. The tank was filled with 
water or a glycerine-water mix. The experiment was 
described as having a 355-mm[en]high tank filled to 
345 mm with fluid. Pressures were measured in the 
range of 12 to 250 mm from the vibrating tip using 
an acoustic hydrophone; measurements in the vicin-
ity of the tip were restricted due to the limitations of 
their measuring equipment. 

Their results demonstrate two important effects 
of the ultrasound in vivo:

While the investigators were not able 1. 
to directly measure pressures at the tip, 
“cavitation activity” was determined 
using a 20-MHz focused transducer. 
They concluded that cavitation was 
evident and related to the distal-tip dis-
placement and the distal tip geometry. 

A standing wave in the acoustic do-2. 
main of significant amplitude was also 
detected. They concluded that this 
standing wave was caused by an im-
pedance mismatch between the liquid 
and the surrounding air. This is similar 
to the tissue-air interface encountered 
in peripheral limbs in vivo, the result 
of reflection at the interface of layers/
materials of different acoustic imped-
ance. The sound power reflection co-
efficient is given as45:

  
 (1)

where αr is the sound power reflection 
coefficient and c is the speed of sound 
in fluid medium.

Assuming no energy loss, the reflection of the inci-
dent energy must correspond to a unity value of re-
flection coefficient. The speed of sound for air and 
blood/tissue was taken as 340 m/s and 1580 m/s, re-
spectively, and with densities of 1.2 kg/m3 and 1050 
kg/m3, respectively. Using Equation 1 and the mate-
rial properties shown, the sound/power reflection can 
be calculated to be 99.9% at the tissue-air interface. 
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Acoustic Streaming3. 

Two general forms of fluid motion are set up around 
an oscillating sphere in a fluid. The first can be con-
sidered as the oscillatory fluid motion very close to 
the wall of the tip, and the second a unidirectional 
fluid motion in an external acoustic streaming layer, 
as shown in Figure 4.38,39 It is the combined presence 
of direct contact, acoustic pressure waves, cavita-
tion, and acoustic streaming that led investigators to 
believe that ultrasound delivered via a wire wave-
guide could disrupt arterial lesions. Some analytical 
theory further describing these disruptive mecha-
nisms is discussed later.

Selected Examples of the Therapeutic E. 
use of Megahertz-Frequency Ultrasound 
Catheters

There is an extensive body of literature concerning 
the use of megahertz-frequency ultrasound trans-
ducers at a catheter tip to produce a therapeutic 
benefit, which are considered beyond the scope of 
this review. It should be noted that these systems 
employ a megahertz-frequency ultrasound trans-
ducer attached to the distal tip of a catheter. They 

are therefore quite technically different from the ki-
lohertz systems under discussion, which involve ex-
ternal ultrasound generation and transmission along 
a metal wire waveguide. For further information on 
megahertz-frequency ultrasound therapy, the reader 
is directed to recent contributions and reviews in 
this related field. 

For neurosurgery applications, Herickhoff et al. 
reported the use of megahertz-frequency ultrasound 
for dual-mode imaging and treatment of brain tu-
mors,46 and the use of a thermal model to predict 
temperature rise in surrounding brain tissue.47 

Lafon et al. developed flexible tubular interstitial 
applicators for focused ultrasound tissue destruction, 
whereby the transducers can be introduced into the 
body and to the proximity of the lesion site in a fashion 
similar to the catheter systems mentioned previously.48 
They have also used numerical models for optimiza-
tion of the shape of ultrasound transducers through 
consideration of thermal lesion predictions and involv-
ing solution of the bioheat equation. A review of inter-
stitial devices for minimally invasive thermal ablation 
by high-intensity ultrasound is also available.49 

The use of a megahertz-frequency ultrasound 
catheter for accelerated thrombolysis of deep vein 
thrombosis in combination with thrombolytic drugs 
has been described by Parikh et al., with some prom-
ising results.50 

Smikhal et al. previously studied the combination 
of megahertz-frequency ultrasound in combination 
with alteplase, a lytic protein for deep vein throm-
bosis thrombolysis (using an Omnisonics ultrasound 
systems, which transmits lateral kilohertz vibrations 
via a metal wire waveguide, as opposed to the axial 
vibrations that are the main theme of this article).51

THEORETICAL FOUNDATIONSIV. 

This section focuses on the theoretical mechanics 
that govern the response of a uniform rod (wave-
guide) to a harmonic input displacement, as well as 
the fundamental principles of acoustic pressure field 
generation by an oscillating sphere (such as a distal 
ball tip) in a fluid. 

FIGURE 4. General features of acoustic microstreaming 
near a small vibrating sphere. (Adapted with permission 

from Nyborg.38)
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Wire Waveguide MechanicsA. 

Steady-State Vibration of a Uniform Rod1. 

The steady-state analytical solution of motion for an 
undamped longitudinally vibrating rod, as shown in 
Figure 5, subjected to a sinusoidal input vibration 
motion of u(t) =b sin (ω(t)), is shown in Equation 2. 
This is similar to the condition setup in ultrasound 
transmitted via a wire waveguide, where the distal 
tip of the acoustic horn applies a sinusoidal input of 
particular amplitude and frequency to the proximal 
end of the wire waveguide. The theoretical develop-
ments leading to this solution are available.52

   
 (2)

where x is the axial coordinate, denoting position along 
the rod; u(x,t) is the axial displacement of the rod as a 
function of x and time t; ω is the frequency of vibra-
tion; l is the length of the rod; b is the amplitude of 
the applied sinusoidal vibration at x = 0 (as indicated 
above); and c is the speed of sound in the medium.

The steady-state amplitude of vibration at any 
point (0 ≤ x ≤ l) can be determined, although this 
is an undamped solution and therefore limited. The 
solution can also be used in the determination of 
resonant response. 

The solution for the resonant response from 
Equation 1 is shown in Equation 3, where fn is the 
resonant frequency of vibration for a thin rod of 
length l and c is the speed of sound (longitudinal) in 
the rod material. 

  
  (3)

Similarly, for a constant frequency, Equation 4 
gives us the lengths where resonance occurs (n = 1, 
3, 5, 7...) and the lengths where non-resonance oc-
curs (n = 0, 2, 4, 6, 8…). This is more important to 
the ultrasound wire waveguide because the displace-
ment input from the distal tip of the acoustic horn 
is at a constant prescribed frequency determined by 
the ultrasonic generator.

  (4)

The reader is referred to Steidel52 for a complete 
treatment of the principles on which these equations 
are based.

Distal-Tip InteractionsB. 

The literature describes ultrasound transmission re-
sulting in vibration of the distal tip of the wire wave-
guide and the presence of a spherical or near spheri-
cal ball-tip enhancing transmission to the fluid.44 

Acoustic Pressure Field Around an Os-1. 
cillating Sphere

An analytical solution for the pressure field de-
veloped in the fluid near an oscillating sphere was 
proposed by Morse44 and is shown in Equation 5. 
Figure 6 illustrates the parameters appearing in this 
solution. In this solution, the maximum pressure at 
any point, Pmax, developed in the field surrounding 
an oscillating sphere can be determined. 

  (5)

Where R is the radius of the ball, f is the frequen-

FIGURE 5. Diagram of a uniform rod, of length l, with an input displacement motion of u = b sin ωt. (From Steidel52; 
reproduced with kind permission of the ASME.)
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cy of oscillation, d0 is the displacement ampli-
tude of oscillation, and ρ is the fluid density. This 
solution shows that pressure amplitudes are at a 
maximum on the surface of the sphere and axially 
ahead of it.

Cavitation2. 

From the pressure amplitude field, it is possible to in-
fer when and where cavitation is likely to occur. While 
the occurrence of cavitation is dependent on numer-
ous factors, such as the temperature and the amount 
of dissolved gas in the fluid, Burdic37 suggests the 
use of a cavitation threshold for the sound intensity, 
which may be calculated according to Equation 6: 

  (6)

Where T is the sound intensity, Pmax is the maximum 
pressure, ρ is the fluid density, and c is the speed of 
sound in the media.

According to Perkins,53 this threshold intensity for 
degassed water at room temperature is approximately 
between 2 and 3 W/cm2 in the frequency range of 20 
to 30 kHz. It is worth noting here that the acoustic 
intensity required to cause cavitation increases signif-
icantly above a frequency of 100 kHz, and is one of 
the main reasons that sonochemistry and therapeutic 
ultrasound is performed at low-frequency ultrasound 
bands of between 20 and 45 kHz.

Acoustic Streaming3. 

Analytical solutions related to acoustic streaming 
phenomena that occur around a vibrating sphere 
are available in the literature.38,39 These primar-
ily refer to the boundary layer thickness between 
the inner oscillatory motion and the outer acous-
tic streaming layer, as shown in Figure 4, and will 
not be discussed here in any great detail. There is 
also, however, a solution for the velocity field of 
the outer streaming layer given by Lee and Wang,39 
and this outer streaming layer can be observed ex-
perimentally.38

Recent Progress in Numerical Modeling 4. 
and Design

The use of computational modeling is well reported 
for focused ultrasound applications, predicting the 
pressure amplitudes, focused field effects, and ther-
mal effects in fluid and surrounding biological tissues. 
However, the frequencies modeled are generally in 
the megahertz range, with acoustic pressure predic-
tions up to 6 MPa. For high acoustic pressure fluctua-
tions, non-linear effects may become significant.54 

No computational models for predicting lesion 
or damage formation are yet availablefor high-pow-
er, kilohertz-frequency ultrasound wire waveguide 
procedures, despite the recent emergence of such 
medical devices.

Gavin et al. originally contributed a finite-
element model of a slender rod subjected to high-
frequency mechanical displacements at the proximal 
end, and presented predictions of the effect of wire 
length on distal output (peak-peak displacements).55 
The model predictions were validated by compari-
son with experimental measurements made using an 
optical microscope. Figure 7a shows experimental 
measurements and finite-element analysis predic-
tions of the distal output peak-to-peak displacement 
for a range of wire waveguide lengths. This graph 
reveals the critical dependence of output on wire 
length, and also illustrates the usefulness of the 
numerical model for waveguide design. Figure 7b 
shows the peak-to-peak displacement amplitude at 
locations along the length of the wire waveguide, 
also well predicted by the model. 

FIGURE 6. Diagram relating to the pressure field de-
veloped around an oscillating sphere. (Adapted from 

Nyborg38; originally published by Gavin et al.56 and repro-
duced with kind permission of the ASME.)
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FIGURE 7. (a) Wire waveguide distal displacement amplitudes (From Gavin et al.55; reproduced with kind permission 
of Elsevier). (b) Wire waveguide internal displacement amplitudes (From Gavin et al.56; reproduced with kind permis-

sion of the ASME.)

(a)

(b)
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These investigators also considered the effect of 
the damping characteristics of the wire, and showed 
that the nickel-titanium (NiTi) wire waveguides ex-
hibited significant damping over waveguides approxi-
mately 300 mm in length, consistent with a damping 
factor of 4.5%. In later work, an acoustic fluid structure 
interaction finite-element model of the waveguide and 
surrounding fluid was developed, which accounted for 
the interaction of the wire distal tip with the surround-
ing fluid and also provided predictions of acoustic 
pressure in the fluid at the distal tip 

Gavin et al. presented an acoustic fluid-struc-
ture model of a therapeutic angioplasty device that 
can predict the pressure amplitudes in the fluid field 
surrounding a vibrating waveguide tip.55-57 The 
coupled fluid structure acoustic model assembles 
the following matrices of equations, where the M 
and K matrices represent mass and stiffness matri-
ces for the solid (subscript S) and the fluid (sub-
script F), respectively. 

  (7)

Where [MS] and [MF] are the mass matrices for 
the solid and fluid components, [KS] and [KF] are 
the stiffness matrices for the solid and fluid com-
ponents; ü and u are the nodal acceleration vector 
and nodal displacement vector, respectively;  and 
P are the second derivative of nodal pressure and 
the nodal pressure, respectively; FS is the applied 
load vector; [R] is a coupling matrix that represents 
effective area associated with each node, and RT is 
its transpose; and ρ0 is the fluid density. The model 
is capable of predicting the effect of waveguide ge-
ometry changes, such as wire length, on the instru-
ment’s resonant response and on the transmission of 
acoustic energy to the surrounding fluids. 

Figure 8a shows the predicted acoustic pressure 
field around the distal tip of a wire waveguide with a 
1.0-mm[en]diameter ball tip, and Figure 8b shows a 
comparison with published results for that configu-
ration. This supports the validity of the finite-ele-
ment model for predicting acoustic pressure fields 
generated by the waveguide, which is relevant to the 
determination of the onset of cavitation. Figure 9a 
illustrates visually the fluid (water) response at vari-
ous peak-to-peak displacements, showing cavitation 

developing from around the 63-μm peak-to-peak 
displacement. Based on a cavitation threshold of 
2.5 W/cm2, this agrees with the predictions of the 
numerical model. Figure 9b shows a visualization 
of the acoustic streaming phenomenon. The present 
form of the numerical model does not have the ca-
pability to predict this effect. 

DEVICE PERFORMANCE CHARACTERIZA-V. 
TION AND VALIDATION

Transmission of Ultrasound Delivered via A. 
Wire Waveguide

While the theoretical analysis discussed provides 
valuable insight into the mechanics of ultrasound 

FIGURE 8. (a) Predicted pressure amplitude field around 
the distal tip of the wire waveguide with a 1.0-mm spheri-

cal tip. (b) Comparison of predicted pressure ampli-
tudes and experimental results published by Makin and 
Everbach44 (From Gavin et al.56; reproduced with kind 

permission of the ASME.)

(a)

(b)
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transmission via wire waveguide and through sur-
rounding fluids, they are of limited use in analyzing 
complex geometries and conditions. The use of the 
finite-element method may be of benefit in assessing 
effects such as the inclusion of specific distal-tip ge-
ometries on the waveguide, material damping in the 
waveguide, and ultimately the modeling of various 
distal-tip shapes and their effects on the surrounding 
acoustic pressure field developed, with consequenc-
es for the ablation mechanisms

Further, the method may be applied to the cou-
pling of the waveguide and surrounding fluid and 
modeling the acoustic fluid-structure behavior of 
the system. No previous modeling of therapeutic 
ultrasound in small-diameter wire waveguides or 
coupling with a distal-tip fluid appears in the litera-
ture. This technique, however, has been used in the 
modeling of ultrasonic acoustic horns.58

Mechanical Performance EvaluationB. 

Gavin et al.55 measured distal-tip displacements for 
short, 1.0-mm[en]diameter wire waveguides opti-
cally using a microscope with a magnification of 40 
(Figure 4). This was carried out over various power 
inputs setting of the generator. 

Gavin et al.59 examined the 1-mm[en]diameter 
wire waveguides over multiple lengths, and each 
length was tested at various power level settings. It 
was found that as the power input is increased then the 
output peak-to-peak displacement is also increased. 
This is not true for all wire waveguide lengths, be-
cause some lengths result in poor or no transmis-
sion. The study suggests that the resonant length of 
the wires affects the transmission. Wire waveguide 
lengths were examined between 118 and 303 mm at 
intervals of 5 mm, and again using the 1-mm[en]di-
ameter wire waveguides at a constant power setting 

FIGURE 9. (a) Images of the distal tip of the 1.0-mm[en]diameter wire waveguide at ambient temperature for various 
input power dial settings between 1.5 and 6.5.56 (b) Acoustic streaming at distal tip (1.0-mm diameter).56 (From Gavin 

et al.56; reproduced with kind permission of the ASME.)

(a) (b)
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input. The results showed that the wire waveguide 
has specific resonant and anti-resonant lengths, and 
also that stable ultrasound transmission was attained 
at anti-resonant lengths. The performance decreases 
as the wire length approaches resonant lengths for 
the same power input. 

Prototypes and Clinical DevicesC. 

Ariani et al. used an ultrasound waveguide to disrupt 
human thrombus in vitro and in vivo.36 While no 
exact mode of disruption was determined, their re-
sults show an inverse relationship between acoustic 
horn distal-tip power and time to dissolve the clots; 
higher powers dissolved the clots in a shorter time 
period. Other investigators have published similar 
results in the treatment of thrombus both in vivo and 
in vitro.23,60

In addition to this experimental work conducted 
on thrombus, other investigators have tested the 
effect of the ultrasound delivery on atherosclerotic 
lesions. Siegel et al.24 experimentally tested a 19.5-
kHz system on 50 lesions of which 34% were calci-
fied. The results showed that ultrasound delivered 
via a wire waveguide could recanalize the arteries 
affected by the lesions, and that the calcified arter-
ies treated with therapeutic ultrasound could subse-
quently be dilated at lower pressures than, before 
suggesting an overall increase in the distensibility 
of the lesion. 

This effect is further supported by work con-
ducted by Demer et al.,30 who showed that the 
distensibility of calcified lesions increased fol-
lowing ultrasound delivery. This was assessed by 
pressure-volume inflation curves from a standard 
dilation catheter, as shown in Figure 10. Following 
the administration of ultrasound, the inflation curve 
shifted to the right, indicating increased distensibil-
ity and allowed standard balloon dilation at lower 
pressures.

This increase in distensibility is thought to be 
further increased during intervention and immedi-
ately afterwards by a phenomenon called vasodila-
tion, the relaxation of the fibers in arteries in the vi-
cinity of low-frequency ultrasound.35 This is thought 
to be a biological response and is beyond the scope 
of this work, but its effects are worth noting.

Patent LiteratureD. 

This section is not intended to cover all patents, but 
rather to give an oversight of the main technical design 
issues and to show technical progression and suggested 
solutions. Table 3 gives an overview of significant pat-
ents in this area.The overall external electromechanical 
systems are similar, resulting from earlier technology 
requiring an ultrasonic generator, transducer (piezo-
electric or magnetostrictive), and acoustic horn at-
tached to some small-diameter waveguide effectors for 
insertion into the body. In addition, many other design 
concepts are also patented, from pulse-mode operation 
to user interfaces; these are considered peripheral and 
will not be covered in detail.

Early patents such as that obtained by Balamuth61 
describe a device that utilizes ultrasonic energy for 
the removal of warts, tumors, and skin cancer but 
makes no mention of operating within blood ves-
sels. Kuris62 obtained one of the earliest patents to 
disclose the use of vibratory displacements transmit-
ted through a catheter inserted into a blood vessel 
that is surgically exposed. One of the first patents on 
the road to current approaches was by Boyd,63 who 
describes the use of a semi-flexible ultrasonic vibra-
tory catheter for the treatment of atheromas includ-
ing coronary atherosclerosis. In this invention, the 
hollow catheter itself vibrates and has a sharpened 
tip to facilitate the removal of tissue. 

FIGURE 10. Example of pressure-volume curves 
obtained before (left curves) and after (right curves) ultra-

sound energy application. The rightward shift indicates 
increased distensibility. (Data digitized from Demer et 

al.30 using xyExtract© digitizing software).
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Limitations of these early patents include the 
need for open surgery, stiff transmission probes not 
suited to minimally invasive access, associated risks 
of arterial perforation, and other complications. To 
overcome these, devices needed to be designed that 
could deliver ultrasonic vibrations via small-diame-
ter, flexible waveguides (lengths approximately 1.6 
m and diameters less than 1 mm) similar to those 
used in other minimally technologies, such as bal-
loon dilation catheters.

As a result, the focus of the detailed technical 
design, solutions, and subsequent patents in the area 
of minimally invasive ultrasound catheter systems 
for the ablation and disruption of arterial plaques, 
are in three critical areas:

Wire waveguide design and material 1. 
choice,

The method by which the waveguide 2. 
is connected to the acoustic horn, and

The wire waveguide distal-tip con-3. 
figuration.

Two key patents filed in 1989 describe ultrason-
ic angioplasty systems incorporating flexible wave-
guides, detailed connection methods, and peripheral 
tip designs. Bernstein and Rosenschein64 describe 
an ultrasonic angioplasty waveguide system using 
an aluminum-based alloy (AL-7075 etc.) for the 
waveguide material to reduce attenuation of the 
ultrasonic energy over long working lengths. They 

state that the distal tip should preferably be “flat.” 
Their method of connecting the wire waveguide 
to the acoustic horn uses a connector that applies 
a gripping force to the waveguide by two radially 
opposing grub screws. Shrink-fitting the connector 
and waveguide using heat is also mentioned.

DonMichael et al.65 describe an apparatus that 
can induce both longitudinal and transverse motions 
to the wire waveguide. They propose a cobalt-nickel 
alloy as a suitable waveguide material. It is also sug-
gested that a bulbous (enlarged) distal tip efficiently 
transfers the ultrasonic energy while reducing the 
risk of “perforating the artery.” Suggested connec-
tion methods to the acoustic horn include a “vibra-
tion fitting,” but no specific details are provided. 
After 1991, many patents became increasingly more 
detailed. 

In 1995, a patent by Pflueger et al.66,67 including 
some of the same inventors from above (Siegel and 
DeCastro) proposed an ultrasonic device comprising 
an elongate ultrasound transmission member (in-
cluding tapered waveguides) formed of one or more 
super-elastic alloys such as NiTi (51% Ni by atomic 
percent). A range of wire waveguide distal-tip de-
signs are disclosed, including surface finishes with 
grooves and dimples to enhance material disruption 
and cavitation. A ferrule grip was suggested as a 
means of connecting the waveguide to the acoustic 
horn. Also mentioned was using the wire waveguide 
in an “over-the-wire”’ configuration similar to bal-

TABLE 3. Patent Literature

Year Patent Number Inventor Assignee
1969 US 3,433,226 Boyd Aeroprojects Inc.
1970 US 3,526,219 Balamuth Ultrasonic Systems
1971 US 3,565,062 Kuris Ultrasonic Systems
1989 US 4,870,953 DonMicheal, Siegel, and DeCastro --
1989 WO 89/06515 Bernstein and Rosenschein --
1995 US 5,397,301 Pflueger, Nita, Siegel, Bacich, Bond, and 

DeCastro
Baxter International Inc.

1999 US 5,971,949 Levin, Saltonstall, Nguyen, and 
Rosenschein

Angiosonics Inc.

2006 EP 1649,817 A2 Nita FlowCardia Inc.
2009 US 2009/0216246 Nita, Sarge. and Spano FlowCardia Inc.
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loon angioplasty and more common interventional 
methods. In 1999, Levin et al.68 described a system 
with a waveguide consisting of a series of transi-
tions, multiple wires in parallel, and ideal transition 
locations based on the standing wave setup in the 
waveguide. Waveguides consisting of multiple ma-
terials transitioning along the length, such as alumi-
num and titanium alloys, were included.

Nita and Sarge67 disclose an ultrasound system 
with wire waveguides made from a material that 
included nickel (50.5–51.5 at.) having tapered sec-
tions, and in their embodiment they suggest NiTi su-
perelastic alloys. A number of connection methods 
and distal-tip configurations are disclosed, including 
a balloon to facilitate off-center positioning of the 
wire waveguide distal tip.

In 2009, Nita et al.69 described an ultrasound 
catheter device for the disruption of occlusions of 
blood vessels. They describe a wire waveguide cath-
eter system including irrigation ports for cooling of 
the waveguide, an over-the-wire configuration, and 
a detailed connection system to eliminate lateral 
movements of the waveguide near the connection 
point, all with the goal of reducing heat in the wave-
guide and increasing its longevity.

FUTURE DIRECTIONSVI. 

Much work is still required to further understand this 
form of ultrasound energy delivery and the subse-
quent affects this has on plaque material and biolog-
ical response. Regarding the fundamental principles 
of the process, there is a lack of clarity surrounding 
the relative importance of the various proposed dis-
ruption mechanisms. Work is needed to understand 
the conditions required to cause cavitation in blood 
in vivo and to determine its importance in plaque 
disruption. There is also a need to isolate tissue or 
plaque effects due principally to acoustic stream-
ing, and to evaluate the role that this mechanism can 
play. Of greatest importance perhaps is the need to 
develop an understanding of the fracture behavior 
of plaque caps and lipid pools under contact with a 
surface vibrating at low ultrasonic frequencies. 

There is a need to develop a greater understand-
ing of the mechanics of wave transmission through 
long, flexible wire waveguides with complex mate-

rial characteristics (as exemplified by NiTi super-
elastic shape memory alloys). Significant damping 
of wave amplitude has been observed in straight 
NiTi wires at low ultrasonic frequencies, and the ef-
fect of tortuous pathways that necessitate significant 
bending require much greater investigation with a 
view to controlling losses. It is essential that the dis-
tal-tip vibrations can be precisely and consistently 
controlled by the cardiologist, and are not unduly 
influenced by variable factors associated with indi-
vidual procedures. 

The fatigue of superelastic metals under cyclic 
strain at low ultrasonic frequencies has not been 
extensively studied, even though the reliability of 
these devices depends on these properties. Designs 
must, in any case, be configured such that wire fa-
tigue failures (more likely at locations of mechani-
cal connection, in the experience of the authors) do 
not result in being unable to retrieve all of the distal 
elements of the device.

SUMMARYVII. 

Calcified and totally occluded arteries pose signifi-
cant complications during standard balloon angio-
plasty interventions and stent implantations. The use 
of therapeutic ultrasound transmitted via wire wave-
guides has been shown in initial clinical testing to 
be capable of disrupting thrombus and calcified and 
fibrous plaque without significant damage to healthy 
arterial tissue. Potential end clinical benefits in the 
use of therapeutic ultrasound delivered via small-
diameter[en]wire waveguides includes increasing 
the distensibility of calcified plaques with the po-
tential of reducing barotraumas and restenosis rates. 
This technology has also the potential in crossing 
CTOs, allowing for standard balloon angioplasty 
and stent implantation.

Little detailed analysis is provided on the design 
aspects of these devices or how ultrasonic displace-
ments are delivered to the distal tips of these small-
diameter[en]wire waveguides at the frequencies and 
amplitudes required and the disruption mechanisms 
these cause. With the launch of products to the U.S. 
and European markets potentially imminent, sophis-
ticated models for the design and optimization of 
these devices are urgently required. This challenge 



Ablation of Chronic Total Occlusions Using Kilohertz-Frequency Mechanical Vibrations 529

Volume 38, Number 6, 2010

demands a combination of experimental and clinical 
investigation and computational modeling. A vali-
dated finite-element model of the mechanical be-
havior of a small-diameter[en]wire waveguides and 
their interaction with surrounding fluids is neces-
sary. Any such model would prove highly beneficial 
in determining the crucial wire waveguide distal-tip 
displacements, and should be capable of predicting 
when the highly disruptive cavitation events occur.
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by means of the methods of mechanics. Its foundations are in particular embedded in mathematics, physics, and infor-
matics. Due to the inherent multidisciplinary character deriving from its aim, biomechanics has numerous connections 
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INTRODUCTIONI. 

General RemarksA. 

We are exposed to a great variety of forces and me-
chanical loading situations throughout our lives. In 
addition to forces deriving from ubiquitous and pen-
etrating fields such as gravity or interactions originat-
ing from electromagnetism, which are non-contact in 
nature and as such effective over distances, there are 
numerous external loads acting on all living systems 
from interactions with their surroundings. In addition, 
numerous forces are generated in the course of physi-
ological processes inside the body in the different 
organs and tissues. Throughout evolution, all forms 
of life adapted themselves to mechanical exposure; 
in fact, a lack of sufficient mechanical loading may 
have adverse effects. For example, muscle mass is re-
sorbed when not used or proper bone remodeling is 
impeded under conditions of insufficient loading.

The science of biomechanics is devoted to the 
analysis, measurement, and modeling of the struc-
ture and function of humans, animals, or plants or 
of parts thereof by application of the methods of 
mechanics. In particular, the biological effects that 
are observed under the various mechanical loading 

situations are investigated. As such, biomechanics 
contributes to a scientific understanding of living 
systems. An important aim consists of providing a 
basis for the application of engineering principles 
for the improvement of living conditions in general 
and for the restoration of human function in case of 
disease or disablement in particular. 

In light of its aims, biomechanics represents a 
multidisciplinary field characterized by numerous 
connections and overlapping areas with biology, bio-
chemistry, physiology, and pathophysiology, as well 
as with clinical medicine, so its range is enormously 
wide. It includes the application of mechanics to such 
distant fields as human motion, rehabilitation, sur-
gery simulation, implant mechanics, sports, trauma, 
cardiovascular dynamics, airflow in the lungs, organ 
dynamics, cell motility, transmembrane cellular trans-
port, and the influence of mechanical forces on gene 
expression. Animal- and plant-related biomechanics 
include the flight of birds, the swimming of fishes, 
and the growth of trees. A quantitative approach is 
thereby always in the foreground, and thus, to some 
extent, biomechanics can be regarded as quantitative 
physiology and pathophysiology. The term mechano-
biology refers specifically to the transduction of me-
chanical into biological signals. Biomechanics—as 
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a basic as well as an engineering science—therefore 
covers the entire range from molecular, cellular, tis-
sue, and organ to whole body dimensions.

The extent of forces that are of interest is large: 
internal forces may originate from the action of mol-
ecules, contractile fibers on a cellular level, or mus-
cles on a macroscopic scale; moreover, pressures and 
shear stresses may be generated by biological fluid 
flows or active biological transport processes includ-
ing osmosis. External forces occurring in everyday 
life may span a virtually unlimited extent. Accord-
ingly, the forces of interest in biomechanics typically 
cover a range from the piconewton to the meganew-
ton (lower or higher forces, respectively, are hardly 
considered because of lack of biological effect on the 
lower side or complete devastation on the upper), and 
their effects may manifest themselves within picosec-
onds (molecular actions) or years (bone remodeling).

An attempt is made in this treatise to demonstrate 
the basic mathematical and physical principles upon 
which biomechanics is based. Ultimate mathemati-
cal generality is thereby not in the foreground; for 
example, only rectangular coordinate systems are 
used. In particular, a concise presentation is sought. 
For details, the reader is referred to the specialized 
literature. Examples are intended to demonstrate 
representative applications of the treated theoreti-
cal material. Likewise, references are limited to a 
selection of representative and seminal publications 
and textbooks and are by far not exhaustive. They 
should primarily reflect the wide range of subjects 
treated in biomechanics.  

Historical Remarks B. 

The science of biomechanics has a long history. 
Phenomena such as bird flight or the beating heart, 
along with the pulse that can be felt at certain loca-
tions of the human body, stimulated the interest of 
scientists through centuries. Already in ancient Chi-
nese medicine, pulse-wave analysis served as a ma-
jor diagnostic procedure. A number of more recent 
scholars who made major contributions to biome-
chanics as we understand it today are:

Santorio Santorio (1561–1636) was one of • 
the first scientists to introduce quantitative 
methods into biology. He also invented var-

ious medical instruments and investigated 
human metabolism by systematic whole-
body weighing experiments (food intake/
feces excretion balance).
Galileo Galilei (1564–1642) measured pulse • 
rates and made observations with respect to 
weight and size of animals. He also made 
important contributions to the development 
of microscopy.
William Harvey (1578–1658) postulated the • 
circulatory nature of the mammalian blood 
flow system after having studied the func-
tioning of the heart. However, he could not 
demonstrate a connection between the arte-
rial and venous side because microscopy did 
not have sufficient resolution at that time.
Giovanni Alfonso Borelli (1608–1679), • 
sometimes referred to as the “Father of Bio-
mechanics” devoted much of his life to the 
study of animal movement and bird flight.
Robert Boyle (1627–1691), when working • 
with air and pumps, made observations on 
the lungs and associated air flow. 
Marcello Malpighi (1628–1694) discovered • 
the capillaries and is considered as one of 
the founders of microscopic anatomy.
Robert Hooke (1635–1703), Boyle’s assis-• 
tant, is known for Hooke’s law of elasticity. 
He also introduced the term “cell” as the 
smallest unit of life.
Stephen Hales (1677–1761) put forward the • 
“Windkessel” notion of the arterial system 
(although he did not use this particular ex-
pression).
Leonhard Euler (1707–1783) is the founder • 
of continuum mechanics, in particular of 
fluid mechanics. In his Principia pro motu 
sanguinis per arterias determinando (op. 
posth.), he applied his theoretical principles 
to the mathematical modeling of blood 
flow.
Jean Poiseuille (1797–1869) studied blood • 
flow and is believed to be the first scientist 
to have measured blood pressure.
Hermann von Helmholtz (1821–1894) • 
made many contributions to physiology in 
general, many of them with relevance for 
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biomechanics (sound perception, physi-
ologic energy balance, geometry and optics 
of the eye, etc.)
Adolf Fick (1829–1901), best known for • 
Fick’s law of diffusion, devised a method to 
measure cardiac output (a modern variant is 
still used today).
Diederick Johannes Korteweg (1848–1941), • 
A. I. Moens (Die Pulskurve, Leiden 1878), 
Horace Lamb (1849–1934), Konrad Witzig 
(1864–1962), Otto Franck (1865–1944), 
and John R. Womersley (1907–1958) pro-
duced a large body of work relating to blood 
flow, arterial pulse propagation, and cardiac 
mechanics.
Otto Messerer (main work in this context, • 
Über Elastizität und Festigkeit der men-
schlichen Knochen, Wertheim München, 
1880) pioneered forensic biomechanics.
Carl Culmann (1821–1881), Georg H. von • 
Meyer (1815–1892), Karl W. Ritter (1847–
1906), and above all Julius Wolff (1836–
1902, main work Das Gesetz der Transfor-
mation der Knochen, A. Hirschwald Berlin, 
1982) investigated the connection between 
mechanical loading and bone and skeletal 
architecture and remodeling.

Physical and Mathematical Approxi-C. 
mations Used in Biomechanics

From a mechanics’ point of view, biological materi-
als behave in a highly nonlinear fashion: they are 
anisotropic, viscoelastic, and exhibit an inhomoge-
neous composition (“structured continua”). Due to 
fiber rearrangement and interstitial fluid displace-
ment during deformation, biological tissues also 
exhibit quasi-plastic properties. Various tissues also 
have the ability to produce forces actively them-
selves due to intrinsic contractile elements, in par-
ticular, muscles. For practical purposes, however, 
substantial and rigorous approximations are neces-
sary to analyze systems of such complexity.

The simplest mechanical object is a point mass. 
However, such an approximation is hardly used in 
general biomechanics because it lacks any structure; 
only molecular models are partly based on this ap-

proximation. Rigid body approximations, in turn, 
have various applications, in particular for human 
or animal motion analysis or for a simplified pre-
liminary investigation of an otherwise complicated 
process. Often, systems of rigid bodies are consid-
ered, which are connected in joints (e.g., a model 
for the human body) or have interactions through 
external forces (e.g., molecules). It should also be 
noted that according to the solidification principle, 
also in the case of a deformable body, the center of 
mass obeys Newton’s second law of motion much 
as a point mass. The problem with this is that the 
center of mass changes its location relative to the 
body contour in a not-straightforward fashion when 
it is being deformed.

When tissue deformations, organ dynamics, 
cellular processes, or biofluid motions are consid-
ered, methods of continuum mechanics or hybrid 
approaches have to be applied. The constitutive 
properties of the biological materials in question are 
thereby modeled in various degrees of complexity. 

From a mathematical point of view, an impor-
tant distinction between rigid body and continuum 
approximations derives from the fact that rigid body 
systems have a finite number of degrees of freedom, 
whereas in continuum mechanics the degree of free-
dom is infinite. Rigid body systems are therefore 
described by ordinary and continuum mechanics 
by partial differential equations. The complexity of 
biological systems is such that computer-based ap-
proaches are widely applied. To this end, discretiza-
tion in the case of continuum modeling is necessary. 
The most appropriate discretization scheme has to be 
determined depending on the problem to be solved.

Mathematical Formulations; Vector and D. 
Tensor Notations

Extensive use is made in this text of vectors and 
tensors (both written in bold italics). In practical 
solution procedures, vectors and tensors are rep-
resented through their components in a reference 
system. Particularly useful is therefore the represen-
tation in components of vectors as row or column 
triples or second-order tensors as matrices. In so 
doing, however, one has to keep in mind that one 
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has to distinguish mathematically between a vector 
or tensor as a formal element and the set of their 
components in a coordinate system. Thus, only rect-
angular coordinate systems are used, such that co-
variant and contravariant components need not be 
distinguished. In a Cartesian coordinate system, a 
vector, x, e.g., a velocity, a force or a position vec-
tor can be decomposed according to x = x1 ex1

 + x2 
ex2

 + x3 ex3
 with coordinates x1, x2, x3 and orthogo-

nal unit vectors ex1
, ex2

, ex3
. In components, x will 

be written in brackets as , or  (x)i = xi,

i = 1,2,3. Also the notation notation (x)T = (x1, x2, x3) 
(T for transposed) is also used. Likewise, a second-
order tensor, T, e.g., the /stress tensor, will be rep-

resented by its components as: .

A scalar product between vectors or tensors is 
written as (..., ...) whereby the notation with brackets 
is used to denote that the expression represents a for-
mulation in components, i.e., it can be performed as a 
matrix multiplication. It involves transposition of the 
first term and subsequent multiplication, for example:

.

Vector products are written using the symbol (... 
3...). Such products will also appear only in com-
ponent formulation. The dot, . , in turn, will be in-
serted occasionally to indicate a multiplication of 
vectors and tensors.

Many problems in biomechanics are such that 
modeling in curvilinear coordinates is more ap-
propriate than in a Cartesian system; for example, 
blood vessels, urinary ducts, and airways in the 
lungs. Cylindrical or spherical coordinate systems 
that are curvilinear, yet rectangular, are applied in 
such cases. An analogous notation can be used as 
above; nevertheless, when calculus is performed, 
the curvilinearity has to be taken into account. 

To this end, we consider a transformation of a 
set of Cartesian coordinates x1, x2, x3 into a curvi-
linear, orthogonal system ξ1, ξ2, ξ3 by way of the 
functions

   
  (1)

As an example, we consider cylindrical coordi-
nates ξ1 = r, ξ2 = , ξ3 = z (Fig. 1):

  x1 = r cos , x2 = r sin    x3 = z

The rectangular base (unit vectors) that is associated 
with the new system is defined as

  (2)

With                                         (3)

one finds for the line element ds, using

  (4)

whereby .                                  (5)

In case of cylindrical coordinates, one obtains ac-
cordingly

  (6)

In continuum mechanics, field quantities are used, 
for example, a flow velocity field of a fluid, v(x) 
(at each spatial location x the fluid has a particular 
flow velocity v) or a density ρ(x). Thereby, methods 
involving differential calculus, in particular the op-
erations denoted as “gradient,” “divergence,” “rota-

FIGURE 1. Definition of cylindrical coordinates (r, , z). 
x : Arbitrary vector in space, origin O.
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tion,” and “Laplace” play a central role. They can 
be applied to vector and tensor fields, the operations 
gradient, and Laplace also to scalar fields.

The components of the differentiation operator 
“gradient,”  (a vector expression, often written as  
grad) is defined as, using Equation 4,

  (7)

The three dots indicate an element (scalar quantity, 
components of a vector or tensor field) that the op-
erator acts upon. In Cartesian and cylindrical coor-
dinates, respectively,

  

(8)

In the case of vectors or tensors, expressed in cur-
vilinear coordinates, it has to be noted that the de-
rivative also has to be applied on the base vectors 
in addition to the components, because their direc-
tion, unlike the one of Cartesian base vectors, may 
change as a function of the location in space. For 
example, for a vector field v(x) = vr er + v


 e


 + vz 

ez (in cylindrical coordinates, Fig. 2) this procedure 
yields for the base vectors:

  (9)

The operation “gradient” increases the degree of a 
field; that is, when applied to a scalar field, a vec-
tor field is obtained, when applied to a vector field, 
a second-degree tensor field results, etc. In con-
trast, the divergence ( ,...) (often written as div …) 
represents a scalar product and reduces the degree 
of a field, it can therefore only be applied on vec-
tor or tensor fields. In Cartesian coordinates, e.g., 
the divergence of a vector field, v(x) is a scalar,

   (10)

The rotation, ( 3v) (often written as rot v, again, v de-
notes an arbitrary vector field; it can also be applied 

with tensors) is a vector product. It does not change 
the degree of a field. In Cartesian coordinates,

   (11)

Finally, the “Laplace” operator, Δ = ( , ) = 2 is, as 
a scalar product, itself a scalar and does not change 
the order of a field. In Cartesian and cylindrical co-
ordinates, respectively, the Laplace operator reads

   (12)

Analogous formulas can be derived for other rectan-
gular coordinate systems. A comprehensive treatment 
is presented in Moon & Spencer1; mathematical phys-
ics and differential equations are also discussed in 
Courant & Hilbert2, as well as in Schaum’s Outline.3

FIGURE 2. Derivatives of base vectors (cylindrical co-
ordinates). When the point P is displaced by Δr in radial 

direction, the base vectors (er, e
, ez) undergo a pure 

translation; accordingly, all derivatives  are 

zero. The same holds for z → z + Δz. Under a variation  
 →  + Δ, however, the vectors er and e


 change their 

direction whereby Δer = e
 
Δ (figure) and Δe


 = − er Δ.
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METHODS BASED ON RIGID BODY AP-II. 
PROXIMATIONS

KinematicsA. 

An unrestrained point mass in space has three de-
grees of freedom. These can be represented in the 
form of the position vector, r, in an inertial refer-
ence system. If a Cartesian coordinate system with 
orthogonal unit vectors ex1

, ex2
, ex3

 is chosen, r = x1 
ex1

 + x2 ex2
 + x3 ex3

, while the representation in com-

ponents is . As the point mass moves in

time (t), kinematic quantities derived thereof are the 

velocity  and the acceleration .

An unrestrained rigid body has six degrees of free-
dom. Accordingly, these are parameterized by six 
quantities, denoted as generalized position coordi-
nates. There are various choices of parameterization, 
the particular parameterization of use is determined 
according to the problem to be solved. For example, 
three linear Cartesian coordinates x1, x2, x3 denoting 
the location of the center of mass r = x1 ex1

 + x2 ex2
 + 

x3 ex3
 in a reference system with orthogonal unit vec-

tors as above, and three angles (various options will 
be specified later) can be chosen. Thus, the body is 
characterized completely by its position and orien-
tation in space with respect to an inertial reference 
system. The shape or outer contour of the body has 
to be considered when collision problems are to be 
solved, whereas the interior structure can generally 
not be taken into account. If the number of degrees of 
freedom is reduced due to external constraints such 
as, for example, are given by a joint, the number of 
generalized coordinates is reduced accordingly.

As we shall see later, it is often advantageous to 
introduce other, in particular non-inertial reference 
systems, for example, a body-fixed system. How-
ever, such a system changes its location and spatial 
orientation with time. For a complete description of 
a motion it is therefore necessary to relate the system 
in use to inertial reference. Accordingly, we have to 
establish transformations between coordinate sys-
tems, which may depend on time.

Two orthogonal coordinate systems can always 
be made to coincide at a fixed point in time by a 
translation and a rigid rotation in that, first, the two 
origins are brought together by a translation; sec-
ond, a sequence of rotations is made such that the 
axes (or direction of base vectors) coincide. While 
the translation is given by a spatial vector, rotations 
are described by linear mappings that can be rep-
resented in matrix form. In order to investigate the 
properties of such matrices, we make use of the fact 
that a given vector, c, has the same length  
in any coordinate system (inertial or arbitrarily mov-
ing in space). 

The components of the vector c, written after ro-

tation (Fig. 3),   and , respectively, are related 

by a linear mapping:

  (13)

or . A first property of D is obtained from the 
condition of invariant length, that is,
  (14)
from which follows (D)T (D) = (I) upon application 
of the rules for matrix manipulation (Equation 14a;   
I denotes the identity tensor), as well as det(D) = 1 
(Equation 14b). Accordingly, the matrix is orthogo-
nal and its determinant is equal to 1. 

If  D relates, e.g., the components of a vector in 
a body fixed to those in an inertial reference system, 
it will in general depend on time. It can therefore 
be differentiated with respect to time, and one finds 
from Equation 14a 

 (15)

Upon defining , Equation 15 yields  
Ω = – Ω–1 which implies that Ω can be written in 
components as

  (16)

(The choice of the signs and of the indices will be 
justified later.) From the definition of   one finds fur-
thermore the important relation
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  (17)

We now look at a fixed point, P, on the moving body 
at time t and t + Δt, respectively. The body fixed vec-
tor, PP0 is denoted by b. From Figure 4 it is seen 
that the relation holds

r(t) + b(t) + Δr(t + Δt) = r(t + Δt) + b(t + Δt)

or  

for small Δt, implying that

However, using  and ob-
serving that for Δt → 0  D → I, we arrive at  
v(P) = v(P0) + Ω × b or, using component notation, 

 (v(P)) = (v(P0)) + (ω ´ b) (18)

with the angular velocity vector ω with components  

. The definition of the components of Ω 

has previously made such that the angular velocity 
vector appears in the well known form given above. 

We turn our attention now to the parameterization 

of the orthogonal matrix . Because the 

group of spatial rotations is noncommutative, care 
has to be taken in the choice of an appropriate form, 
and in fact various formulations have been used in 
the past depending on the problem at hand. 

The oldest form, useful to describe gyroscopes, 
was introduced by Leonard Euler: The three Eu-
ler angles (Fig. 5) (φ, θ, ψ) characterize a rotation  
around a body axis (self rotation, , if the body has 
the largest principal axis at rest in the x3 direction), 
a precession ( ), and a nutation ( ). It is thereby im-
plicitly assumed that the rotations are related to a 
fixed reference on the body. The rotations are per-
formed in the sequence φ → θ → ψ. Accordingly, 
the first rotations is expressed as

  (19)

The matrices associated with the rotations around θ 
and ψ can be found by interchanging the rows and col-
umns and replacing the angles. Upon multiplication, 
one finds for the total rotation, D, in components,

FIGURE 3. Body-fixed reference. The vector c is 
assumed to be part of a rigid body. Starting from an 

original configuration (I), given in an inertial reference 
system (e1, e2 ,e3), the body along with the vector c is 
moves in space (arrow). In a correspondingly moving 

body-fixed reference system (e1¢, e2¢ , e3¢, II) the 
configuration (as seen from the body-fixed system) 
remains constant. By execution of a rigid rotation 

(inverse arrow), the components of the vector can be 
transformed into inertial reference (III).

FIGURE 4. Rigid body motion (see text).
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 (20)

A problem derives from the fact that the angles φ 
and ψ are not defined for θ = 0. Therefore, the Euler 
angles are not particularly useful for the description 
of spatial rigid body motions, particularly if numeri-
cal applications are made. 

The sometimes used expressions “yaw, pitch, 
roll” are adapted from nautical language and denote 
rotations around the three orthogonal axes of a fixed 
reference system. Again, the sequence of rotations 
has to be specified, and (D) can be found by mul-
tiplication of three successive rotations analogous 
to Equation 19. This procedure does not have the 
“not-defined” problem of the Euler angles and is 
well suited for numerical applications; however, a 
2π periodicity remains (as for all rotations).

If the origins of the two coordinate systems in 
question coincide (which can be achieved by a trans-
lation), one can always find a spatial axis  
such that the two coordinate systems coincide also 
with their axes after performing a (finite) rotation 
with angle  around μ. From Figure 6 we find that

 (21)

Therefore, the symbol Ä denotes a dyadic product 

and  in Cartesian coordinates. 

The four quantities (μ),  are not independent be-
cause of ½μ½= 1. With the aid of the expression  

, as well as 

the Kronecker symbol δij, the components of 
the matrix associated with D are obtained as

 (22)

Note: This representation should not be confounded 
with the concept of the momentary or helical axis, 
which describes the instantaneous rotation of a rigid 
body. For further information with respect to this 
representation, which is sometimes used especially 
to describe primarily planar, (e.g., the jaw motion), 
the reader is referred to the literature.4,5

A further useful relation is based on direction 
cosines. Two coordinate systems with base vectors   
ei and e¢i, respectively, are related by the cosines 
cij = (ei, e¢j) in the form

  (23)

This relation is found by decomposition of the base 
vectors of one system with respect to the other. (It 
should be noted that the matrix associated with the 
transformation of the base vectors and the one with 
the transformation of the components of a vector ac-
cording to Equation 13 are inverse. This is particu-
larly important when non-orthogonal systems are 
used and covariant and contravariant components 
have to be distinguished.) 

For completeness, two further parametriza-
tions are mentioned. A representation using quater-
nions for rotations is obtained if the definitions

FIGURE 5. Definition of the Euler angles φ, ψ, θ.
FIGURE 6. Representation of motion by finite rotation: 

The vector r¢ is obtained from r by a finite rotation (angle 
) around the axis which is given by the unit vector μ. 
During the entire motion to be described, (t) and μ(t) 

always refer to the same original configuration.



Mathematical Foundations of Biomechanics 541

Volume 38, Number 6, 2010

 and  (24)

are introduced. Because , the 4 quantities 

(three components of ε and ε4) have in fact the prop-

erties of quaternions. If this representation is used in 
computational applications, the quaternion property 
has to be restored after each integration step. How-
ever, this disadvantage is offset by the fact that this 
involves a fitting procedure that adds to the stability 
of the integration. 

Directly related with the quaternions are the 
three Rodrigues parameters

  (25)

Because these parameters can become infinite, they 
are usually not used in numerical procedures.

Two of the representations outlined above (rota-
tion by angle  around axis μ and direction cosines) 
are particularly well-suited for numerical applica-
tions that involve the integration of linear and angu-
lar accelerations. Accordingly, the time derivative of 
D or an expression for ω,  respectively, are needed 
in terms of the parameters. While in the case of the 
direction cosine parameterization, Equation 17 can 
be used directly, Equations 17 and 21 yield, after 
some calculation, 

 (26)

Once ω is determined from the equations of motion 
(see below), the direction matrices can be updated 
along with the position vectors. 

The formal mathematical description in more 
detail of systems of rigid bodies in motion can be 
found in Kane6,7 and Wittenburg,8 which also include 
the dynamics (Chapter C).

Measurement MethodsB. 

The measurement of human body motions is either 
based on optical methods (position measurement 
of body surface markers, mostly utilizing infrared, 
video, or film recording along with associated image 

analysis) or on the application of acceleration sensors 
(Fig. 7). While velocities and accelerations from po-
sition measurements are obtained by differentiation, 
accelerations have to be integrated in order to deter-
mine velocities and positions. In the case of differen-
tiation, noise amplification is a well-known problem, 
and appropriate filters have to be applied in order to 
ascertain extraction of the significant signal contents. 
Linear accelerometers, which measure accelera-
tions in one direction, can be made small and light-
weighted; the measurement of angular or rotational 
accelerations is in contrast more critical and has for 
a long time posed technical problems, in particular 
in trauma research where high levels are reached. 
Today, however, angular accelerometers for various 
measurement ranges and purposes are available.9-11 
Integration of accelerations is not straightforward be-
cause the group of rotations is not commutative and, 
furthermore, drift problems occur. 

Optical methods for position measurements are 
often based on close-range photogrammetry12-16 and 
are widely used for clinical gait analysis as well as 
for computer-assisted surgery navigation.17-19 In a 
close-range photogrammetry setting, various cam-
eras are installed to monitor a laboratory, surgical 
theatre, or generally an object space. A point A in the 
object space with coordinates (XA, YA, ZA) is thereby 
imaged (Fig. 8) on the 2D camera space of camera 
i, image coordinates (xi

A, yi
A). The photogrammet-

ric procedure consists of the determination of the 

FIGURE 7. Experimental determination of positions, 
velocities, and accelerations. When position 

measurements are made (a), velocities and accelerations 
are obtained from differentiation, if accelerations are 

measured (b), integrations are necessary.
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spatial location of A from the planar camera views, 
that is, from the coordinates (xi

A, yi
A). The general 

procedure is as follows: for each camera i, the two 
coordinate systems (object space and image space of 
the camera, respectively) are related to one another 
by a rotation (matrix rk

i
l). Oi denotes furthermore the 

perspective center with coordinates . Note 
that these camera-specific coordinates refer to the 
object space. With the scaling factor, μi, the relation 
holds (similarity of two triangles after rotation)

 

 (27)

The quantity ci is denoted as camera constant. 
Upon utilizing the third equation to eliminate the 

scaling factor, one obtains the so-called collinear-
ity equations

 (28)

The location , the camera constant ci, along 
with the matrix rk

i
l have to be determined for each 

camera using measurement grids set up in the labo-
ratory. Theoretically, two cameras are then needed 
to determine (XA, YA, ZA) from the planar camera 
views using Equation 28. In reality, however, the 
intransparency of the human body requires multiple 
camera arrangements. Furthermore, the equations 
have to be corrected for practical inaccuracies; in 
particular, a careful camera calibration20 is neces-
sary (the theoretical principal axis may deviate from 
the actual camera axis, the image space is not ac-
curately perpendicular to it, and, furthermore, lens 
distortions have to be taken into account). 

With respect to procedures based on accelera-
tion measurements, it was mentioned above that the 
measurement of rotational accelerations posed tech-
nical difficulties in the past. It is sometimes attempt-
ed to obtain these with the aid of a combination of 
linear accelerometers, which are small, lightweight, 
accurate, and have a large frequency response. Be-
cause these elements are usually fixed on the human 
limbs and therefore change their spatial orientation 
when the body moves, the term “strap-down” mea-
surement is used. Under such conditions, linear and 
angular accelerations with respect to inertial refer-
ence cannot be obtained directly. A problem exists 
in particular because linear accelerometers always 
sense gravity and a signal is recorded already when 
a linear accelerometer is rotated with respect to the 
direction of gravity. We consider the output of a lin-
ear accelerometer that moves in space. From Equa-
tion 18, after differentiation with respect to time, we 
obtain for the acceleration, a, measured at an arbi-
trary fixed point P on a rigid body in motion

 (29)

where P0 is a reference point on the same body 
such that the distance PP0 =½b½is constant in 

FIGURE 8. Close range photogrammetry for motion 
analysis. The 3D object space (representative, arbitrarily 

chosen point A, object space coordinates XA, YA, ZA) 
is imaged onto the 2D image space, point a with 

coordinates xA , yA. The principal axis corresponds ideally 
to the optical axis and is perpendicular to the image 

space. The principal point P denotes the section of the 
principal axis through the image space.  

O: Perspective center. This is a camera-fixed point, given 
by the imaging properties of the lens. Its coordinates are 

X0, Y0, Z0 ; these are given in object space coordinates 
and relate object and image space. The respective 

coordinate systems are connected to one another by a 
rigid rotation (matrix rkl) and a scaling factor, μ (see text).  
c: Camera constant (distance between the principal point 

P and the perspective center). In a typical close-range 
photogrammetry setting, this quantity is close to the 

image-sided focal distance of the lens. More than one 
camera (with non-parallel principal axes) are needed to 
facilitate recovering 3D object space coordinates from 

the planar image coordinates.
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time. Theoretically, six independent measurements 
ai(Pi), i = 1,...6 would be sufficient to determine   
a(P0) and ω if the distances P0Pi are known and 
the points Pi are chosen appropriately (in particular, 
collinearity has to be avoided). However, due to the 
fact that ω appears in quadratic form in Equation 29, 
this procedure is associated with intolerable errors 
in practical applications.

With a minimum of nine linear accelerometers, 
which are arranged according to the scheme shown 
in Figure 9, the quadratic terms can be eliminated. 
To show this, we consider the three measurement 
components (a)i = ai in direction x (xj, yj, zj denote the 
location of the accelerometers), using Equation 29,

 (30)

(For each component i the appropriate coordinates 
xj, yj, zj have to be inserted). The other two directions 
(y, z) yield similar formulas whereby the sign of the 
acceleration measurement has to be observed. Upon 
elimination of the quadratic terms, one arrives at

 (31)

These equations can readily be integrated. However, 
a drift problem is still persistent. This is not the case 
if position measurements are made. A drawback nev-
ertheless exists because by the differentiation and 
necessary filtering process, bandwidth is lost and, ac-
cordingly, high-speed recording requiring intensive 
light is necessary. In contrast, the bandwidth of accel-
erometers is sufficient for all practical purposes.

DynamicsC. 

Most dynamic phenomena of interest in biomechan-
ics are such that their complexity does not allow for 
an analytic treatment; rather, numerical procedures 
have to be applied. Accordingly, the following con-
siderations are formulated in view of computer mod-
eling. It is furthermore noted that rigid body equa-
tions also apply for deformable bodies with respect 
to the center of mass.

The modeling and analysis of rigid body mo-
tions is based on the linear and angular momentum 
balance. We consider a system consisting of N rigid 
segments that may be connected in joints or not. 
There may be further constraints such as gliding 
along a plane. For each rigid segment n (n = 1,..., N) 
the following two equations hold: 

First, the momentum equation reads
  (32)

with: mn mass of segment n ; rn location of associ-
ated center of mass; Fnk force k acting on segment 
n ; fnj force of joint j, acting on segment n.
Second, the angular momentum balance (compo-
nent formulation) in body-fixed reference is (note 
that this is only correct if the equations are formu-
lated with respect to the center of mass)

 (33)

FIGURE 9. Measurement of rotational accelerations. A 
typical arrangement of nine linear accelerometers that 

allows determining rotational accelerations. Small arrows 
indicate positive measurement directions.
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with: In inertia tensor of segment n in body-fixed 
reference (with respect to the center of mass); ωn 
angular velocity of segment n ; Dn

–     1  transformation 
from body-fixed into inertial system; ρnk point of ap-
plication of external force Fnk ; κni point of applica-
tion of joint force fni ; tnj torque j, acting on segment   
n due to joint constraints; τnm external torque m, act-
ing on segment n. 

The term on the left side of Equation 33 and the 
first term on the right side originate from

  (34)

where the relation in Equation 17 has been applied. 
This procedure is useful because the inertia tensor   
In is constant in a body-fixed reference system. To 
include external torques, the equation is written in 
inertial reference, but it is finally multiplied with Dn 
in order to transform it into body-fixed reference.

These two basic equations are valid for every 
system of rigid bodies. In practical applications, 
there are in addition various types of constraints due 
to joints (ball and socket, hinge, etc.) and external 
conditions (e.g., sliding along a plane) that are spe-
cial for the system under consideration. All of these 
constraints are usually assumed to appear as func-
tions of the form

 (35)

with first-order time derivatives at most (otherwise, 
the mathematical character of the equations might 
change). In the case of viscoelastic damping, a heredi-
tary integral may also be involved. These equations are 
added to the basic equations of motion and the entire 
set can directly be utilized for numerical integration. 
The constraints reduce the degree of freedom of the 
system and the first step during the integration pro-
cedure of Equations 32, 33, and 35 consists therefore 
of eliminating “superfluous” variables. Although this 
complicates the method, an important advantage is 
due to the flexibility that is maintained in that changes 
of the model, of the connectivity of a rigid body sys-
tem, of joint properties, or of external constraint can 
readily be implemented. Likewise, quantities in iner-
tial or body-fixed reference are easily calculated.

An alternative approach for the formulation 
of the basic equations is based on the Lagrangian 

formulation. The number of degrees of freedom M 
of the system consisting of N rigid segments has 
first to be determined taking into account all of the 
constraints, and every degree of freedom has to be 
associated with a generalized position coordinate, 
qk (k = 1,...,M). For every degree of freedom the 
equation of motion (Lagrange equation) then reads

 (36)

T denotes the kinetic energy, 

, and V a potential. 

The forces Qk (“generalized forces”) include forces 
that cannot be described by a potential. These have 
to be derived with the aid of the principle of virtual 
work. (Note that also internal forces may contribute, 
e.g., friction.) This approach leads to a minimal set 
of equations because all the constraints are included 
in the formulation. The disadvantage derives from 
the lack of flexibility such that this method is only 
used if the system to be analyzed is fixed. It is there-
fore less suited for general purpose programs.

Other procedures have been proposed and can 
be found in the literature; however, the two meth-
ods outlined here are the most important (and are 
moreover the basis for other formulations). For the 
numerical integration, an integrator that is adapted 
for stiff equations is needed (see remark below). 
After each integration step, the orthogonality of the 
transformation matrices has usually to be restored 
by a fitting procedure (in case that Equations 32 and 
33 are used). A simple (but not exhaustive) con-
trol can be made by following the common center 
of mass of the system under consideration, which 
has to execute a linear, constant motion if external 
forces are absent. Likewise, an energy balance can 
be performed. 

An important aspect that is often underestimated 
is related to the sensitivity of the calculated results 
with respect to the initial conditions and system pa-
rameters. Small changes in the initial conditions or 
in the values of the system parameters may some-
times lead to large deviations and variability of the 
resulting motions, in particular in the case of colli-
sions. (Consider the case of a soccer ball hitting a 
goalpost: a minute difference in the trajectory of the 
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ball may decide whether the ball will end in the goal 
or go astray.) Often, numerous parametric variations 
are necessary in order to validate the significance 
and usefulness of a simulation. Systems exhibiting 
excessive sensitivity to certain parameters or ini-
tial conditions may indicate an unsuitably defined 
model.

Collisions may cause difficulties in that within 
the framework of rigid bodies, collisions lead to 
singularities (infinite forces acting over an infinitely 
short period of time). This may be the reason for 
stiffness problems mentioned above. There are in 
essence two ways to deal with this problem. First, 
the bodies are “softened” such that there are no infi-
nite forces. To this end, a force-penetration model is 
developed for which the outer contours of the seg-
ments are needed. Mutual penetration can readily be 
calculated from the centers of mass and orientation 
matrices. Second, each collision configuration is 
determined exactly (machine precision) by interpo-
lation and the collision is bridged with the aid of 
conservation laws.

A further procedure consists of including a for-
mulation based on continuum mechanics for parts of 
special interest. Figure 10 shows the model of a skier 
that consists of a system of rigid bodies combined 
with a finite element model (see Chapter G, Numeri-
cal Procedures, in III. Continuum Mechanics) repre-
senting the knee. This model describes the gross mo-
tion and allows determining the forces acting in the 
system. The effects of the forces in the knee joint, in 
particular in the various ligaments, are then analyzed 
by way of a detailed deformable knee model.

Multibody systems are mostly applied in human 
motion analysis, gait analysis,21-27 rehabilitation,28 and 
trauma research.5,29 A particular problem is associated 
with the determination of internal forces (joints) from 
motion recordings (inverse problem).30-33

Molecular DynamicsD. 

Atoms interact with one another primarily through 
their electron clouds. Their structure is organized in 
well-defined shells; in the case of incomplete shells, 
the interaction is particularly strong and molecules 
are formed (e.g., H2O, CO2) through bonds that are 
denoted as covalent (electron pairs). The carbon atom 

can also create long chains, which can serve as a back-
bone for large molecules, in particular biomolecules. 
Molecular interactions are based on various effects: 
ionic bonds due to electron exchange, dipole effects, 
noncovalent bonds, hydrogen bridges, van der Waals 
forces, hydrophilic-hydrophobic interactions (of par-
ticular importance for biomolecules). In the case of 
metallic materials, there are still other effects, such 
as excited electronic states and interactions with elec-
tromagnetic fields, that have to be taken into account. 
Finally, spin systems have to be observed.

The electron mass and atomic dimensions are 
such that the principles of quantum mechanics,  
in particular the Schrödinger equation, has to be 
applied for the analysis of atomic systems.34-36 This 
equation incorporates the probability or wave func-
tion , which describes the probability that a 
particle is at a certain location r at time t. The inte-
gral over the volume V of interest, as is required for 
probabilities, follows . The Schrödinger 
equation reads

 (37)

Where m denotes the mass of the particle whose 
probability distribution is to be calculated, ħ is 

FIGURE 10. Computer model of a skier. For the purpose 
of motion analysis, the skier is modeled as a system of 

rigid bodies connected in joints. The behavior of the knee 
joint under the influence of the forces generated during 

the motion is analyzed by replacing part of the rigid body 
system by a continuum-based model (finite element 
formulation, see Chapter G. Numerical Procedures 
in III.Continuum Mechanics). (Used with permission 

from Semadeni R, Schmitt KU. Numerical simulations 
to assess different rehabilitation strategies after ACL 
rupture in a skier. J Sport Rehab. 2009;18:427–37.)
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Planck’s constant h divided by 2π, V(r, t) a poten-
tial, and . To determine the energy states of a 
system, the time-independent Schrödinger equation 
is derived by application of the separation ansatz 

 to Equation 37. This yields 

the eigenvalue equation for the energy E, given the 
Hamilton operator ,

 H ψ(r) = E ψ(r) (38)

Only few analytic solutions of the Schrödinger 
equation exist. Even small molecules (let alone 
large biomolecules) represent a multi-body prob-
lem that requires enormous computational resources 
and is numerically difficult to approach. Accord-
ingly, computational chemistry has developed it-
self into a scientific discipline in its own right with 
numerous different aims and applications, ranging 
from pharmaceutics (e.g., drug design) and biology 
(e.g., protein folding) to physics (e.g., solution of 
the Schrödinger equation with finite element meth-
ods).37-40 Specialized commercial modeling pack-
ages are also available for various applications. 

Problems of interest in biomechanics involve 
mainly the interaction and functional properties of 
protein molecules, including their behavior under 
the influence of forces. Many biomolecules can 
execute their biological (including pathological 
such as is the case for prions!) function only in a 
well-defined steric configuration. Thereby, folding 
of proteins depends essentially on the presence of 
a large number of water molecules because these 
molecules are polar (note that the dielectric constant 
of water is 81). Because proteins may consist of 
several hundred thousand individual atoms, systems 
with a huge number of degrees of freedom have to 
be treated. A further circumstance adds to the com-
plexity of the problem in that typical integration 
steps in case of dynamic simulations have to be cho-
sen on the order of 10–15 to 10–14 seconds. This small 
step size is dictated by the internal dynamics of the 
molecules, such as vibrations. An enormous number 
of integration steps therefore has to be made in order 
to reach useful time spans.

Two major procedures that are used in molecu-
lar modeling include molecular dynamics on the one 

hand and “ab initio” modeling on the other. Stan-
dard chemical analysis methods allow determining 
the composition of a molecule in the form of the 
chemical formula. By more elaborate methods (x-
ray diffraction, nuclear magnetic resonance, Raman 
spectroscopy) the steric configuration can partly be 
resolved. Molecular mechanics and dynamics are 
then used to determine and analyze the properties of 
the steric configuration in detail. Ab initio calcula-
tions, in turn, start from scratch and entire molecules 
are built theoretically using molecular models.

The Born-Oppenheimer approximation is usually 
applied as a first step in order to reduce the number of 
degrees of freedom. Because the mass of an electron 
is more than three orders of magnitude smaller than 
the mass of a nuclear particle (proton or neutron), the 
motion of the nucleus can be assumed to be largely 
independent from the motion of the electrons. A fac-
torization is therefore possible that separates nuclear 
and electronic motion. This approximation allows 
modeling the electrons in a summary fashion as a 
static cloud and replacing their influence by a poten-
tial function that mimics the forces that they cause 
upon interaction with neighboring atoms.

A further step may be based on the application 
of Ehrenfest’s theorems, according to which the ex-
pectation values of the Schrödinger wave function,  
Ψ, obey the laws of classical mechanics. In case 

that the de Broglie wavelength  (k denotes 

Boltzmann’s constant, T the absolute temperature) 
is small in comparison with the typical dimension 
of the problem under investigation (e.g., atom-atom 
distances), molecular dynamics can be adequately 
described by classical mechanics. Already the mass 
of a helium atom (~10–26 kg) is sufficiently large that 
this approximation is justified. 

Because atomic nuclei are small in comparison 
with molecular dimensions, “simple” point mass 
mechanics can be applied for each constituent, i, of 
a molecule (mass mi, location ri(t))

  (39)

While this equation is rather straightforward, the 
formulation of the interacting forces ( , k extends 
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over all interactions) representing the electrons within 
the framework of the Born-Oppenheimer approxima-
tion is not, because this has to be derived from quan-
tum mechanics or empirical knowledge. A large body 
of literature can be found on this difficult and crucial 
subject. In a typical potential, the forces associated 
with variations in bond length and angles are derived 
from linear spring potentials. To describe particle in-
teractions (atoms or molecules, index i, j, mutual dis-
tance rij), the Lennard-Jones potential is used

  (40)

This potential (Fig. 11) describes the strong repul-
sion  ( )  that atoms are exposed to when their 
electron clouds are overlapping and the van der 

Waals attraction at larger distances  ( ). C1, C2 

are constants. These have to be fitted or experimen-
tally determined, along with the numerous other 
constants of the spring potentials mentioned above 
according to the specific interaction to be modeled. 
Finally, long-range interactions due to electrostatic 
forces whose potential exhibit a 1/r dependence are 
added. Accordingly, all particles can in principle in-
teract and many-body interactions can occur. In case 
of thousands of particles, this leads to an untreat-
able complexity such that further approximations 
are necessary. 

In ab initio models, the electrons cannot be 
modeled in a summary fashion, rather, the electrons 
have to be taken into account individually. To this 
end, the Hartree-Fock approximation is usually ap-
plied, where the electron wave function is decom-
posed into factors representing each electron while 
observing the Pauli principle (Slater determinants). 
The reader is referred to the literature for more de-
tail (A.R. Leach39).

As an example for molecular modeling, Figure 12 
shows a model of a polypeptide in various stages of 
penetration through a biological membrane. 

METHODS BASED ON CONTINUUM ME-III. 
CHANICS

When the mechanical behavior of tissues, organs, 
cells, or subcellular structures is to be analyzed in 

view of their biological structure and function, rigid-
body approximations incorporate often insufficient 
detail. An approach based on continuum mechanics 
is usually necessary to study tissue deformation pat-
terns; this allows in particular the inclusion of fluid 
flow simulations, complex transport phenomena, 
and chemical reactions taking into account electro-

FIGURE 11. Lennard-Jones potential (qualitative).

FIGURE 12. Snapshots of the association of a peptide 
(red-blue-green) in a biological double lipid membrane 
(yellow-gray), after 0.25 nsec (left), 0.35 nsec (middle), 
and 0.42 nsec (right). Above and below the membrane 
are numerous water molecules. (For details, the reader 

is referred to Gorfe AA, Pellarin R, Caflisch A. Membrane 
localization and flexibility of a lipidated ras peptide 
studied by molecular dynamics simulations. J Am 

Chem Soc. 2004;126:15277–86. Figure reprinted with 
permission.)
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chemistry (the latter are not considered here). Anal-
yses and models aimed toward mechanobiology or 
mechanotransduction,40-62 that is, the transduction of 
mechanical into biological signals, rely especially 
on such general approaches. This branch of biome-
chanics has been developing extensively, and ac-
cordingly a large body of literature exists covering a 
wide range of interest, notably relating to osteocytes 
(bone, skeleton),63-75 chondrocytes (cartilage),76-81 
endothelial cells,82-83 fibroblasts,84 hair cells,85 (me-
synchemal) stem cells,86,87 animal cells,88 and more.

Solids and fluids require somewhat different 
modeling methods, as will be shown in the chapters 
that follow. Stress-strain characteristics of solid bio-
logical tissues are typically nonlinear, anisotropic, 
and viscoelastic. The nonlinearity manifests itself 
mainly in cases of large tissue deformations that 
are often observed in biomechanics, the anisotropy 
is due to the fibrous character of biological tissues, 
and the viscoelasticity derives from the internal 
friction inherent in the fiber-extracellular matrix 
composition. Fiber rearrangement during deforma-
tion may simulate quasi-plastic properties. There are 
also active elements (muscle fibers and contractile 
actin elements) whose tone influences the mechani-
cal properties. Further, in tests made under ex vivo 
conditions, the state of muscle activation has to be 
taken into account (muscle fibers can be activated 
chemically, e.g., by Barium compounds). Likewise, 
embalming of cadavers changes their mechani-
cal behavior. For biological fluids, non-Newtonian 
characteristics may be important. Complex fluids 
such as blood contain solid, albeit highly deformable 
particles (blood cells). In flow conditions in which 
the conduit diameter and particle size are compa-
rable (e.g., capillaries), flow modeling therefore 
becomes difficult. A common feature of biological 
materials is that they are solid-fluid mixtures. Vari-
ous approaches taking this property into account can 
be found in the literature (mixture theory).94,95

A distinction is often made in biomechanics be-
tween “soft” and “hard” tissues. In order to specify 
this difference more quantitatively, the nonlinear, 
anisotropic, partly active (muscles) properties of 
biological tissues have to be characterized by a 
simplified linear approximation. Under uniaxial 
loading of a long and thin specimen, a piecewise 

linear stress-strain relation in the form of Hooke’s 
law can be adapted and a local modulus of elasticity 
or Young’s modulus, E, can be defined. For “soft” 
tissues, E varies typically between 10 and 105 kPa, 
whereas the values for “hard” tissues are on the or-
der of several gigapascals. 

While there are numerous kinds of soft tissues, 
hard tissue in humans appears essentially in the form 
of calcified tissue, in particular bone. The calcium is 
contained in hydroxyapatite crystals (Ca5 [PO4]3 OH) 
that are embedded in a collageneous matrix. Aside 
from the integrity and mechanical loading capacity 
of bones, a physiologic calcium balance is eminently 
important for the overall homeostasis of the human 
body in that calcium is essential for many physi-
ologic processes, such as the action of muscles, the 
transmission of nerve signals, and the coagulation of 
blood. Calcium is by far the most abundant bone min-
eral material (“calcium reservoir”), and others such 
as phosphorus are much less concentrated. Therefore, 
the terms “calcification” and “mineralization” of bone 
are often used synonymously.

Bone exists in various forms. Cortical bone makes 
up the shaft (metaphysis) of the long bones as well as the 
outer layer of other bones, while trabecular or cancellous 
bone is located mostly in the medullary canal of long 
bones, particularly in regions close to joints (epiphysis) 
as well as in the spine and in bones whose primary task 
is not to support loads (e.g., skull, iliac crest).

The main constituents of soft tissues from a bio-
mechanics point of view are elastin, collagen, and 
smooth muscle fibers. Elastin, a globular, highly 
extensible polypeptide (again under the simplified 
approximation of a piecewise linearized treatment 
of uniaxial loading) has a Young’s modulus of 102 
to 103 KPa, collagen (a stiff three-fold triple heli-
cal molecule) a Young’s modulus of up to 105 KPa, 
while smooth muscle fibers cover a wide range of 
stiffness characteristics between elastin and collagen 
depending on the state of activation. The anatomy 
and composition of “soft” (non-calcified) organs 
such as the liver, the brain, muscles, the kidneys are 
mostly determined by their physiologic function. 
According to the great variety of physiologic func-
tions, therefore, the composition and microanatomy 
of soft tissues varies greatly, as does their mechani-
cal behavior under load.
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Elasticity derives mostly from the spring-like be-
havior of materials, in which inter- and intramolecu-
lar potentials or potentials of ions that are arranged 
in a regular crystal or amorphous structure change 
upon deformation. In the case of large molecules, 
however, there is also an elasticity component due 
to the possibility of large configurational changes 
not involving mechanical potentials. A simple model 
based on thermodynamic considerations illustrates 
this phenomenon.

We look at a uniaxial element, length l, that is 
subjected to extension by a force F (Fig. 13). Ac-
cording to the second law of thermodynamics, the 
change in internal energy of the system, dU upon 
elongation by dl is 

 dU = T dS + F dl (41)

where T denotes the absolute temperature and S the 
entropy of the system. Accordingly, the internal en-
ergy depends not only on the action of the mechani-
cal force, F, but also on the entropy. For “normal” 
materials, deformation is not associated with a sig-
nificant change of entropy. In the case of large mol-
ecules, however, this may be different. The simplest 
model reflecting this finding is a chain molecule 
that can be compared with a bicycle chain, that is, 
it consists of numerous links (e.g., monomers) that 
can freely rotate around their binding sites (Fig. 14). 
The entropy of such a system is given by the vol-
ume that the set of all geometrically possible con-
figurations (end-to-end distance fixed) occupies in 
the phase space (multidimensional space spanned 
by all the position coordinates). The farther away 
the ends of the chain are, the smaller is this volume, 
implying that the entropy decreases with elongation. 
This can be found in materials such as highly exten-
sible rubber that are sometimes denoted as “entropy 
springs.”89-91 In pure form, however, such materials 

hardly exist, in particular not in biomechanics. Elas-
tin, having a molecular weight of some 65 kD, nev-
ertheless has properties resembling at least partially 
an entropy spring. Thanks to its globular structure 
when not loaded, it has an enormous extensibility 
associated with rubber-like mechanical properties. 

Forces acting on or in a body and the resulting 
deformations are related by material-specific prop-
erties called constitutive properties. In the case of 
a continuum, forces and deformations have to be 
brought into an appropriate form that is useful for 
calculations.

Deformation: Strain A. 

We consider an arbitrary partial or total volume of 
a continuous, homogeneous solid material in a not 
further specified, but well-defined initial state that 
we denote as reference configuration. In the case of 
homogeneous isotropic fluids without memory ef-
fects, particles can be rearranged freely, such that 
there is no well-defined configuration that could be 
used as representative initial state. The following 
derivations with respect to deformations are there-
fore not directly applicable for fluids. 

It is important to note that the reference configu-
ration can be chosen arbitrarily. The body (or part 
thereof) is in particular not necessarily in a stress-
free state; in fact, a solid body does not even need 
to have a stress-free configuration. We define a Car-
tesian coordinate system such that every material 

FIGURE 13. Uniaxial loading (Force F) and extension  
(l → l + dl) of a strip. The composition of the material is 

not further specified, but homogeneous.

FIGURE 14. “Bicycle”-chain model of an elastomer. 
Because it is assumed that the links are connected in 

force-free joints, the chain may adopt any configuration 
that is geometrically possible between the two ends 

(fixed end-to-end distance e) without change of internal 
energy.
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point P (position vector R) of the body is associated 
with coordinates X, Y, Z where capital letters are 
used to denote the reference configuration (a gener-
alization to other rectangular coordinate systems is 
performed later)

 
  (42)

Let Q with position vector R + dR be a second mate-
rial point, located at an infinitesimal distance, (dR) = 
(dX, dY, dZ),  from  P:

 
  (43)

Under the action of forces, the points P and Q will 
be displaced and the body deformed. At some spe-
cific point in time, P and Q are located at new (spa-
tial) positions , , respectively, with associated 
position vectors (Fig. 15). 

 (44)

 (45)

The vector u, in components (u) = (ux (X, Y, Z),  
uy (X, Y, Z), uz (X, Y, Z))T is denoted as displacement 
vector and lowercase letters are used to refer to ac-

tual positions. Because r = R + u (see Equation 44), 
dr can be written as

 ,  whereby

 (46)

(dy and dz are obtained by cyclic permutation). Ac-
cordingly, in matrix notation

 (47)

The displacement gradient, J, is defined as (in com-
ponents)

  (48)

where F = I + J is referred to as the deformation 
gradient.

In order to obtain a measure for the local strain 
resulting from a deformation of the body, we calcu-
late the length of dR in the deformed state, dr, using

 (49)

Accordingly, the change in length is

 (50)

where it should be kept in mind that the reference 
configuration may already have internal strains as-
sociated with corresponding stresses.

In the case of small deformations and in the ab-
sence of rigid rotations, the nonlinear term, (J)(J)T, 
can be neglected and the engineering strain tensor 
is obtained

FIGURE 15. Definition of displacement vector u(R, t).
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 (51)

(The factor ½ derives from the Taylor expansion 
of the square root, if the actual length, and not the 
length squared, is calculated).

From Equation 50 it can be seen that the quantity

  (52)

which is denoted as the Green-Lagrange tensor, 
also describes strain in the case of large deforma-
tions. Because it is as such not influenced by rigid 
displacements (in contrast to the engineering strain 
tensor), it is well suited for use in constitutive equa-
tions and in nonlinear applications. In addition, the 
right Cauchy-Green deformation tensor,

(C) = (F)T (F)  (53)

is likewise often used in constitutive equations. The 
relation between the displacement vector, u, and the 
deformation gradient, F, is sometimes denoted as 
compatibility condition.

Forces: StressB. 

The previous paragraph is related primarily to sol-
ids, because fluids (other than fluids with memory 
or liquid crystals, which are not taken into account 
here) have no reference configuration in the sense 
used before. However, the concept of stress applies 
equally for fluids and solids. To derive the stress 
tensor, we consider the interior of a fluid or solid 
continuum, notably an infinitesimal element df at 
point P of an arbitrarily chosen internal “surface” 
of the body (Fig. 16) obtained by a virtual cut. The 
continuum may therefore be in a deformed and/or 
displaced state. A local Cartesian coordinate system 
is introduced in P such that df = dy dz and the outer 
normal (unit vector n) of this element has x – direc-
tion. We imagine now that one side of the virtually 
cut continuum be removed. In order that the remain-
ing part of the continuum remains in its state of de-
formation, the internal forces acting locally before 

cutting in the interior of the body along the surface 
of the virtual cut have to be introduced and applied 
to the surface. The element of force, dP, which the 
adjacent material, that is, the part of the body that 
has been removed, exerts locally on df is written as   
dP = p df with the aid of the stress vector p (force 
per unit area). p is now decomposed into the three 
components

  (54)

where the indices are chosen such that the first index 
denotes the outer normal of the surface element un-
der consideration, while the second index indicates 
the direction of the component. Other virtual cuts 
that contain the point P can be made, in particular 
such that the associated local surface elements have 
outer normals in the direction y and z, respectively. 
Upon application of the same procedure to these 
other coordinate directions, an ensemble of compo-
nents is obtained as

  (55)

which is denoted as Cauchy stress tensor (Fig. 17). 
That this entity has in fact the properties of a tensor 
is seen when the particular coordinate system (x, y, 
z) is subjected to a rotation; it will be seen that  
then transforms as  . 

The stress tensor is also symmetric. This follows 
from angular equilibrium (Fig. 18): the moment act-
ing with respect to the center of mass of the cube 
around the z - axis is due to the shear stresses τxy and 

FIGURE 16. Virtual cut through a deformable body.
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τyx only and is proportional to the edge length (dl)3, 
because the forces are proportional to (dl)2 and the 
moment arm to (dl)1, while the moment of inertia is 
proportional to (dl)5 because the mass is proportional 
to (dl)3 and the radius of inertia to (dl)2. If the mo-
ment would not be zero (i.e., τxy ≠ τyx), there would 
be infinite rotational accelerations as dl → 0. The 
same holds for the other axes, and accordingly the 
tensor is symmetric. This implies that the rotational 

momentum balance does not have to be considered 
within the framework of the present formulation of 
continuum mechanics because it is always fulfilled. 
An element df of the surface area with an arbitrary 
spatial orientation is now considered (Fig. 19), in 
components,

(n)df = (nxdf, nydf, nzdf)  (56)

A tetrahedron formed when the axis of the coordi-
nate system is added as shown in the figure. The 
forces acting on this infinitesimal tetrahedron have 
to be in equilibrium according to a similar reason as 
above: the forces are proportional to (dl)2 while the 
mass is proportional to (dl)3. If the forces were not 
in equilibrium, the tetrahedron would experience an 
infinite acceleration as dl → 0. Accordingly,

 (57)

or,

 (58)

Note: Upon application of a transformation D to 
Equation 58, one obtains

FIGURE 17. Definition of normal and shear stresses.

FIGURE 18. Angular momentum balance.

FIGURE 19. Force balance in an infinitesimal 
tetrahedron.
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 (59)

which shows that σ transforms as a tensor.
A clear distinction between normal and shear 

stresses is important in biomechanics because 
typical biological materials are fluid-filled. Un-
der the pressures that prevail under physiological 
conditions, such materials can be considered to be 
incompressible incompressible (wave propagation 
phenomena are thereby not taken into account). 
Accordingly, normal pressures cause in general 
little biological activity, in contrast to shear stresses, 
which are mostly responsible for processes involv-
ing mechano-transduction, such as the transduction 
of mechanical into biological signals. When, for 
example, endothelial cells are exposed to viscous 

shear stresses caused by blood flow (see below) 
mechano-transduction occurs due to the deformation 
of transmembrane molecules. This manifests itself 
in the up- and down-regulation of gene expression 
(Fig. 20). 

For what follows, solids and fluids have to be 
treated separately.

Solids1. 

The Cauchy stress tensor is always related to a unit 
surface element regardless of the state of deforma-
tion. In the case of large deformations, a surface ele-
ment given in a specific state of deformation changes 
its shape and size as the deformation process contin-
ues. The Cauchy stress tensor is therefore defined 

FIGURE 20. Selected cellular reactions to shear stress. Responses are observed within seconds (IP3, inositol 1,4,5 
triphosphate; DAG, diacetylglycerol), minutes (MAP, mitogen-activated protein; Egr-1, early growth response protein 

1; NF-κB, nuclear factor κB), hours (SSRE, shear stress response element; HSP70, heat shock protein 70; ET-1, 
endothelin-1; VCAM-1, vascular cell adhesion molecule; VE-cadherin, vascular endothelial cadherin), and more 

than 8 hours (TM, thrombomodulin; Fn, fibronectin). (Adapted with permission from Braddock M, Schwachtgen J-L, 
Houston P, Dickson MC, Lee MJ, Campbell CJ. Fluid shear stress modulation of gene expression in endothelial cells. 

News Physiol Sci. 1998;13:241–6.)
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with respect to a different surface element after each 
deformation step. A consistent procedure is reached 
if the stress tensor is always related to a surface ele-
ment in the reference configuration. This can be ob-
tained in the following fashion. The quantity (a, (b 
´ c)) is equal to the volume of a body formed by the 
three arbitrary, but not collinear vectors a, b, c. For 
every matrix (M) whose determinant is not zero, the 
following theorem holds (from linear algebra, the 
formula is related to the volume of a parallelepiped 
with edges a, b, c).

 (60) 

From this follows

   (61) 

using the deformation gradient, F.
Upon application of this relation to the Cauchy 

stress tensor, one finds that

  (62)

which is denoted as nominal or first Piola-Kirchhoff 
stress tensor. It relates the stresses in the actual con-
figuration to the equivalent surface element in the 
reference configuration. However, this tensor is in 
general not symmetric, which makes it unpractical 
for applications. It is therefore convenient to also 
express the stresses with respect to the reference 
configuration, which can be achieved by multiplica-
tion with F−1:

  (63)

This is called the second Piola-Kirchhoff stress ten-
sor, and is a useful formulation to describe stresses 
in large deformation problems. It is again symmetric 
but it has no direct physical interpretation.

Fluids2. 

Fluids other than liquid crystals and without memo-
ry effects (the only fluids considered here) have no 
reference configuration because fluid particles can 
be rearranged arbitrarily without change in internal 
force distribution; accordingly, stresses depend only 

on the momentary global shape as well as on the 
state of the flow field. They occur, for example, as 
hydrostatic pressure or shear stresses when internal 
(viscous, see below) friction effects due to gradients 
in flow fields are present. Furthermore, biological 
fluids can generally be considered incompressible 
under physiological pressures. Incompressibility 
will therefore be applied throughout the following 
paragraphs.

Constitutive EquationsC. 

As mentioned earlier, the mechanical properties of 
a solid or fluid body with respect to deformability 
are introduced by way of a constitutive equation 
that relates the state of strain (including possibly its 
derivative with respect to time) to the stress state. 
Solids and fluids again have to be treated differently. 
Because biological tissues are fluid-filled as a rule, 
mixture theory is often applied.94,95

Solids, Hyperelasticity1. 

There are numerous ways to describe the constitu-
tive behavior of the vast variety of solid materials, 
which can be found in the literature on continuum 
mechanics. For biological materials, the book of 
G.A. Holzapfel and R.W. Ogden96 can be consulted. 
The seminal work of H. Yamada97 also has to be 
mentioned in this context.

A useful method to formulate a constitutive 
equation that is applicable for large-deformation 
and nonlinear cases consists of the choice of an 
appropriate scalar function W that describes the 
elastic strain energy density (hyperelastic mate-
rial). A scalar function as such is invariant under 
transformations, and therefore the isotropy group 
of the material (isotropic, orthotropic, etc.) can be 
integrated in a straightforward manner. Dissipative 
effects (internal friction) are thereby not included, 
however, and have to be added separately. 

In order to arrive at a formulation that is valid 
for nonlinear and large-deformation problems, the 
second Piola-Kirchhoff stress tensor has to be used, 
and is obtained according to (in components)

  (64)
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This relation is based on the fact that the second Pi-
ola-Kirchhoff stress tensor and the Cauchy-Green 
deformation tensor are connected in the sense that 
the work per unit of time performed by the stresses 
equals  (see, for example, the book of M. 

Narasimhan93). In order that W be invariant, it has to 
be a function of the invariants Ii associated with C. The 
number of invariants therefore depends on the isotropy 
group of the material under consideration: three for 
isotropic, five for transversely anisotropic, etc. 

For isotropic materials, the invariants are found 
to be

  (65)

For Veronda-Westmann materials, for example, the 
expression is

 (66)

α1, α2, α3 are constants that have to be fitted to exper-
imental measurements. Figure 21 shows the applica-
tion of this expression to uterine tissue of a rabbit in 
uniaxial tension. 

In the case of transverse anisotropy (direction   
n,│n│= 1), two further invariants are

  (67)

A model of the myocardium98 in which such an ap-
proximation has been applied is seen in Figure 22.

It should be noted that the more parameters a con-
stitutive relation contains, the more difficult is their 
experimental determination. The influence of the 
various parameters may in particular be enormously 
different, and largely different parameter sets may 
lead to comparable agreement with measured defor-
mation curves. This is the case especially in highly 
nonlinear materials and makes it sometimes difficult 
to compare results of different experiments.

Viscoelasticity, Damping2. 

Most biological materials exhibit viscoelastic damp-
ing properties that are similar to those associated 

with “structural” damping, a term that has been 
adopted from aeroelasticity. This type of damping 
occurs typically in materials or objects that exhibit 
a highly inhomogeneous composition. A simple me-
chanical loading arrangement lends itself to high-
light the main feature of structural damping. Assume 
a strip of material loaded and extended uniaxially 

FIGURE 21. Typical stress (σ) – extension (λ) curve for 
uterine material (rabbit).

FIGURE 22. Anisotropic finite element model (see 
section G. Numerical Procedures) of the human heart. 

The constitutive relation is based on the fiber architecture 
obtained from peeling a post mortem healthy human 

heart. A unit vector field was used to describe the 
anisotropy given by the fiber field. Systole was modeled 
by adding stepwise contributions to the second Piola-

Kirchhoff stress tensor (For further details, the reader is 
referred to Dorri F, Niederer P, Lunkenheimer PP. A finite 
element model of the left ventricular systole. Comp Meth 

Biomech Biomed Eng. 2006;9:319–41.)
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by a harmonically oscillating force. Internal fric-
tion causes energy to be dissipated. The particular 
property of structural damping is that the amount of 
energy dissipated per loading cycle is within a large 
range independent of the frequency; that is, under a 
sinusoidal loading cycle, the amount of energy dissi-
pated does—within certain, material-dependent lim-
its—only weakly depend on the speed with which 
the loading cycle is executed. A consequence of this 
property manifests itself, for example, in arterial 
wave propagation: A harmonic wave can be induced 
in a blood vessel by local external stimulation. As 
the wave propagates, its amplitude will decay ex-
ponentially due to viscoelastic damping. Therefore, 
the logarithmic decrement of the amplitude of the 
propagating wave is constant and does not depend 
on the frequency (verified experimentally between 
40 to 200 Hz). 

Whenever a linear approximation is possible, 
structural damping can be implemented by introduc-
ing a complex modulus of elasticity, E = E1 + iE2. To 
show this, a harmonic oscillator is modeled with this 
formulation (utilizing a complex spring constant):

  (68)   

The solution reads, upon linearization, with initial 
amplitude a0 and frequency parameter ,

  (69)

which has the desired property because the logarith-
mic decrement per cycle ( ) is constant provid-
ing that the constitutive parameters (k1, k2) are kept 
constant.                                                                                             

In the case of nonlinear constitutive properties, 
this complex representation cannot be used. Vis-
coelastic damping can then be taken into account 
by including a hereditary integral over the past his-
tory of the deformation tensor or its derivative with 
respect to time. For simplicity, a uniaxial model is 
considered. A sudden loading of a one-dimensional 
strip of material with the stress  (  denotes 

the Heavyside step function, 
 
) will 

lead to a creep process of the elongation 

  (70)

with the creep function I(t). Upon generalization to 
a continuous loading by accumulation of infinitesi-
mal steps  one obtains

 (71)

or, after partial integration,

 (72)

The term I(0) represents the instantaneous elastic 
response of the material. Notes: (i) A correspond-
ing equation can be derived for the inverse relation 
(stress as function of the elongation). Instead of the 
creep function, a function denoted as relaxation 
function is then defined. (ii) The above derivation 
is linear. However, a nonlinear elastic behavior can 
be introduced for σ(t). The reader is referred to the 
literature for more details.99

Viscoelasticity manifests itself significantly from 
the subcellular to the macroscopic level, even in cases 
in which, due to mostly small deformations such as 
in bone,100 linear approximations are useful. It can in 
particular not be disregarded when the behavior of 
cells or of the extracellular matrix is analyzed.101-104 
Figure 23 exhibits the instantaneous elastic response 
and creep of an adherent cell surface.105 

Fluids3. 

The stress state of an ideal, inviscid, isotropic, and 
incompressible fluid is described by an isotropic 
tensor that is invariant under transformations (such 
that no shear stresses occur). Such a tensor has the 
general form (the minus sign is by definition)

  (73)

and describes a hydrostatic pressure state (pressure  p).
In the case of an incompressible viscous fluid, 

stresses develop because of internal friction effects 
that become effective as soon as the flow field is 
such that fluid particles execute relative shearing 
motions. Accordingly, the gradient of the flow field 
v(r, t) has to be considered. Because derivatives 
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only involve infinitesimal changes of a momentary 
configuration, large displacements and deformations 
can be disregarded, such that the time derivative of 
the engineering strain tensor (III.11) can be used to 
formulate a constitutive law. In the simplest (linear) 
case, the stress tensor and the velocity gradient 
(symmetrized) are proportional: 

 (74)

The proportionality factor η is denoted as viscosity. 
Fluids that obey this law as an additive to Equation 
73 are called Newtonian fluids. Non-Newtonian flu-
ids such as blood under stationary flow conditions 
also involve nonlinear expressions in the velocity 
gradient. Shear stresses due to fluid flow acting on 
cellular surfaces, in particular in blood vessels, play 
an important role in mechanotransduction.106 

Equations of MotionD. 

We consider a deformable body (volume V)  under 
the influence of forces (Fig. 24). Two types of forces 
can thereby be distinguished: field forces acting on 
the entire body without direct contact, such as grav-
ity or electromagnetic forces, and forces due to all 
kinds of contacts along the surface S. Momentum 
balance then requires

 (75)

In this equation, ρ denotes the density of the mate-
rial, v(r, t) the velocity field, k the field force per 
mass, σ the Cauchy stress tensor, and n the outer 
normal on the surface. Using Gauss’ theorem, the 
last term in Equation 75 can be converted into a vol-
ume integral,

  (76)

The volume (Fig. 24) can be chosen arbitrarily; that 
is, the momentum balance has to be fulfilled for any 
partial volume. Therefore, the equation is valid also 
for the integrands.

  (77)

In this form, the equation appears in what is called 
the “Lagrangian” formulation, which implies that the 

FIGURE 23. Creep behavior of an adherent fibroblast 
subjected to rapid extension. The force was applied 

through magnetic beads attached to integrin receptors. 
The dashed portion of the curve corresponds to the 

instantaneous elastic response, creep follows. (Used 
with permission from Bausch AR, Ziemann F, Boulbitch 
AA, Jacobson K, Sackmann E. Local measurements 
of viscoelastic parameters of adherent cell surfaces 

by magnetic bead microrheometry. Biophys J. 
1998;75:2038–49.)

FIGURE 24. Deformable body (volume V, surface S) 
considered for the momentum balance.
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time derivative is total and follows the material; that 
is, the observer is fixed to a material point. When soft 
particle methods (see below) are used for numerical 
solution purposes, the Lagrangian form of the equa-
tion is often applied. It can be converted into the “Eu-
lerian” form by introducing partial derivatives:

 (78)

In this formulation, the observer is located at a fixed 
point in space. Due to the second term on the left 
side of the equation, it contains an unpleasant non-
linear term in the (usually to be determined) quanti-
ty v(r, t). Derivatives, however, appear only linearly, 
which implies that the general theory of linear par-
tial differential equations is still valid (quasilinear 
equations). Solids and fluids have again to be treated 
separately.

Solids1. 

The velocity field is usually expressed with the aid 
of the displacement field, such that a second-order 
partial differential equation is obtained. This equa-
tion is then worked out with the constitutive equation 
of choice that relates deformations with stress such 
that the equation is determined (along with initial 
and boundary conditions, depending on the problem 
at hand). Because there is a wide variety of solid 
materials with quite different constitutive equations, 
many different formulations of Equations 77 and 78, 
respectively, can be found throughout the literature.

Fluids2. 

In the case of an incompressible Newtonian fluid, 
the equation of motion can readily be derived using 
Equations 73 and 74 and a unique form exists. It is 
therefore treated in more detail in the following. In-
serting Equation 73 and Equation 74 into Equation 
78 yields the Navier-Stokes equation

 (79)

Incompressibility requires furthermore . 
This equation is obtained by balancing the inflow 
and outflow of a volume element  (see below). 

The nonlinear term mentioned above usually pre-
vents analytic solutions; numerical procedures have 
mostly to be applied (computational fluid dynam-
ics). The most important analytic solutions are treat-
ed further down.

Note: If the last term in Equation 79 is dropped 
and only Equation 73 is used (inviscid incompress-
ible fluid), a set of equations called Euler-Bernoulli 
equations is obtained. Incompressibility also implies 
that thermodynamic considerations do not have to 
be taken into account. 

Every partial volume of a continuum has an 
infinite number of degrees of freedom. In the case 
of homogeneous media, equations of continuum 
mechanics (fluid or solid) are therefore scalable as a 
rule. This is achieved by non-dimensionalization of 
the equations and is demonstrated in the following 
with Equation 79 for stationary flow and without the 
ρk term:

  (80)

We define the dimensionless quantities , 
, , where U0 and D0 are quantities that 

can to some extent be chosen arbitrarily. They have 
to be characteristic for the problem under investiga-
tion; for example, the flow velocity far away from 
the object under consideration and the diameter of a 
tube. Upon substitution of these quantities, one ar-
rives at

 (81)

The dimensionless parameter (ρU0V0)/η is called 
Reynolds number, and serves as a scaling factor. It 
characterizes the relation between inertial and vis-
cous forces. 

The significance of the Reynolds number as a 
scaling quantity becomes apparent when the transition 
from laminar to turbulent flow is considered. Turbu-
lence is characterized by a stochastic variation of the 
flow velocities and is observed when the Reynolds 
number exceeds some critical value. This implies that 
the inertial forces dominate over the viscous damping 
forces such that minute momentary fluctuations or 
aberrations from the laminar (not necessarily steady) 
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flow grow exponentially. Problems having the same 
Reynolds number exhibit similar flow characteristics. 

Other scaling factors can be defined for other 
continuum mechanics problems. A further such scal-
ing quantity will be introduced in the next chapter 
after a transformation of the Navier-Stokes equation 
to other coordinate systems.

Many convective transport conduits in biology 
are long and cylindrical, and axial flow prevails 
(blood vessels, lymph vessels, urethra, etc.). For such 
problems, cylindrical coordinates are more useful to 
describe such systems than Cartesian coordinates. A 
general transformation of a set of Cartesian coordi-
nates x1, x2, x3 into a curvilinear, orthogonal system   
ξ1, ξ2, ξ3 by way of the functions

  (82)

has been performed in the Introduction. 
Utilizing the formulas derived in the Introduc-

tion, one finds, after some calculation, the Navier-
Stokes equations in cylindrical coordinates r, , z, 
written in components

 (83)

along with the equation of continuity, implying in-
compressibility,

 (84)

The latter equation is obtained from a balance of 
inflow and outflow of an incompressible fluid with 
respect to a volume element (Fig. 25) with edge 
lengths hi dξi:

Inflow:  

Outflow:  

The general concepts outlined above on the dynam-
ics of continua are of paramount significance in 
biomechanics because motion and deformation are 

primary features associated with life. Therefore, in 
addition to the selected references given below,107-110 

most of the literature cited earlier and farther down 
in this chapter are based on these equations in 
various formulations. Continuum aspects are also 
widely applied in biomechanics research relating 
to animals, in particular fishes,111-115 insect and bird 
flight,116-119 and growing of plants.120-126

Analytic Solutions of the Navier-Stokes E. 
Equations of Use in Biomechanics

In contrast to solids, in which a large variety exists 
and therefore many different formulations of the 
continuum mechanical equations can be derived, the 
Navier-Stokes equations are quite universal (non-
Newtonian fluids can also be modeled) and are often 
used in biomechanics. However, due to their quasi-
linear nature (the second-order term is involved in a 
first-order derivative only), the Navier-Stokes equa-
tions have only a few analytical solutions. Some of 
them are of importance in biomechanics and are pre-
sented in the following. In particular, in cases of one-
dimensional parallel flow in direction z (vr = v


 = 0), 

it follows from Equation 79 and is explicitly seen in 
Equation 83 that ¶vz/¶z = 0, such that the nonlinear 
terms in Equation 78 vanish. Analytic solutions are 
then possible (sections 1–3, below). A somewhat dif-
ferent situation exists in section 4, where an analytic 
procedure is feasible in spite of nonlinearity. Inviscid 

FIGURE 25. Fluid flow balance in an infinitesimal volume 
element.
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flow, as discussed in section 5, allows for yet a differ-
ent approach, while in some cases, such as in section 
6, approximations lead to a useful result.

A common feature of real fluids is that there is 
no slip at rigid surfaces. This fact is often used in the 
form of boundary conditions.

Hagen-Poiseuille Flow 1. 

The well-known Hagen-Poiseuille flow is obtained 
when one-dimensional, stationary, laminar flow of 
an incompressible Newtonian fluid in an infinite 
straight and rigid circular tube (radius R) is consid-
ered. With  vr = v


 = 0  and discarding the time deriv-

atives, the three equations in Equation 83 reduce to

  (85)

From the continuity equation (Equation 84) follows 
 such that the nonlinear term vanishes, as 

mentioned above. Since the problem is translation-
ally invariant, the pressure gradient,  is con-
stant, and is assumed to be prescribed. It represents 
an inhomogeneity for the therefore ordinary differ-
ential equation (Equation 85). With the usual proce-
dure for inhomogeneous equations—add a particu-
lar solution of the inhomogeneous equation to the 
general solution of the homogeneous equation, then 
apply the boundary conditions vz (r = R) = 0, vz (r = 
0) < ∞)—the well-known parabolic velocity profile 
associated with the Hagen-Poiseuille flow is found

  (86)

where the total flow (integrated over the cross sec-
tion) Q = (– pz) R

4/(8η).
The critical Reynolds number for tube flow is  

Re ≈ 2200, above which inertial forces dominate over 
friction such that, as mentioned previously, minute 
aberrations from the stationary flow conditions imme-
diately grow exponentially and turbulence sets in. The 
transition from laminar to turbulent flow is nontrivial, 
in particular in non-stationary flow, and is subject to 
extensive research, also in biofluid mechanics.

Witzig-Womersley Flow   2. 

We assume the same geometrical and axial flow 
conditions as above, but the prescribed pressure gra-
dient is now assumed to vary harmonically in time,   

. Because the equation is linear, the solu-
tion for an arbitrary time dependence of the pressure 
gradient can be obtained by Fourier superposition. 
With the separation ansatz  , the equa-
tion is

 (87)

where the time dependence cancels is obtained. 
Upon application of the transformation  
the homogeneous equation becomes a zero-order 
Bessel equation

  (88)

The particular solution (use v = const.) of the inho-
mogeneous equation and the same boundary condi-
tions as above one arrives at

 (89)

with the dimensionless Witzig-Womersley param-
eter   (Fig. 26)†. 

This parameter, like the Reynolds number, char-
acterizes the ratio of the inertial forces to the viscous 
forces. While in stationary flow, however, the iner-
tial forces are due to the convective contribution, 
in oscillating flow the inertial forces are due to the 
explicit time dependence and are dominant. (This is 
often also the case when the convective term in the 
Navier-Stokes equations does not disappear). As is 
seen from Equation 89, the velocity profile depends 
uniquely on  α.

Because the tube is assumed to be rigid, there 
is no pulse propagation (formally, the wave speed is 
infinite), in that all fluid particles along a stream line 
oscillate in phase. If a deformable tube is modeled, 

† This solution was first presented by Konrad Witzig (1914) in his 
dissertation at the University of Berne, Switzerland.
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formulas for the wave speed can be obtained; how-
ever, only approximate solutions can be found.

Witzig-Womersley flow is extensively applied 
in the mammalian cardiopulmonary system, includ-
ing blood and air flow. Mostly laminar conditions 
are thereby found; transition to turbulent flow is 
difficult to observe and a mathematical analysis is 
formidable. Turbulent flow may be observed in the 
ascending aorta in cases of aortic valve insufficiency 
and concurrent regurgitation, in which the heart pro-
duces jet flow, and in the lung under conditions of 
heavy breathing. Note that eddy shedding as occurs, 
for example, in bifurcations is not necessarily a sign 
of turbulence although some irregularity exists.

Note: Equation 89 can readily be integrated over 
the cross-section using theorems on Bessel functions 
to obtain the oscillating total flow. Furthermore, for 
ω → 0 ,  Hagen Poiseuille flow should be obtained. 
That this is the case is seen from the power expan-
sion of the zero-order Bessel function

  (90)

when it is inserted into Equation 89.

Laminar Boundary Layer3. 

The concept of “boundary layer” was introduced by 
Ludwig Prandtl  in 1905 and reflects the fact that 

viscous effects are of particular influence in the 
neighborhood of surfaces where velocity gradients 
are high. The simplest case of a laminar boundary 
layer (there are also turbulent boundary layers) is 
obtained when a Newtonian fluid over an oscillating 
plane is considered (Fig. 27). Cartesian coordinates 
are used here, and the plane is assumed to oscillate 
according to (v)=(v0 cos ωt, 0, 0). The solution is 
based on the ansatz vy = vz = 0, vx = vx(y) only, and, 
furthermore,  because the problem is transla-
tionally invariant and the pressure is assumed to re-
main finite at infinity. The Navier-Stokes equations, 
along with the equation of continuity, yield

  (91)

From the solution

 (92) 

it is seen that at a distance of  the amplitude 

of the oscillation decays by a factor of 1/e. δ is de-
noted as the thickness of the boundary layer.

Couette Flow  4. 

This type of flow occurs generally in symmetrically 

FIGURE 26. Witzig-Womersley flow. a, Original drawing 
from Witzig’s dissertation (Bern 1914) showing typical 

velocity profiles in 30 deg intervals of a sinusoidal cycle. 
b, Matlab simulation for α = 6.7.

FIGURE 27. The simplest model of a laminar boundary 
layer.
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rotating flow problems. A particular case is of im-
portance, for example, in viscosimeters of the form 
shown in Figure 28. Note that such viscosimeters 
provide correct results for the (apparent) viscosity 
also in the case of non-Newtonian fluids (in con-
trast to capillary-based viscosimeters that make use 
of the Hagen-Poiseuille formula valid for Newto-
nian fluids only). With the ansatz (v) = (0, v


(r),0),  

p = p(r) and after making use of the continuity equa-
tion, one arrives at two equations (note that the con-
vective term does not disappear),

 (93)

With the boundary conditions v(r = Ri) = 0, v(r = Ra) 
= ωRa, the solution reads

  (94)

from which the moment acting on the inner (rotat-
ing) cylinder

  (95)

is obtained. This allows the determination of the (ef-
fective) viscosity; that is, the viscosity valid for the 
shear field given by ω also for non-Newtonian flu-
ids, because the solution (Equation 94) is indepen-
dent of the viscosity.

Inviscid Flow5. 

When the viscous term in the Navier Stokes equa-

tion is dropped, the Euler-Bernoulli equation is ob-
tained, as mentioned previously (an external force 
term, ρ k, is also not considered):

  (96)

In case of incompressibility and stationary flow 
(non-turbulent), the well-known relation

  (97)

is obtained, when the equation is integrated along 
a stream line. Under flow conditions where eddy 
shedding and flow separation is of secondary im-
portance only, this formula provides a reasonable 
approximation, for example, for a flow through 
a constriction (stenosis) and associated pressure 
variations.

Hydraulic Approximation F. 

Tube flow occurs ubiquitously in biology; for ex-
ample: flow in blood vessels, arterial pulse propa-
gation, lymph flow, flow in the urethra, tear chan-
nel, and to some extent also air flow in the conduits 
of the lung. Hagen-Poiseuille and Witzig-Womers-
ley flow can typically be used to model such flow 
situations. However, only an average axial veloc-
ity in the cross-section instead of the true velocity 
profile is often of interest, particularly because real 
biological conduits always exhibit some tortuosity 
and varying cross-sections. A useful approximation 
can be found for such conditions, called hydraulic 
approximation. 

We start from the Navier-Stokes and continuity 
equations (Equations 83 and 84). The first assump-
tions are v


 = 0, vr << vz because the main flow is in the 

axial direction. The first two equations (in Equation 
83) imply that the pressure may be assumed to be con-
stant over a given cross-section. In the axial direction 
(third equation), the equation is treated as followsFIGURE 28. Couette flow in a double-cylinder geometry.
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(98)                          

where the continuity equation has been applied.
The resulting equation is averaged over the 

cross-section

 (99)

After performing the integration, thereby approxi-

mating  with , and utiliz-

ing the continuity equation, one obtains for the axial 
velocity v, averaged over the cross-section

  (100)

The friction term,

. (101)

τw thereby denotes the skin friction at the wall, ac-
cording to Newton’s friction law (Equation 74). There 
are various ways (nontrivial, but not worked out here) 
that this term (which depends on the velocity profile) 
can be approximated. Furthermore, the term

  (102)

can be integrated and vanishes providing that there 
is no leakage through the wall.

A similar (straightforward) averaging scheme is 
used for the continuity equation which yields 

  (103)

Together with a constitutive equation for the 
wall , which contains the anatomical infor-
mation (explicit dependence on z) and may include 

viscoelastic contributions, as well as an approxima-
tion for the friction term, Equations 100 and 103 
represent the hydraulic approximation. This ap-
proximation, along with related methods involving 
one-dimensional wave propagation modeling, lend 
themselves for use in the analysis of arterial pulse 
waves128-135 (Fig. 29).

Numerical ProceduresG. 

Most realistic problems in biomechanics cannot be 
solved analytically; accordingly, numerical solution 
procedures have to be chosen. Nevertheless, it is 
often advisable that a simplified analytical model is 
considered before a numerical analysis is performed 
to obtain a general idea about the properties of the 
problem under consideration on the one hand, and on 
the other, to provide a basis for model validation. 

While ordinary differential equations can be 
solved numerically by various standard methods 
depending on the degree of stiffness, there are two 
general procedures to solve partial differential equa-
tions with the aid of a computer. Either the equations 
themselves are approximated (i.e., discretized) or 
the solution. Euler or Lagrange representation can 
likewise be chosen.

When the partial differential equations are dis-
cretized, differential quotients are approximated by 
finite difference quotients using the finite difference 
method; that is, the equations themselves are ap-
proximated.136,137 The resulting (in general, large) 
set of linear algebraic equations is solved within 
machine precision. However, care has to be exer-
cised in the discretization of the partial derivatives 
(second-order derivatives, stacking of derivatives of 
pressure and velocity); appropriate schemes can be 
found in the literature.

The method of choice for many modeling 
problems in biomechanics is the finite element 
method.138,139 The method was first applied mainly 
in orthopedics,140 but since then has enjoyed wide-
spread applications.141-151 In this method, the equa-
tions remain in their original form, but the solution is 
piecewise approximated. The method is particularly 
well suited for irregular geometries and nonlinear 
problems. Figure 30 exhibits the compression of a 
trabecular bone sample, experiment, and associated 
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theoretical finite element model. In addition, a num-
ber of highly optimized commercial programs are 
available. Because biological materials are mostly 
fluid filled, they can be considered as incompressible 
under the typical pressures occurring under physio-
logical conditions. However, incompressibility may 
pose substantial problems, particularly in nonlinear, 
large-deformation finite element models due to “ele-

ment locking” (element deformation observing in-
compressibility cannot simply be achieved). Special 
procedures exist to deal with this problem. 

A further drawback of the finite element meth-
od is associated with meshing, especially if the 
problem to be solved requires (time-consuming) 
re-meshing, as is the case, for example, for sur-
gery simulation. A similar problem exists with fi-
nite difference methods. “Mesh-free” methods are 
therefore of interest. Such a method derives from 
the soft or smoothed particle method, originally 
derived in astrophysics. In this method, re-mesh-
ing problems can to some degree be avoided. The 
method consist of incorporating field quantities 
into radially symmetrical “smoothed particles” 
whose location and size are largely arbitrary, but 
have to allow for a suitable representation of the 
problem including all of the desired details. Par-
ticles are created with the aid of a scalar function  
W(r, h), which is called the smoothing kernel 
with core radius h, zero outside (finite support). 

FIGURE 29. Pulse propagation along the aorta. Left: Measurements (invasive); 1: left ventricle, 2: ascending aorta, 
…, 7: abdominal aorta. Right: Theoretical model based on the hydraulic approximation. (For further details, the reader 

is referred to Niederer P, Knothe Tate ML, Steck R, Boesiger P. Some remarks on intravascular and extravascular 
transport and flow dynamics. Int J Cardiovsc Med Sci. 2000;3:21–31.)

FIGURE 30. Image guided failure analysis. Deformation 
of a trabecular bone sample under compressive 

loading as recorded by micro Computed Tomography 
(μCT) (left), corresponding finite element model (right). 

(Courtesy R. Müller, ETH Zurich.)
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The function is radially symmetrical and nor-
malized,  such that conservation is 

maintained. Typical functions have an inverted 
bell-like form (and are zero for ). Any field 
quantity A (scalar, vectorial, or tensorial such as 
density, velocity, momentum, etc.) is interpolated in 
particle form as 

 (104)

where  j  iterates over all particles
 mj is the mass of a particle
 ρ the density
 rj the position
 Aj the field quantity at rj 

The subscript “S” denotes a smoothed quantity. As 
is seen from Equation 104, derivatives act only on 
W. For dynamic simulations, the interaction be-
tween particles in the form of force fields has to be 
modeled such that the physical behavior of the ma-
terial (fluid, solid) is correctly approximated. Often, 
the equations are formulated and solved in Lagrange 
form.152-157 These methods are particularly well suit-
ed for applications in which execution time is criti-
cal, such as the case of surgery simulation.

DIFFUSION AND OSMOSISIV. 

DiffusionA. 

Typical biological tissues are enormously inhomo-
geneous with respect to their composition; they are 
also of a multiphase nature and include a variety of 
fluid and solid phases. Water is therefore the pri-
mary component, because about 55% to 70% of the 
volume of the human body consists of water (a gen-
eral decrease with age is normal). Accordingly, the 
transport of nutrients, oxygen, hormones, cytokines, 
etc., from the location of uptake (intestine, lung) or 
production (glands, liver) to the cells of the various 
organs occurs mostly in a water solution; however, 
transport is modulated further by membranes and 
gel-like structures. Likewise, waste products are 
brought to the excreting organs (kidney, liver, lung) 
along similar paths. Intracellular transport is also to 

a large extent fluid-based, although transport by or 
along carrier or directing molecules is dominant.

Driving mechanisms for transportation in bio-
logical systems are based on:

convection• 
diffusion• 
transport of electrically charged particles • 
due to potential differences
active transport by or along transport mol-• 
ecules
pinocytosis• 
transport by cells• 

While diffusion is due to concentration gradients 
and as such is of a passive nature, convection is 
driven by pressures that are caused by the action of 
muscles, gravity, or deformations. Both transport 
mechanisms can be described systematically by 
equations such as Fick’s law for diffusion (discussed 
below) and the Navier-Stokes equations for convec-
tion (fluids, discussed in the last chapter). Because 
biological materials contain many constituents that 
are electrically charged (ions), electric potential 
difference, for example, across membranes, also 
modulate transport dynamics. Such processes can 
also be modeled mathematically and are extensively 
used in electrophysiology. In contrast, transport by 
carrier molecules and pinocytosis (vesicle transport 
through cells) involves active processes that are 
characterized by a great variety of different mecha-
nisms, most of which defy a “simple” mathematical 
description. In the case of a single transport mol-
ecule, the mass action principle leads to Michaelis-
Menton kinetics, where the change of concentration 
of a substance carried by the molecule as function 
of time follows the relation  with 
constants Vm (maximal transportation capacity when 
concentrations are large) and km (for small concen-
trations, the transport equation becomes linear). 
Transportation by cells occurs; for example, in the 
case of red blood cells that carry oxygen and CO2 or 
of antigen-presenting leucocytes. Again, such trans-
portation modalities cannot be modeled mathemati-
cally in a straightforward manner.

In general engineering practice, convection 
is considered rapid, effective, and useful for the 
transportation of large quantities, while diffusion is 
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thought to represent a slow process. In biology, how-
ever, this notion has to be applied with care because 
transport distances to be covered by convection and 
diffusion differ greatly. 

Typical convection distances and times, for 
example, in the systemic circulation, are on the 
order of centimeters to meters and seconds to 
minutes, respectively. The intravascular volume 
(typically 5 L of blood for an adult) circulates at 
rest about once per minute on average because 
cardiac output is around 5 L/min. (70 mL of blood 
× 70 beats/min). However, there is substantial 
variability: in highly perfused tissues (e.g., brain), 
typical circulation times are around 20 seconds, 
while for bone and joints it is up to 15 minutes. 
The average flow velocity in the aorta is about 
20 cm/sec at rest, with a peak of about 1.5 m/sec. 
Under conditions of heavy exercise, these values 
are markedly increased.

The physical basis of diffusion is Brownian mo-
tion. Due to this phenomenon, more molecules in a 
homogeneous medium diffuse on the average from 
locations with a high concentration to locations 
where the concentration is lower than in the oppo-
site direction. To obtain an approximate relation for 
typical diffusion times and distances, we outline a 
simple one-dimensional model that is based on the 
stochastic nature of diffusion (Joos and Freeman158). 
To this end, we start from an arbitrary distribution 
of a substance in a homogeneous solvent (Fig. 31).  
N (x, t) denotes the concentration of the solute (num-
ber of particles per volume) at location x at time t. 
The particles execute a Brownian motion that is 
translationally invariant; that is, the probability that 
a particle moves from the location x to x¢ during the 
time interval ΔT due to Brownian motion depends 
only on the distance d = x¢ – x and is independent of   
x itself, and, in addition, it is a function of ΔT. Let 
this probability that is constant in time be denoted 
by pΔT (x¢ – x). It is also symmetrical, pΔT (x¢ – x) = 
pΔT (–[x¢ – x]), because the Brownian motion acts 
equally in both directions.

At time t¢ = t + ΔT the number of particles at 
location x¢ is

 (106)

In this formulation it is assumed that the number of 
collisions associated with the Brownian motion dur-
ing Δt is sufficiently large such that a local equilib-
rium always exists.
After the transformation  X = x¢ – x  we arrive at

 (107)

This relation is now subjected to a Taylor expansion 

 (108)

Because of the symmetry property,  

such that the second term on the right hand side of 
Equation 108 disappears. Furthermore, because  pΔT 

is a probability, . Upon discarding 

higher-order terms and retaining only the leading 
terms, Equation 108 reads

 (109)

whereby  denotes the squared average displace-
ment which a particle undergoes during ΔT. Equa-
tion 109 is known as Fick’s diffusion equation

  (110)

with the diffusion constant

  (111)

FIGURE 31. Arbitrary distribution of particles with density 
N(x, t) in a homogeneous onedimensional diffusion 

model.
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If diffusion constants are known from measure-
ments, then the typical time intervals necessary for 
diffusive transport over a distance d can be estimated 
using the relation shown in Equation 111. Table IV.1 
has been derived from tabulated diffusion constants 
for free diffusion in water.

TABLE 1. Typical Diffusion Constants of 
Molecules in Water 

D 
(m2/sec) d =  

(μm)

ΔT† 
(sec)

Molecular 
Weight (D)

10-9 
10-9

10 
100

0.1 
10 40

10-10 
10-10

10 
100

1 
100 1000

10-9 
10-9

10 
100

10 
1000 20’000

† Representative time intervals ΔT, which are necessary for 
molecules to diffuse on the average over a distance d, were 
estimated from Equation 111.

D, diffusion constants

It can be seen that for short distances diffusion 
may in fact be rapid. In biological tissues, diffusion 
distances are determined by the density of capillaries, 
which varies greatly from tissue to tissue. For well-
perfused tissues, capillary-to-capillary distances are 
on the order of 20 μm to 100 μm; accordingly, dif-
fusion is sufficiently effective to keep homeostasis. 
It should nevertheless be noted that large molecules 
diffuse in real tissues more slowly than in free water 
due to the presence of fibrous networks and other 
large molecules. 

Different conditions are encountered in tis-
sues that are weakly perfused, such as cartilage (no 
vascularization) or bone. Forced convection due to 
the action of muscles or deformation is an impor-
tant additional transport mechanism in such tissues 
(likewise in venous and lymph flow). We consider 
compact bone in the following section.

Forced ConvectionB. 

In typical compact bone, the bone matrix is essen-
tially impermeable for fluids. Haversian (compact) 
bone consists of essentially cylindrically shaped, 
longitudinally arranged osteons. A single central 

capillary perfuses an osteon (diameter typically 200–
400 μm). The bone cells (osteocytes) are distributed 
throughout the shell-like solid structure of the os-
teons and reside in openings within the bone matrix 
called lacunae (diameter a few micrometers). The 
lacunae, in turn, are connected by a dense network 
of canaliculi, through which the metabolic activity 
of the osteocytes is supported (Fig. 32). Because the 
canaliculi have diameters of less than about 400 nm, 
and osteon-osteon distances are typically around 
30 μm, diffusion is by far insufficient to provide ad-
equate transport capacity. This can be seen from a 
simple one-dimensional model (Fig. 33).

If we assume that there is only diffusive trans-
port, we will find that the canaliculi will not lead 
to a sufficient physiologic transport volume. In or-
der to demonstrate this, let, at time t = 0, a sample 
substance be injected at the entrance of the one-
dimensional conduit (coordinate z) such that the 
concentration there is c0, constant in time, in the 
otherwise substance-free channel. Accordingly, the 
boundary conditions for the concentration c(z, t) to 
be determined are

 (112)

In order to solve the diffusion equation,

  (113)

It is subjected to a Laplace transform

  (114)

Thereby, s denotes the variable associated with the 
Laplace transform, and  the Laplace transform of 
c. The transformed boundary conditions read

  (115)

Upon solving Equation 114 and performing the in-
verse transform, one obtains

  (116)

( ). The flow per unit area, disregard-
ing wall effects,  can be calculated from 



568 Niederer

Critical Reviews™ in Biomedical Engineering

Equation 116 as

  (117)

using the differentiation properties of the error 
function. 

The exponential factor for , 
, , say, is close to zero. It has 

in fact been shown that the perfusion of compact 
bone is mainly due to forced convection: as a result 
of the loading patterns to which bones are exposed 
during normal daily activity (walking, working, 
etc.) the bone matrix undergoes small deformations. 
Because the fluid contained in the lacuno-canalic-
ular system is nearly incompressible, load-induced 
pressure gradients build up, which set the fluids in 
motion (Fig. 34). Load-induced fluid flow or forced 
convection has been found to be an extremely pow-
erful and effective transport mechanism.

There are other examples of forced convection. 
For example, when we get up in the morning and 
stretch our limbs, we build up pressure gradients 
in the various tissues, which stimulates interstitial 
perfusion and lymph flow. Internal contractile forces 
enhance transport likewise.

FIGURE 32. A, Schematic view of compact (Haversian) bone highlighting the lacunocanalicular system. This type 
of bone consists of longitudinally arranged osteons (typical diameter 200 μm), which have a cylindrical shell-like 

structure around a central blood vessel. The osteocytes are housed in the lacunae and are connected by numerous 
canaliculi. Metabolic traffic (nutrients, waste products) associated with osteocytic activity occurs essentially through 
the canalicular system. B, Microscopic view. (Adapted from Knapp HF, Reilly GC, Stemmer A, Niederer P, Knothe 

Tate ML. Development of preparation methods for and insights obtained from atomic force microscopy of fluid spaces 
in cortical bone. Scanning. 2002;24:25–33.)

FIGURE 33. Diffusion along a cylindrical conduit.
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Osmosis C. 

Osmosis is a particularly important phenomenon in 
biology. It is associated with diffusion and occurs 
in systems that are subdivided into fluid compart-
ments separated by semipermeable membranes; that 
is, barriers that are permeable selectively for certain 
molecules only. While the solvent, in biology mostly 
water, can diffuse freely between the compartments 
through the diffusive barrier, the solute cannot, 
because the molecules are too big to penetrate the 
membrane. Whenever concentration differences ex-
ist across the barrier, a pressure difference develops 
in thermodynamic equilibrium called osmotic pres-
sure. This pressure is an important driving mecha-
nism in many biological transport processes. 

In what follows, two fluid spaces are considered 
that are separated by a semipermeable membrane. The 
two spaces contain mixtures with different concen-
trations, whereby the membrane is permeable for the 
solvent and impermeable for the solute. We perform 

an analysis based on classical thermodynamics that 
will lead us to van’t Hoff’s law. In the derivation pre-
sented here, it is valid for diluted solutions and small 
molecules (more general treatments can be found in 
Atkins and de Paula167 or Landau and Lifshitz.168 

We start by considering a homogeneous sys-
tem consisting of one substance only. According to 
the second law of thermodynamics, the change of 
entropy, dS, of such a system when subjected to an 
infinitesimal state change, can be written as

  (119)

Xk thereby denote “intensive” quantities (indepen-
dent of the amount of material such as the tempera-
ture, T, or the pressure, p), while the associated xk 
are “extensive” quantities (dependent on the amount 
of material such as the internal energy, U, or the 
volume, V). The equal sign holds for reversible pro-
cesses, whereas in case of irreversible state changes, 
the entropy increases. 

FIGURE 34. A, Forced convection in a rat tibia, in vivo experiment. The anesthetized animal was systemically 
perfused for 5 minutes with a Procion red solution (inert fluorescent dye, molecular weight 200 D) prior to the loading 
experiment. While one of the bones remained unloaded (right), the contralateral side (left) was subjected to a number 

of load cycles that correspond to typical walking conditions. The increased amount of Procion red manifests itself 
(intensity of fluorescence) on the loaded side and documents forced convection (magnification 1000×).
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If the system can fully be described by the 
aforementioned four quantities, i.e., temperature, 
pressure, internal energy and volume, Equation 118 
reads

  (119)

In this formulation, the extensive quantities U, V act 
as independent variables. For many biological pro-
cesses, in particular transport processes, it is more 
useful to have a representation with the intensive 
quantities as independent variables. This is reached 
by the following transformation (“contact” transfor-
mation), which introduces the Gibbs potential, G,

G = U + pV – TS  (120)

Upon calculating the total differential, dG, and us-
ing Equation 119, one obtains

dG(p, T) ≤ – S dT + V dp  (121)

The new quantity, the Gibbs potential G, has the de-
sired form. Among others, from Equation 121 fol-
lows

  (122)

a relation that will be of use later.
After these introductory remarks, we turn our 

attention now to homogeneous mixtures of various 
substances, i (i = 1,..., k) in the same solvent. The 
number of moles of each substance in the mixture, 
ni, serve as additional extensive quantities. The asso-
ciated intensive quantities, μi, are denoted as chemi-
cal potential of each substance. Following Equation 
118, the natural extension of Equation 122 reads 

 (123)

It is furthermore useful to relate all intensive quanti-
ties for each substance to the number of moles, that is

 (124)

such that Equation 123 can be written as

 (125)

From Equation 125 it follows that the chemical po-
tential, μi, has the meaning of the molar Gibbs po-
tential, that is,

 (126)

(Compare Equation 125 with  
from Equation 126).

As mentioned before, the derivation presented 
here is restricted to low concentrations, which im-
plies that the molecules of the various solutes are 
sufficiently far away from each other such that 
eventual mutual interactions can be neglected. Ac-
cordingly, for the solutes, use will be made of the 
pressure dependence of the chemical potential of an 
ideal gas. From

 (see Equations 125 and 126), one obtains (127)

 (128)

where the ideal gas law, pi vi = RT, has been applied. 
p0 denotes some arbitrary reference state, while pi is 
the partial pressure of the component i in the mix-
ture. According to Dalton’s law, the relations

 (129) 

hold. In this equation, the solvent is included. Be-
cause this is a liquid, its chemical potential can not 
directly be derived from the ideal gas equation.

However, a useful relation can be obtained 
from the equilibrium between the liquid and the 
associated vapor phase. The latter can again be ap-
proximated by an ideal gas because the molecules 
are distributed sparsely in air. When dnli moles of 
the liquid phase evaporate into the vapor phase, the 
Gibbs potential changes according to

dGli = (μv – μli)dnli  (130)

where μv denotes the chemical potential of the vapor 
and μli the chemical potential of the liquid phase, 
respectively. The Gibbs potential changes spontane-
ously in an irreversible fashion until thermodynam-
ic equilibrium is reached, which is the case when  
dGli = 0. The chemical potentials are therefore equal, 
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that is,

 (131)

if it is assumed, as indicated above, that the vapor 
obeys the ideal gas relation.

In the mixture, the total number of moles is n, 
and the total pressure is p. From this, nli and pli, re-
spectively, are due to the (liquid) solvent. The total 
pressure, p, is now introduced by

 (132)

Utilizing Dalton’s law (Equation 129), finally, the 
relation holds

 (133)

Equation 133 allows us now to derive van’t Hoff’s 
law. To this end, we consider the system shown in 
Figure 35. It consists of a U-shaped tube separated 
into two halves by a semipermeable membrane at 
the bottom. The tube is filled with a diluted solution 
and the membrane is permeable for the solvent but 
impermeable for the solute. The one side (side 1) of 
the tube contains a solution consisting of  moles 
of solute in  moles of solvent , 
while on the other (side 2) there is only solvent. It 
is empirically observed that the pressure on side 1 is 
higher in comparison with side 2 by an amount, π, 
called osmotic pressure.

Because the solvent can move freely through 
the membrane, the chemical potentials of the sol-
vent on both sides, , , respectively, are the same, 
once an equilibrium is established. Otherwise, fluid 

is exchanged through the membrane until the total 
Gibbs potential reaches a minimum. Therefore,

 (134)

The right side of Equation 134 can be evaluated ac-
cording to Equations 128 and 133:

 (135)

The molar volume, vli, of a liquid is approximately 
constant under the pressures of interest here and, be-
cause the solution is diluted, vli ≈ v, such that the 
integral in Equation 135 equals v π. Furthermore, 

 and  are the same, One arrives therefore 
at

 (136)

where only the first term of the Taylor expansion has 
been retained. Because total volume V = vn,

 (van’t Hoff’s law) (137)

whereby, with Mso denoting the molecular weight 
of the solutes, and cso the concentration, the relation 
has been used,  

  (138)

Van’t Hoff’s law (Equation 137) holds for diluted 
solutions and solutes with small molecular weights. 
For increasing Mso, π is empirically found to de-
crease. The reason is that the ideal gas approxima-
tion is not valid in the case of large molecules, 
because in such substances the intermolecular po-
tentials cannot be disregarded (in an ideal gas, there 
are no interactions between the particles other than 
collisions causing equilibrium; there are in particu-
lar no intermolecular potentials). 

Osmosis still occurs in the case of solutions 
involving large molecules (proteins), but its effect 
cannot be derived in a straightforward manner. A 
method called virial expansion, which is based on a 
correlation analysis (second-order correlations relate 

FIGURE 35. Osmotic pressure π. S, semipermeable 
membrane.
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to pair-wise interaction of molecules, the third-order 
to triple interactions, etc.) allows an approximation 
of the osmotic or oncotic pressure (sometimes called 
“oncotic” in order to distinguish it from the previous 
form) according to

 (139)

The Ai  are called virial coefficients. 
In the case of blood, in which water is the sol-

vent, the osmotic pressure caused by the electrolytes 
in solution (Na+, Ca++, C1–, etc., in total ~1 g/100 mL 
of plasma) is about 750 kPa, which is in agreement 
with van’t Hoff’s law. However, this enormous pres-
sure does not manifest itself in the human circula-
tion, because the capillaries are generally permeable 
for these (small) ions. In the larger blood vessels, os-
motic pressures do not develop across the vessel wall 
because it is essentially impermeable. An important 
exception consists of the vasculature and microcir-
culation of the central nervous system, where the 
capillaries are impermeable as a rule (blood-brain 
barrier). Exchange of substances across this barrier 
is essentially based on active transport processes.

In addition to the small ions mentioned above, 
the blood contains also large molecules, the plasma 
proteins (molecular weight from ~10,000–300,000 
D). As a rule of thumb, “small” and “large” refers to 
a molecular weight of less than or more than 5000 D, 
respectively. Capillary walls, in particular on the ar-
terial side, including the endothelial glycocalix are 
to a great extent impermeable for large molecules 
such as proteins. Accordingly, an oncotic pressure 
develops, which for a plasma protein concentration 
of about 7.5 g/100 mL of plasma is around 3.3 kPa. 
This is the basis of Starling’s hypothesis, which 
serves as a model for the description of capillary 
exchange in tissues other than the central nervous 
system.

Starling’s formula for the fluid flow through the 
capillary wall, J, is usually given as

  (140)

whereby pc is a parameter characterizing the per-
meability of the wall, Δp the hydrostatic pressure 
difference (difference between the fluid pressure 

inside the capillary and the interstitial space), and 
Δπ the oncotic pressure difference (difference due 
to the different plasma protein concentration in the 
intra- and extravascular space). ε is a correction fac-
tor (“reflection coefficient”) that takes into account 
the variable, albeit usually small, leakage of large 
proteins through the capillary wall and the fact that 
not all proteins are effective in retaining water. 

Starling’s hypothesis has been substantiated 
qualitatively in many tissues, mostly in animal ex-
periments.169-173 Nevertheless, the microcirculation 
is different from tissue to tissue and depends largely 
on the physiological and biochemical characteristics. 
In addition to the passive fluid exchange approxi-
mated by Equation 140, there are numerous active 
transport processes involving carrier molecules that 
are tissue specific and modulate capillary exchange 
and extravascular (interstitial) transport.
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